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Metddy vypoctu normal pre konstrukciu interpolantov
nad trojuholnikovou siet'ou

Robert Bohdal

Abstrakt

V tomto ¢lanku porovndme niekolko
vybranych metéd pre urcenie normalovych
vektorov v danych bodoch, ktoré st potrebné
pre konStrukciu lokdlnych interpolantov nad
trojuholnikovou siefou. Hodnoty normdl v
bodoch tvoriacich trojuholnikovd sief majd
velky vplyv na vysledny tvar a hladkost
vytvorenej interpolacnej plochy. Vycislime
odchylku vypocitanych normdl od normal
uréenych pomocou parcidlnej derivacie ako
i presnost s akou sa interpolacné plochy
zhoduju s testovacimi funkciami. Z naSich
testov vyplyva, Ze najlepSie vysledky pre
vypocet normal dosahuje metéda vyuZivajica
tenkostenné splajny. Metdda vyuZivajica
vazeny priemer, ktord bola vytvorena
kombinéciou Littleho a Maxove] metddy,
dosiahla druhu najlepSiu presnost.

KTacové slova: vypocet normal, interpoldcia
nerovnomerne rozloZenych dat, tenkostenny

splajn, Clough-Tocher, Powell-Sabin

1 Uvod

Abstract

In this article, we compare selected methods
for the estimation of normal vectors, which are
necessary for the construction of interpolants
above the triangular network. The values of
normals in individual points of the triangular
network greatly affect the shape and the
smoothness of the resulting interpolation
surface. We compare the individual methods
on in-advance given (calculated) normals of
the test functions and on the accuracy with
which the interpolation surfaces match the test
functions. From our tests, the best results
were achieved by the method of calculating
normals using the local interpolation thin plate
spline. The method of weighted average,
which was created by combining Little’s and
Max’s method, came the second in order.

Key words: normals calculation, scattered
data interpolation, thin plate spline,
Clough-Tocher, Powell-Sabin

V mnohych aplikéciach sa Casto stretdvame s problémom interpoldcie nerovnomerne rozloze-
nych bodov. V pripade malého poctu zadanych bodov je najlepSie zvolif (z pohladu presnosti
interpolacie a hladkosti vyslednej plochy) tzv. globalne metddy, ktoré interpoluju vstupné body
iba jedinou funkciou. NajcastejSie sa pouZzivaju metddy radidlnych bazickych funkcii, medzi

pocet vstupnych bodov (rddovo niekolko tisic a viac) nemdZeme pouZzif také globdlne metddy,
ktoré pri vycisleni vyuZivaju rieSenie sustav rovnic s hustymi (plnymi) maticami. V takom pri-
pade je pouzitie lokdlnych metdd (aj za cenu mensej presnosti) ovela vhodnejSie. Lokdlne metody
vyuzivaju Ciastkové funkcie, ktoré interpoluju iba niekol’ko bodov v ur¢itom okoli. Prikladom

G - slovensky Casopis pre geometriu a grafiku, rocnik 13 (2016), Cislo 26, s. 5 — 20 5



Robert Bohdal

takychto metdd je Cloughova-Tocherova [1, 6, 11] ¢i Powellova-Sabinova [1, 6, 13] interpola¢na
metdda, interpoldcia najbliz§im susedom (natural neighbour interpolation) [10] a dalSie. Mnohé
z nich vyzaduji poznaf normalové vektory v danych bodoch. KedZe tieto vektory obyc¢ajne nie
su zname, musia byt vypocitané. Kvalita vytvorenych interpolacnych ploch (v zmysle vizual-
nej hladkosti, spojitosti, presnosti atd’.) velmi zavisi na presnosti s akou st normalové vektory
urcené. Parcidlne derivicie, ktoré urcuju gradient plochy vo zvolenom bode, maji Casto Va¢si
vplyv na tvar plochy ako stupeni hladkosti ¢i stupeii polynémov, ktorym je interpolovana plocha

uréena.

Jin a kol. [8] porovnavali vybrané metddy vaZeného priemeru pre vypocet normél na niekol’kych
testovacich plochach, pre ktoré su zndme analyticky ur¢ené normaly, pri¢om ich porovnéva-
cia technika je zaloZend na kumulativnom histograme uhlu odchyliek medzi vypocitanymi a
zndmymi normdlami. Ich porovnavanie vSak nezahriiuje normély na obvode neuzavretych ploch.

2 Meto6dy pre vypocet normal

Existuje mnoho metdd ako odhadnif hodnoty normal. Najcastejsie sa pouzivaji metody vazeného
priemeru a metddy vyuZivajice lokdlne interpolanty ¢i aproximanty. O nieCo menej Casto sa
pouZzivaju globdlne metddy, obycajne vyuzivajice minimalizaciu hodnoty urcitého integralu na
triangulacnej sieti. Iny pristup, ktory je zaloZeny na linedrnej regresii a na metdde kone¢nych
diferencii, m6Zeme ndjst v ¢lanku [9].

Vicsina metdd vyuZziva k odhadu normél dopredu vytvorend trianguldciu, zostrojend zo zada-
nych bodov. Normaly sa potom vypocitajd pomocou vaZeného priemeru z normal prislichajicich
trojuholnikov. Je vhodné pouzif Delaunayovu trianguldciu, ktord minimalizuje pocet ,,dlhych a
tenkych*! trojuholnikoch vo vnuitri siete, pretoZe této trianguldcia maximalizuje minimélne uhly

vSetkych trojuholnikov triangulicie.

Budeme hladat metdédu dostatocne robustnii vzhladom na vstupnd siet bodov. Casto sa totiZ stdva,
Ze triangulécia vytvorend z danych bodov obsahuje na okraji ,,d1hé a tenké* trojuholniky, ktoré
nepriaznivo vplyvaji na presnost vypoc¢tu normédl metédami vdZeného priemeru. Zostrojené
interpolac¢né plochy, ktoré tieto normdly vyuZzivaji, m6Zu potom na okraji vytvaraf neZiadice
tvary (pozri obrazok 4a).

2.1 Normaly vypocitané vaZenym priemerom

Tieto metédy pouZzivaju dopredu vytvorenu trianguldciu vstupnych bodov, ktoré mé vysledna
funkcia interpolovat.

Majme dané body B;[z;, v, zi], i € {1,...,n} (vrcholy trojuholnikovej siete 7)), z mnoziny
danych bodov v [E®. Potom hodnoty normal #; vo vrcholoch B; mdéZzeme odhadniif pomocou
predpisu uvedeného v [6]:

n; = ZwijknAijka (1)
N;

I'Tenké trojuholniky st také, ktorych minimalne jeden uhol je ovela mensi oproti ostatnym. DIlhé trojuholniky
maju navySe dve strany vyrazne dlhSie oproti ostatnym trojuholnikom v sieti.
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Metddy vypoctu normal pre konstrukciu interpolantov nad trojuholnikovou siet'ou

kde vaha w;;;, je vyjadrena vztahom:

Oijk

s o 2)

Wijk =
akde nx;;;, oznacuje normdlu trojuholnika B; B; B),. Suma vo vzfahu (1) je vycislena pre vSetky
trojice indexov (4, j, k) vrcholov trianguldcie z mnoziny:

N; ={(i,j, k) € N* j # k, kde B, By vyhovuji , kritériu vyberu*} .

Kritérium vyberu zahfiia vSetky vrcholy, ktoré bud’ tvoria hranu s vrcholom B;, alebo lezia v
predpisanom okoli vrcholu B; (pozri obrazok 1).

Obr. 1. Priklad prilahlych trojuholnikov pre vypocet normédly 711 s indexmi
vrcholov patriacich do mnoZiny N

PodTra [6], hodnoty o;;;, vo vzfahu (2) st urCené jednou z nasledujiicich moznosti (pozri obrazok
2):

* Aritmeticky priemer (Gouraud):
ok = 1
Kazdy trojuholnik prispeje rovnakou vahou do vyslednej normaly.
* Prevritend hodnota diZok (Little):

1
| Bi B;|"| B; By.|"

Oijk =

Standardne r = 1, 2 alebo 1/2. Vaha zavisi od prevritenej hodnoty vzdialenosti jednotli-
vych vrcholov trojuholnika od bodu B;. Cim je trojuholnik dIhsi, tym menej prispieva do
vyslednej normaly.

* Uhol pri vrchole (Thurmer):
Oijk = O

Symbol «; oznacuje uhol pri vrchole B;. Do vyslednej normaly prispeje najviac trojuhol-

Vv

nik, ktory m4 pri tomto vrchole najvacsi uhol.
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* Obsah trojuholnika (Akima):
Oijk = SABiBjBk

Vv,

Trojuholnik s najva¢sim obsahom prispeje do vyslednej normaly najviac. Symbol S ozna-
Cuje obsah trojuholnika B; B; Bj,.
 Sklon plochy (Akima2):
oijk = c08(6;)Sap,B,B,

Trojuholnik, ktorého normadla zviera so z-ovou osou mensi uhol, prispieva k vyslednej
norméle najmenej. To zabezpecuje rovnocennost trojuholnikov, ktoré maji v priemete do
roviny xy rovnaky obsah. Symbol 6; oznacuje uhol medzi osou z a na;j.

V ¢lanku [12] autor navrhuje vypocitat o, vztahom:

sin(ay;)
|BiB;|"| Bi By|"

Oijk =

Tato metdda preferuje trojuholniky, ktorych uhol pri vrchole B; sa bliZi pravému uhlu a ktorych
strany su kratke.

nAijk |Bl'Bj|

Obr. 2. Prvky trojuholnika pre vypocet normal

Metdédy vazeného priemeru su sice vypoctovo najmenej naro¢né, avSak davaji spomedzi tu
spomenutych metdd najmenej presné vysledky. St nevhodné pre trianguldcie s menSim poctom
vrcholov, v ktorych sa sklon trojuholnikov ¢asto meni.

2.2 Normaly vypocitané pomocou lokalnej interpolacie alebo aproximacie

Dal$ou moZnosfou uréenia normaly v bode B; je preloZif tymto bodom lokdlnu funkciu f;(x, ),
ktora interpoluje resp. aproximuje mnoZzinu ,,blizkych susedov* bodu B5;, a normalu vypocitat

pomocou parcidlnych derivécii:

L Ofi(zs,yi) Ofi(wi, yi) _
"Z‘( o oy

V préci [16] je porovnanych niekolko typov lokalnych funkcii, medzi ktoré patria:

8 G - slovensky Casopis pre geometriu a grafiku, rocnik 13 (2016), Cislo 26, s. 5 — 20



Metddy vypoctu normal pre konstrukciu interpolantov nad trojuholnikovou siet'ou

Shepardov interpolant:
f((lf, y) - Zwi(xa y)'zia
i=1

d2(z,y)

kde védha w; je vyjadrend vztahom w; (2, y) = sz adi(z,y) = (x—x;)*+(y—y;)?

Hardyho MQ interpolant:

n

flay) = e/ dia,y) + B2,

i=1

kde hodnota R? je dany tvarovaci parameter a nezndme ¢; si vypocitané zo ststavy rovnic
danych interpolacnou podmienkou f(x;,y;) = 2;

linedrna polynomickd funkcia ur¢end metédou najmensich Stvorcov

kvadratickd polynomickd funkcia ur¢end metédou najmensich Stvorcov

Podra testov uskuto¢nenych Steadom, najlepSie vysledky dosahuje Hardyho MQ interpolant.
V ¢lanku [14] je uvedend metdda, podla ktorej normdlu vo vrchole B; uréime pomocou parcidl-
nych derivacii kvadratickej polynomickej funkcie f(z,y) = z; + a(z — 2;)* + b(x — z;)(y —
yi) + cly — y:)? + d(x — x;) + e(y — y;), ktord interpoluje vrchol B; a aproximuje mnoZinu
,,blizkych vrcholov* v zmysle metddy najmensich Stvorcov. Kazdému vrcholu B; z mnoZiny
blizkych vrcholov je priradend vdha w; tak, aby vrcholy najviac vzdialené od B, prispievali k
vyslednej hodnote derivicie ¢o najmene;j:

.. — (ri = |BiB;|)+
J ’I°Z|BZB]| ’

kde r; je polomer vplyvu okolia vrcholu B;.

2.3 Normaly vypocitané pomocou globalnych metéd

Najlepsie vysledky pri odhade normél dosiahneme pomocou globalnych metdd, ktoré su zalozené
na hladani minima integrdlnych funkcii. Prikladom je metéda Nielsonovej siete minimélne;j
normy (Nielson’s minimum norm network) [15].

Globalne metddy pre odhad normal sice davaju lepsSie vysledky ako lokdlne metddy, avSak priich

.....

len o malo presnejsi ako metddy vyuZzivajice lokdlne interpolanty.

3 Metody interpolacie nerovnomerne rozlozenych bodov

RieSenim problému interpoldcie nerovhomerne rozloZzenych bodov je ndjdenie takej funkcie
f(z,y), pre ktoru plati:

flziy:) =2z, kdei =1,...,n, 3)

pri¢om B;[w;, ys, z;] sd dopredu dané body v E®. Hladand funkcia musi byt spojitd a musime
vedief vypocitat funkéni hodnotu v fTubovol'nom bode konvexného obalu danej mnoZiny bodov.

G - slovensky Casopis pre geometriu a grafiku, rocnik 13 (2016), Cislo 26, s. 5 — 20 9
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3.1 Tenkostenno-splajnova interpola¢na metoda

Tenkostenné splajny (thin plate splines) patria medzi triedu polyharmonickych splajnov [7].
Samotny nazov ,,tenkostenné splajny*‘ zaviedol uz v roku 1977 Duchon v praci [3]. Tento ndzov
je odvodeny zo vzfahu, v ktorom sa hfadd minimum integralu opisujiceho rozlozZenie tzv. energie
ohybu (bending energy) na nekonecne tenkej elastickej doske.

Interpola¢nd funkcia f(x,y) je dand predpisom uvedenym v [4]:

1 n
f(x,y) = ap + a1z + axy + B Z N (2, y) In(d (x,y)), kde [z, y] € E.

=1

Hodnoty ag, aq,as, A;, @ = 1,...,n st nezndme. MdZeme ich vypocitaf na zdklade okrajovych
podmienok:

i Ai =0, i Aiz; =0, i Aiyi = 0. 4)
i—1 i—1

=1

Aplikovanim interpola¢nych (3) a okrajovych (4) podmienok mdzeme vypocitaf tieto nezndme
hodnoty pomocou nasledovného systému rovnic:

0O 0 O 1 1 e 1 ag 0
0 O 0 T i) cee Tn aq 0
0 0 0 (0 Y2 e Yn as 0
1 2 0 ra, In(ra) -+ 72, In(r?)) M2 =2,
1 @y o 73, 1n(r3) 0 12, In(r2,) Ao /2 29
1 2, yp 72, In(r?) 73 In(r3,) --- 0 An/2 Zn

kde 1} = 13 = d3(z,y) = (x5 — 2:)* + (y; — vi)*.

3.2 Cloughova-Tocherova interpola¢na metéda

Pre zostrojenie C'' spojitého kubického Cloughovho-Tocherovho (C-T) interpolantu, musime
rozdelif kazdy trojuholnik vstupnej siete na tri minitrojuholniky, spojenim jeho vrcholov s
bodom leziacim vniitri kazdého trojuholnika (napr. v jeho tazisku).

Vysledna funkcia f(z, i) bude C* spojitéd plocha, pozostdvajica z kubickych Bezierovych zdplat:

X (u,v,w) = bagou® + 3ba1guv + 3bysouv+
b030U3 + 3b021U2U} + 3b012vw2+ (5)

b003w3 + 3b102w2u + 3b201wu2 + 6b111uvw.

nad v8etkymi minitrojuholnikmi?.

Prechod z kartezidnskych sdradnic (z,y) na barycentrické (u,v,w) dosiahneme tak, Ze ndjdeme minitroju-
holnik, v ktorom bod [z, y] leZi a potom vypoéitame barycentrické sdradnice tohto bodu vzhladom na ndjdeny
trojuholnik.

10 G - slovensky Casopis pre geometriu a grafiku, rocnik 13 (2016), Cislo 26, s. 5 — 20



Metddy vypoctu normal pre konstrukciu interpolantov nad trojuholnikovou siet'ou

3.2.1 Vypocet riadiacich bodov Bezierovych zaplat

Bezierove vrcholy riadiacej siete, troch stykajucich sa trojuholnikovych zéplat, vycislime nasle-
dovnym postupom [1, 6]:

Suradnice [z, y] Bézierovych vrcholov v kazdom minitrojuholniku sa nachddzaji bud’ vo vrcho-
loch minitrojuholnika, alebo v 1/3 & v 2/3 prislu$nej hrany, pripadne v faZisku minitrojuholnika
(pozri obrazok 3).

Suradnice z tychto Bezierovych vrcholov st uréené nasledovnym postupom:

1. Stradnice z Bezierovych vrcholov nad P, a P, oznacené ,,e* si z-ové hodnoty bodov B
a B, z danej triangulécie.

2. Suradnice z vrcholov oznacenych ,,e*, ktoré leZia na hranici riadiacej siete, su vypocitané
z podmienky, Ze tieto vrcholy lezia v dotykovej rovine uréenej bodom B; alebo B, a
normélou v tomto bode.

3. Stradnice 2z vrcholov oznacenych ,,e“, ktoré lezia na spojniciach taZiska trojuholnika s
jeho vrcholmi, st ur¢ené podmienkou, Ze leZia v rovine uréenej jednym danym a dvoma
vypocitanymi bodmi ,,e* v predoslom kroku (pozri ZIté mikrotrojuholniky na obrazku 3).

4. Sdradnice z troch vrcholov oznacenych ,,A* vo vnitri minitrojuholnikov sd uréené pod-
mienkou, Ze leZia v rovine uréenej vektorom odhadnutej prie¢nej derivécie® v strede kazde;j
z troch hrén trojuholnika B; B, B3 a prisluSnymi vrcholmi ,,e* vypocitanymi v kroku 2.

5. Suradnice z troch vrcholov oznacenych ,,0* mézu byt vypocitané z podmienky, Ze lezia v
rovine uréenej dvoma vrcholmi,,A* vypocitanymi v predoSlom kroku a jednym vnitornym
vrcholom ,,e* vypocitanym v kroku 2%,

6. Posledny Bezierovy vrchol ,,0% leZiaci nad faZiskom trojuholnika P, P, P3, lezi v rovine
uréenej tromi vrcholmi ,,0, pretoZe tri ,,stredové* trojuholniky vyplnené zelenou farbou
musia byt komplanérne.

Obr. 3. Konstrukcia Bezierovych vrcholov nad tromi minitrojuholnikmi

Po urc¢eni vSetkych potrebnych vrcholov b;;;,, méZeme pouZif predosly vztah (5) na vycislenie
akéhokol'vek bodu Bézierovej zéplaty nad konkrétnym minitrojuholnikom’. Uvedenym postu-

3T4to mdze byt uréend napr. ako aritmeticky priemer dvoch vektorov vypo&itanych vektorovym sti¢inom normaly
v zadanom bode s vektorom smeru prislu$nej hrany minitrojuholnika.

“PretoZe plati, 7e dva prilahlé mikrotrojuholniky tyrkysovej farby s vrcholmi ,,A, e, o* musia byt komplandrne.

>Na pokrytie trojuholnika B, B, B3 budeme teda potrebovaf tri zaplaty.
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pom vypo&itame trojicu zéplat pre kazdy trojuholnik vstupnej siete, ¢im ziskame C! spojitu
interpolac¢nu plochu.

4 Testovanie metod

Pre testovacie ucely sme pouzili déta, ktoré boli vytvorené pomocou 9-tich testovacich funkcii,
v ktorych vieme vypocitaf normaly pomocou parcidlnych derivicii. K siedmim testovacim
funkcidm uvedenym v [5] sme pridali dve vlastné (pozri obrdzok 6 a prilohu 5).

Vzorky boli vytvorené z nahodne vybranych 100, 900, 2500 a 4900 bodov leZiacich v intervale
(0,1) x (0, 1), roznych pre kazdu testovaciu funkciu, ¢im sme ziskali 36 r6znych vstupnych
triangulacii. Porovnavali sme 7 metéd vypoctu normal pomocou vazeného priemeru s jednou
metddou pouZzivajicou lokalny interpola¢ny tenkostenny splajn. VSetky metddy boli testované
na pocitaci s procesorom Intel(R) Core(TM) 15-4670K CPU @3.40GHz a 8GB RAM. Aplikicia
na vypocet normadl, interpolacnych ploch a nizSie uvedenych odchyliek bola naprogramovand v
jazyku C++. Pre vyhodnotenie pomerne velkého mnoZstva tdajov bol vytvoreny skript v jazyku
R, pomocou ktorého sme vytvorili vysledné grafy a obrazky uvedené v prilohe. Priklad vstupne;j
trianguldcie a vysledné normdly pre vzorku bodov vytvorenych z testovacej funkcie f1(z,y) je
na obrazku 5.

Niektoré z metdd pouZzivajucich vaZeny priemer (napr. metéda Akima) poskytuju zI€ vysledky
pre trianguldcie obsahujtce vel'mi ,,tenké a dlhé trojuholniky*, ktoré sa Casto vyskytujd na okraji
trianguldcie (pozri obrdzok 5a). Po ich odstraneni sme dosiahli zlepSenie vysledkov®, ale moze
vzniknuf problém ako vypocitat hodnoty interpolacnej funkcie mimo triangulacie, ktory je vSak
riesiteny. Dalim pokusom bolo pre jednotlivé body z okraja trojuholnikovej siete nepouZivat vo
vazenom priemere normaly, ktoré sa vel'mi liSia od ,,priemernej‘ normély (pozri algoritmus 1). V
tomto pripade bolo zlepSenie vysledkov miernejSie. Kombinacia oboch dprav poskytla pre mene;j
robustné metédy vyrazné zlepsenie tvaru vyslednej interpolacnej plochy (pozri obrdzok 4).

(a) Povodna metoda (b) Odstranené tenké trojuholniky  (c) Odstrdnené ,,nevhodné‘‘ normaly

Obr. 4. DemonsStricia vplyvu dpravy vypoctu normél pre vysledny tvar
interpolantu ur¢eného vzorkou bodov z testovacej funkcie fy(z,y).

V kategorii metdd pouzivajicich vdZeny priemer dosiahli najlepSie vysledky Littleho a Maxova
metdda. Ziadna z nich nebola vyrazne lepSia (pozri grafy na obrdzku 7), pre niektoré data bola
lepsia Littleho a pre iné Maxova. Rozhodli sme sa preto obe skombinovat do jedného vztahu

.....
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(a) Vstupna triangulécia (b) Vysledné normaly

Obr. 5. Priklad vstupne;j trianguldcie a vypocitanych norméal metédou TPS pre
vzorku bodov z testovacej funkcie f1(z,y).

Algoritmus 1 Odstrdnenie nevhodnych normal
vstup: num_normals, triangles_normals|], k
vystup: triangles_normals

1: if num_normals < 5 then

2 return

3: sum-norm = 0

4: for all normal in triangles_normals do

5: sum_norm 4= normal

6: average_normal = sum_norm/num_normals

7: sum_sqd = 0.0

8: for i = 0 to num_normals do

9: square_dif[i] = |[triangles_normals[i] — average_normal ||?

10: sum_sqd += square_dif]i]

11: average_sqd = sum_sqd/num_normals

12: for i = 0 to num_normals do

13: delta_sqd = |square_dif[i] — average_sqd|
14: if delta_sqd > k * average_sqd then

15: odstrani triangles_normals|i] zo zoznamu

pomocou aritmetického priemeru (LittleMax):

1+ sin(a;)
2|B; B, |"| B; Bx|"

Oijk =

¢im sme dosiahli lepSiu ,,priemernd presnost (pozri grafy na obrazku 7 a 8).

Z metdd pouZivajicich lokdlne interpolanty sme zo skupiny radidlnych bézickych funkcii

#(d?(x,y)) namiesto Hardyho multikvadrik ¢(d?(x,y)) = /d?(z,y) + R? vybrali tenkostenné
splajny ¢ (d?(z,y)) = 1/2d?(x,y) In(d?(z, y)), pretoZe nevyZaduji odhad parametra R?.

V naSom teste sme vypocitali:

1. odchylky odhadnutych normél od normal vypocitanych pomocou parcidlnych derivacii.
Odchylku sme vypocitali z uhla, ktory zviera vypocitand norméla ni; a skuto¢nd normala
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testovacej funkcie V f;(x, y) v danom bode (x;, y;):

2
n (PN fe(wiyi)
Zi:l (arccos (\ml\vft(m,yi)\>>

n

RMSE,, =

Vysledky si uvedené v grafoch na obrazku 7.

2. presnost s akou sa vysledné interpolacné plochy vytvorené Cloughovou-Tocherovou c¢i
Powellovou-Sabinovou metddou zhoduju s prisluSnou testovacou funkciou. Pre test pres-
nosti interpolac¢nej plochy sme odchylku vypocitali zo Stvorca rozdielu medzi funkénou
hodnotou interpolacnej funkcie f (x,y) a funkénou hodnotou testovacej funkcie f;(z,y)
pre m = 2500 ndhodne vybratych bodov z intervalu (0, 1) x (0, 1):

RMSE = \/Z;’nl(f(xi;yi) — fili, )

m

Vysledky st uvedené v grafoch na obrazku 8. Ked'Ze poradie presnosti testovanych me-
téd bolo takmer identické pre Cloughovu-Tocherovu a Powellovu-Sabinovu interpolacnu
metddu, uvddzame iba vysledky v grafoch pre prvu z nich.

5 Zhodnotenie

Z testovanych metdd sa podla ocakdvania ukdzala ako najlepSia metéda pouzivajica lokdlny
tenkosplajnovy interpolant (pozri grafy na obrdzkoch 7 a 8). Druhd najlepSia metéda bola vo
vSeobecnosti kombindcia Littleho a Maxove] metédy. Oba pristupy pre vypocet boli dostato¢ne
robustné vzhladom na pouZité vstupné dita a vypocitali pomerne presne normdly aj na okraji
vstupnej siete. V pripade, Ze vstupnych bodov je dostatocne vela a vzdialenosti medzi nimi sd
malé, je mozné pouzif akikolvek metddu, pretoZe odchylky su dostatocne malé.

Zaujimavym zistenim bolo, Ze na rozdiel od Jin a kol. [8], kde ako najlepSia bola vyhodnotena
Thurmerova metdda, bola v naSich testoch Littleho a Maxova metdda, resp. ich kombindcia,
pre kazdu testovaciu funkciu lepSia. Pravdepodobne to bolo spdsobené nielen rozdielnymi
testovacimi funkciami’, ale aj tym, Ze Jin a kol. nezahrnuli do testov normaly vypocitané na okraji
triangulacie. V naSom pristupe sme jednak odstranili extrémne tenké obvodové trojuholniky, ale
navySe sme normdly v bodoch na okraji triangulécie vypocitali s pouZitim algoritmu 1.

Pre aplikdcie nevyzadujice velku rychlost vypoctu normél je najvhodnejSie pouzif metédu
vyuZzivajicu lokdlny interpola¢ny tenkostenny splajn, v inom pripade doporucujeme pouzit
kombindaciu Littleho a Maxovej metédy alebo niektort z nich. Cas vypoétu jednotlivych metéd
v milisekundéch je uvedeny v tabulke 1. Z tabulky je vidno, Ze metdda pouZivajica tenkostenné
splajny (TPS) je pribliZzne 5x ¢asovo ndrocnejsia ako metddy pouZivajice vaZzeny priemer.

7V nafom pripade sme pre vzorku testovacich bodov pouZivali explicitné funkcie, pretoZe sme sa zaoberali
aj vplyvom normdl na tvar skonStruovanej interpolacnej plochy. Jin a kol. pouZzivali aj implicitné funkcie gulove;j
plochy, torusu a dalSie.
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Metoda/pocet bodov | 10x10 | 30x30 | 50x50 | 70x70 90x90
Gouraud 0,34 | 7,93 | 43,24 | 169,00 | 436,86
Little 0,49 | 9,25 | 46,21 | 171,57 | 447,71
Thurmer 0,56 | 9,63 | 46,80 | 178,29 | 452,57
Akima 0,38 8,31 | 44,09 | 173,71 | 436,86
Akima2 0,53 9,56 | 4790 | 171,71 | 454,57
Max 0,47 8,49 | 4434 | 171,71 | 439,14
LittleMax 0,56 | 9,83 | 48,13 | 180,57 | 456,57
TPS 3,94 | 52,39 | 240,90 | 824,57 | 2025,43

Tabulka 1. Porovnanie ¢asu vypoctov jednotlivych metdd v milisekunddch

Z.oznam testovacich funkcii

o (9y1+01)2 _ (9z2;)2 36— (9y;2)2 _ (9122)2 o (9y;3)2 _ (9127)2 e_(gy_7)2_(9w_4)2
1 — tanh (9y — 92)
f2 (1:7 y) 9
cos (%y) %
xz,
Q(CIRICEYS
e 16
f4 (13, y) = 3

J5(2,y) = cos (10y) + sin (10 (z — y))

| Jor-s (-7 -7

fﬁ(xay - 9 2

1
\/26‘3(W‘%> +1

fr(z,y) =

fula ) = 50e 20 (=) +(e=50)") 4 ~50((r2) +(+-3)')

fo(x,y) = sin (7x) sin (27y)
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*™ &

Testovacia funkcia f1(z,y) Testovacia funkcia fo(z,y) Testovacia funkcia f5(z,y)
Testovacia funkcia fy(z,y) Testovacia funkcia f5(z,y) Testovacia funkcia fg(z,y)
Testovacia funkcia f7(z,y) Testovacia funkcia fs(z,y) Testovacia funkcia fo(z,y)

Obr. 6. Obrazky testovacich funkcif
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Odchylky medzi vypocitanymi a analyticky urc¢enymi normalami

Testovacia funkcia f4(x, »)

Testovacia funkcia f5(x, »)

Testovacia funkcia f3(x, »)
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Obr. 7. Grafy odchyliek medzi vypocitanou normélou a skuto¢nou normalou
testovacej funkcie
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Odchylky medzi C-T interpolantom a testovacou funkciou
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Obr. 8. Grafy odchyliek medzi funk¢nou hodnotou interpolacnej a testovacej
funkcie
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Folk Ornament as an Important Factor
in Identifying Plane Geometric Shapes

Jan Guncaga, Jozef Zentko

Abstrakt

Clank prezentuje moznost identifikacie
geometrickych  Utvarov  prostrednictvom
I'udovej kultiry. Zameriame sa na moznosti
vyuzitia 'udového ornamentu ako nastroja
na prezentaciu a identifikdciu rovinnych
geometrickych  utvarov  vo  vyucovani
matematiky. Budeme analyzovat geomet-
rické Utvary v rozlicnych ornamentdlnych
vzoroch  pouzivanych v l'udovej kulture,
v rozlicnych textilnych ainych objektoch.
Poukdazeme na Specifika primarneho
vzdelavania na Slovensku s ohladom na
interdisciplinarny kontext.

KPucové slova: rovinny geometricky
Gitvar, vyuGovanie geometrie podl'a Statneho
vzdelavacieho programu ISCED 1,

Abstract

The paper presents the possibility of
developing geometric competencies through
folk culture. Our attention is focused on a
particular folk ornament that can be used
for presentation and identification of
a plane geometric shape by pupils during
the teaching of mathematics. We will focus
on the possibilities for the analysis of
geometric shapes in a variety of ornaments
used in folk culture, in different textile and
functional objects. We will describe the
specifics of primary education in Slovakia
with regard to the interdisciplinary context.

Key words: plane geometric shape,
geometry teaching according Slovak state
curriculum ISCED1, ornament in textile

ornament v textile
MSC 2010: 97D40

The space for applying the folk art in the State Education Program is constantly increasing.
This is particularly important just in the time of constant formation of the European Union. It
is important that each state as a member of the Union should have the opportunity to keep
their cultural and historical heritage. One of these possibilities is the creative application of
folk ornaments in the educational process. The options for it are offered in various
relationships between school subjects and interdisciplinary overlaps (see [13]). Extensive
application is in the primary stage of education in mathematics and technical and art
education.

Folk ornament can be characterized as linear or planar decoration, respectively, which is
formed by rhythmic and symmetrical repetition of naturalistic (stylized) and abstract
(geometrical) elements (as specified in [6]). Thus it is here that just gives us the versatility of
folk ornamentation especially in teaching within cognitive science of plant and animal and
geometric motifs in the basic mathematical and geometrical imagination. Naturally, except for
these important information, the child acquires an idea of the colour and shape composition,
which is especially important in the development of artistic creativity. At the actual
realization, elementary technical and manual skills are developed. It is therefore essential that
the selection of the art techniques used in the interpretation of the ornament was chosen with
regard to its typology.
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State educational program ISCED 1 - primary education determines the compulsory subjects
which are to be incorporated in various educational areas. In the frame of their school
curriculum, each school can also create their own teaching subject (using free — available
hours). In addition to teaching subjects, cross-cutting themes are introduced that cut across all
learning areas (ISCED 1).

The ideal use of folk ornaments is also offered in the educational field of the State educational
program ISCED 1 Mathematics and information work.

1 Mathematics and information work

This educational area includes two subjects: mathematics and informatics education (ISCED
1). Individual subjects are integral basis of natural and technical sciences, essential to modern
society marked by technological progress. Just the world of information and technological
procedures is progressing at high speed in modern times and therefore it is necessary for each
student to be educated with regard to the numerous existing opportunities and trends of
today’s world. In addition to the educational dimension, the education to values is extremely
important for these subjects.

Mathematics belongs to the natural sciences which develop pupils' mathematical thinking,
which is an essential part of the problem solutions arising in everyday situations. Mathematics
in primary education is focused on the application of mathematical knowledge into practice
(ISCED 1). Educational content of mathematics in the first grade of primary school is divided
into five thematic areas (see [11], p. 13).

- Numbers, variables and numerical performances with numbers;
- Sequences, relations, functions, tables, diagrams;

- Geometry and measurement;

- Combinatorics, probability, statistics;

- Logic, the reasoning, evidence.

"Mathematics as a scientific discipline has its undeniable value in being able to abstract
peculiarities of tangible objects and phenomena and to study the quantitative and spatial
relationships of reality in their purest foundations™ (see [2], p. 137). The state education
program offers several options within the content and performance standards, as well as
individual recommending themes for the application of geometric ornamentation in the
educational process. Significant opportunities are offered mainly for the proper use of
relationships between school subjects (ISCED 1). For the application of folk ornaments,
geometry and measurement is the most appropriate area. In particular, the work with basic
geometric shapes.

Similarly, it is possible to focus on exploring the beauty of folk ornamentation and then to
explore subjects, shapes, groups - pairs, triples, as well as symbols of object logical system
(ISCED 1). This thematic level is significantly related to the application of cultural heritage in
education.
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2 Geometry and measurement in Upgrading State Education Programme
ISCED1

Since 2014, the public education program has been complemented by an innovative program
with performance standards for various thematic areas and various school years. In the first
year, the teaching process focused on planar geometric shapes: curved line, straight line, open
and closed line, circle, square, triangle, rectangle (see [8]). As for the three-dimensional
structure, cube, cylinder, and sphere were recommended. Over this year, pupils learn to
understand orientation in plane and space (right, left, up, down, over, under, in, on, in the
front of, behind, beside, between, in the front, in the back). Units of length are taught only on
an intuitive level, taking advantage of both historical units (foot, thumb, palm, elbow, another
subject — e.g. clip), and comparing dimensional geometric figures (longer, shorter, higher,
lower, wider, narrower, longest, shortest, lowest). On propaedeutic level, the pupils are
acquainted with identical display - axial symmetry.

In the second year, students already get to know the basic geometric objects - point, line, ray,
line segment, point belongs (does not belong) to the formation, the point lies (does not lie) on
the formation, the endpoints of the line segment. Over this school year, the standard units are
introduced: millimetre (mm), centimetre (cm), meter (m) and the length of the line segment in
centimetres is determined. Comparison and arrangement of line segments is realized by a strip
of paper, measurements and estimates, and are also used instruments for measuring length:
ruler, meter, measuring tape. At a propaedeutic level, the pupils are acquainted with identical
display - slide. They learn to name polygons: a triangle, quadrilateral and so on and identify
their sides and vertices.

In the third year, students determine the length of line segment or dimensions of geometric
shapes in decimetres and kilometres. Great attention is paid to the drawing basics: purity and
precision of drawing, choice of suitable drawing equipment, hygiene and safety at drawing. In
the area of plane figures, the square grid begins to be used: drawing a square and a rectangle
in the square grid, marking the tops of square and rectangular by block capitals, zoom in and
out of plane figures in a square grid. On propaedeutic level, pupils get to similar structures. In
the three-dimensional structure, pupils become familiar with vertices, edges and sides of the
cube. They form the building from cubes, the plan of building from cubes (plan structure with
the indicated number of cubes standing on each other), rows and columns (for buildings from
cubes).

In the fourth year, the students learn to convert the unit of length (mm, cm, dm, m, km),
mixed unit of an example of 1 m 10 cm. In the area of plane figures, attention is paid to
drawing triangle and polygon - vertices, side, diagonal, opposite and adjacent sides, number
of sides and vertices, length of adjacent and opposite sides. Here students will meet with the
first construction tasks: drawing any triangle, drawing triangle if the lengths of its sides, the
sum and difference of the lengths of line segments are known. Next topics are multiple of side
length, circumference of square, rectangle and triangle as the sum of the side length at the
propaedeutic level.

In addition to these geometric figures, pupils acquired the basic knowledge about the circle,
circular arc, and how they can be drawn by using compasses.
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3 Interdisciplinary link between Mathematics and Art Education

Art education is a fundamental component of aesthetic education. At children, it develops art
feeling through receptive and active components. Similarly, it also builds relationships to
beauty. Art education at the primary level of education is a subject that develops through
authentic experience gained by art activities pupil's personality in its entirety (ISCED 1). By
means of various art techniques, the child can get familiar with valuables of folk fine art.
Space is also devoted to the necessary curricular activities.

For inspiration of utilization of the Art motifs in mathematics, folk ornament with geometric
ornamentation is suitable. This ornamented specimen is based on linear or circular form,
usually arranged in the belt composition. The most common linear motif in folk ornaments
include: a square divided by diagonal, wavy line, chessboard and spiral. Except for circle, also
star, rose and rosette belong to circular motifs.

In Slovakia, the geometric ornamentation is most notably represented in textiles, carvings and
ceramic decor. Lots of originally plant, zoomorphic and anthropomorphic ornaments were
often gradually geometrized during the development of folk decorative expression (see also
[6] and Figures 1-8).

W immb
Fig. 1. Example of folk embroidery with Fig. 2. Example of folk embroidery with
regular geometric ornament the ornament of plant motif

Fig. 3. Children painting created as a result of folk ornament inspiration
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Fig. 4. Demonstration of children's art work realized by drawing a dry track
- drawing with coloured pencils. The work was inspired by folk ornaments
transformed into copyright ornament created from basic geometric shapes

(circle, rectangle, square, and triangle). Individual shapes are freely composed
to itself compositional whole limited by paper size.

Fig. 5.

Demonstration of children's art work realized by drawing a dry track
- drawing with coloured pencils. The work was inspired by folk ornaments

transformed into copyright ornament created from basic geometric shapes
(circle, rectangle, square, and triangle).
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Fig. 7. Black and white composition created through the folk ornament interpretation.
Repetition and regularity, creating rhythm and gradation

Fig. 8. Coloured composition created through the folk ornament interpretation.
Inspiration in plant and zoomorphic motifs
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4 Case study with children on the use of folk ornament as an incentive for
the identification of a figure

The above visual motifs of the ornament we have used for the implementation of pedagogical
experiment with children in pre-primary and primary levels of education. The first pupil was
Natanael aged eight years, he was active gifted student who knew the tasks of creative
approaches. Firstly, he should identify and count on planar geometries for the next part of folk
embroidery with regular geometric ornament.

Fig. 9. Folk ornament for identification of geometric figures

The ornament on this embroidery (Fig. 9) comprises features discussed in the first year of
primary school which include circle, square, triangle, and rectangle. This made it possible to
repeat the terms of the second year which include polygons: a triangle, quadrilateral and so
on. Moreover, it was possible to identify their sides and vertices. Therefore, we set out that
embroidery seemed suitable for the mentioned student of the 2nd year of primary school.

Nathanael knew to name of squares, triangles, rectangles, regardless of their position in the
plane and was able to correctly identify the number of the parts of embroidery. We did not
recorded any problems at solving this task and pupil was at the same time explained what folk
ornament was, so that he could solve the following task. In this problem, the child was
expected to repaint folk ornament according to this specimen (Fig. 10).

Fig. 10. Specimen for redrawing
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Pupil correctly repainted that model in terms of colour, shape and number of geometric shapes
(Fig. 11).

Fig. 11. Redrawing pattern by an 8-year-old Nathanael

According to the State education program in the first year of primary school the propaedeutic
level, pupil acquaints himself with the consistent displaying - axial symmetry. Therefore, in
another experiment, the student is expected to create ornament imagine in axial symmetry
which was specified (Fig. 12). This task was not a problem for this pupil.

-
",
>

P - —

Fig. 12. Top ornament — the work of a 8-year-old Nathanael, bottom ornament — by this pattern.

In the last task a pupil himself should create his own folk ornament. Pupils utilized the classic
children's drawings of the ship at sea (Fig. 13).

In the second case study, individual assignments were worked out by a 5-year-old Simon.
Once again we worked with geometric motifs of folk ornament, which was applied in the
implementation of pedagogical experiment. The child knew correctly to name squares,
triangles, rectangles, regardless of their position in the plane and was able to correctly identify
the number of the selected part of the embroidery. He knew to express his own opinion on
depicted compositions and a way of repetition of individual parts of axial symmetry. Simon
determined correctly colours used at textile embroidery.
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Fig. 13. Natanael own ornament, an 8-year-old pupil

Simon is a child of a harmonious family, which is closely related to folklore, folk culture and
art. Child acquires knowledge mainly by older siblings aged 13 and 14 years old. Older
brother, who is 13 years old, attends School of Arts, Department of dance. Simon is therefore
constantly in touch with various folk costumes and textile components, which explains the
fact that the child has a clear vision and lots of information on the folk costume, ornaments
and embroideries alone.

After determining the geometric shapes, the learning process followed by verification of
information on basic geometric shapes in visual form. Simon drew individual geometric
forms of task (triangle, square, circle, and rectangle) by basic drawing technique. We have
verified the fact whether the individual figures were located on embroidery, which was no
longer in front of the child. This task was perfectly mastered (Fig. 14).
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Fig. 14. Drawings formations by Simon, a 5-year-old child,
who drew them after being instructed to do so

In the second assignment, Simon drew different parts of geometrical ornament as he
memorized them from looking at them. But the child did not know in advance that he was to
take special notice or to remember the individual details as well as the whole. In the drawing,
two accurate records appeared copying the real composition. Child so demonstrated excellent
memory for various geometric shapes on their own, or in a composition (Fig. 15).
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Fig. 15. Drawing of the ornament by 5-year-old Simon, as he remembered from embroidery

In a third assignment, the child worked out its own composition. The kid was able to create a
balanced composition with the bright colour and shape of construction. Circle was
spontaneously placed in the central portion of the sheet of A4 (Fig. 16).

AR \‘»
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Fig. 16. Its own composition by 5-year-old Simon

5 Conclusion

For today's society it is extremely important that relationships to national consciousness and
identity was already built in pre-primary and primary level of education within the
educational process at schools. A child needs to know in detail the culture of his people in
order to subsequently strengthen his national identity (see [14]). Possibilities that support this
fact are together with the development of mathematical and geometrical ideas extremely
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useful and also encouraging. One of the possibilities of creative and experience form is
precisely the implementation of elements of mathematics and geometry in the
interdisciplinary relationship with material culture in the educational process that develops
these interdisciplinary planes necessary for the versatile development of children.

Ornament has been proved as an intensive tool for teaching planar geometric figures at
primary as well as at pre-primary level. It provides the possibility of development of
mathematical thinking and artistic creativity at children of pre-school and early school age.
The stated activities contribute to the development of mathematical concepts, while providing
the possibility of using different models for the establishment of basic geometric figures in the
plane. Furthermore, these activities will support at children the formation of cognitive
structures consisting of knowledge that either child or pupil understands and can explain how
they are joined together. The stated activities were implemented as motivational hints due to
the content of the existing State education program, and therefore they are considered
appropriate in the normal teaching course at primary schools.
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Discretization of the Laplace-Beltrami Operator
Using Numerical Differentiation

Samuel Struss, Pavel Chalmoviansky

Abstract
We propose a method for discretization of
Laplace-Beltrami operator using numerical

Abstrakt
V texte pontkame metédu diskretizacie
Laplaceovho-Beltramiho operatora S

differentiation. This approach requires | vyuZitim numerickej derivicie. Tento pristup
specific mesh shape, but in some cases, it | funguje 1iba na pletivich Specifického
offers more accurate results than more general | tvaru, no v niektorych pripadoch dédva
methods. We also discuss generalizations | presnejSie  vysledky nez  vSeobecnejSie
and limitations of our method and test it on | metddy. = Rozoberdime aj  obmedzenia

selected functions. naSej diskretizacie, uvddzame moZnosti jej
zovSeobecnenia a testujeme ju na vybranych

funkciach.

Kruacové slova: Laplaceov-Beltramiho
operator, diskretizacia, regularne plochy

Key words: Laplace-Beltrami operator,
discretization, regular surface

1 Introduction

There are many ways to discretize the Laplace-Beltrami operator on regular surfaces. The most
common method is the cotangent formula [6]. In [8], the author proposes two methods using
quadratic fitting and Gauss theorem. More methods of approximation can be found in [1] and
[4]. Other valuable sources concerning the discrete Laplacian are in the papers describing its
properties ([3], [2]) and applications ([7], [5]).

We propose our own method, based on numerical differentiation and uniform sampling of the
parameterized rectangular surface S. This restricts our algorithm to only certain special situa-
tions, but offers a simpler and, in some cases, more accurate procedure for such computations.
We start by approximating the tangent plane and metric at a point and then, we approximate the
following formula for Laplace-Beltrami operator in local coordinates of a regular surface

@MMS—L} :

Apf = div(grad(f)) =

1 9
1
V/det(G) j;l du; (1

In formula (1), we work with a differentiable function f: R® — R, restricted to the surface S
by local parametrization f o x: U — R, f(x(uq,uz)). Later we show, that except for special
cases, our method converges point-wise. We finish this paper by experiments concerning error
measurement, discuss the limitations of this algorithm and offer some suggestions for general-
izations in the future.
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2 Approximation of the tangent plane, metric and the explicit formula in
local coordinates

Let x(uy, uz) be a parameterization of the regular surface S, with rectangular domain [0, /1] X
[0,15]. We start with domain sampled in each coordinate with densities 7y > 0 and hy >
0, where [y = kihy and Iy = koho, k1, ks € N. Hence, the point p(i,j) has coordinates
p(i,j) = x(ihy, jhe). If we define a differentiable function f: 8 = R, we can write fi,j) =

f(ihy, jhs). Then, we call p: I — R3, where I C N x N is the maximum subset such that
(ihy, jh2) € [0,14] x [0, l5], the discrete parameterization of the surface S.

We apply the formula for numerical differentiation in each variable to obtain approximation of
the first partial derivatives. We denote it as

F1.9) = 5 L#G+ 1) = Fli = L) (2a)
ﬁ@d%=§gvmj+n—f@j—nl (2b)

The principle used in (2a),(2b) for scalar functions can be applied for vector fields and local
parameterizations, when used in each coordinate

1

pa(i.g) = gl +1.0) = pli = 1.3) ()
1

pa(i:) = g lplis + 1) = i, = D) (3b)

Since py(i, j) converges in each coordinate to the vector a%(ihl, jhs), for by, — 0, we can say

that unless, p; (4, j) and py (4, j) are linearly dependent in the ambient space R?, the point p(i, 5)
and the vectors p; (4, j), p2(7, j) define approximation of the tangent plane to S at p(i, j).

Definition 2.1. Given discrete parameterization p: I — R? of the surface S, we define at a
point p(i, j) the approximated metric G(i, j) as

AN gll(ivj) 912(i7j) _ <p1(27])7p1(27j)> <p1(l,]),p2(z,])>
66.0) = (i) o) = (e mteh Gateimty) - @

under the condition, that p; (7, j) Ap2(i, j) # 0, where ( , ) is the standard Euclidean dot product
of the ambient space R? and A is the cross product.

Definition 2.2. We define the approximated volume form Vol(i, j) as
Vol(i, j) = \/det G(i, 7). ®)

Using the formula for inverse matrix, we can rewrite the coefficients of G~ in (1) as

11 _ Y922
9 = qe (6a)
12 d12
- _ 6b
g dot (0’ (6b)
22  9u
g = det G~ (6c)

This change in formula (1) allows us to directly compute inverse matrix before we discretize
it. We rewrite (1) using (6a)-(6¢) and substitute the exact values by approximated ones, using
(2)-(5) to obtain our formula for discrete Laplace-Beltrami operator.
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Definition 2.3. Let p(7, j) be a point of discrete parametrization p: I — R? of a regular surface
S. Let the following condition p; (i, j) A p2(i,7) # 0 hold for all (i,j) € I. We define the
following quantities

I 1 (g + 1)) i+ 1,7)  goa(i —1,5)f1(i — 1,7) (7a)
= 4h2 Vol(z +1,5) Vol(i — 1, §) ’
_ gr2(i +1,5) 2+ 1,5)  gi2(i = 1,5)f2(i — 1, ) (7b)
L2 = 4h1h2 VOI Z +1 ]) VO](Z - 1aj) 7
_ gi2(i, i+ D167 +1) g2l — Dl — 1) (7¢)
e 4h1h2 Vol(i,j + 1) Vol(i,7 — 1) ’
I 1 <gll(27j + )f?(zaj + 1) _ gll@aj - 1)f2(7faj - 1)) (7d)
27 qn2 Vol(i,j + 1) Vol(i,j — 1) '

Using our method of approximation, the discrete Laplace-Beltrami operator of a function f: I —
R in point p(i, j) is denoted A%h f(i,7) and its value is given as

Ly + Lig 4 Loy + Log

d,h1,ha
A5 16.3) = Vol(i, 7)

®)

3 Convergence and examples

Let us denote p* = p(i,7) and x* = x(ihy, jhe) for some arbitrary (i, j) € I. Using (3a) and
(3b), we have that vectors p;, — % in each coordinate, for hy — 0,k = {1,2}. We know, that
the standard dot product is a continuous function in three-dimensional vector space. Hence, if
the two vectors converge in each coordinate, p; — X and p; — xj, the following holds for
l,ke{l,2}

. . s ox* 0x*
i, (P p) = <a_uaT> 2
We also directly obtain the result

lim G(i,7) = Gy, (10)

hl hQA)O

where G+ is the Riemannian metric of S at x*.

The possibility of p;(7,j) and ps(i,j) being linearly dependent for some hq, hs, is the only
obstacle standing in the way of the point-wise convergence of A%’h f(i, ) from (8) to the con-
tinuous/differentiable version Agf(i,7) in (1). Even though, this case was dismissed in def-
inition 2.3 and our method converges point-wise to the continuous case of Laplace-Beltrami
operator, let us take a closer look at the situation of linear dependence.

Using regularity, we have, that p(i + &, j) # p(i,j + 1) for k,l # 0,k,l € Z. Other case, in
which the linear dependence can occur, is the surface having an extremely small angle of the
coordinate curves at p(i, j), causing problems for the computer arithmetic. Another problematic
situation is depicted in figure 1. In this case of regular surface, the isoparametric curves meet
only at one point. But still the linear dependence of the approximated tangent vectors p; (7, j)
and p, (i, j) occurs.
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Fig. 1. Two isoparametric curves on a regular surface sharing a common
point. Because of the shape of the curves, the approximated
tangents at the common point are linearly dependent.

p(—1,0)
X (uq,0)

p(—1,0)

Fig. 2. The curve x(u1,0) with two different values of parameter a,
where in the lower (second) graph, the value of a is twice
the value of a in the higher (first) graph

Example 3.1. The first example is the surface with parametrization x: R? — R x(uy, us) =
(uy, au$, ug). It is sufficient to study the behavior of the discretization in the plane z = 0.
At the point x(0,0), the curve x(u;,0) has an inflection point, and as the value |a| rises, the
convergence of p; (0, 0) gets slower. The graph of curve x(u;, 0) with approximations of p; (0, 0)
is demonstrated in figure 2. The tangent line to the curve at point x(0, 0) coincides with the -
axis. We can see, that our approximated tangent line is inaccurate and the error rises with the
increase of value of |a|.

If there exists a limited number of such problematic points, we do not need to resample the
whole domain. It is sufficient to chose properly smaller parameters h; and 55 in the neighbour-
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hood of these points. An example of such resampling with half the directional step sizes is in
figure 3. This approach leaves the global sampling intact, while the accuracy of approximation
improves locally. The value of normal curvature in isoparametric directions is a good criterion
for finding such points.

pli, ) p(i.j)

Fig. 3. Local resampling of the neighbourhood of point p(i, j) with half
the directional step sizes h; and ho

Example 3.2. Consider a unit sphere. Here, the symmetry of the surface allows our method to
approximate the tangent plane exactly for the points on curve x(7/2, uy) when using the stan-
dard parameterization. The reasoning behind this fact is demonstrated, in one of the coordinates,
in figure 4. We have chosen indexes, so that i = 0 corresponds to u; = /2.

ﬂ)'N
p(—1,0) KO)A

Fig. 4. The isoparametric curve x(7/2, u2) on a sphere,
where the approximated tangent lines are parallel
to the real tangent line at the point p(0, 0)

Example 3.3. The third and last example is the case of plane x(u1,us) = (u1,u2,0) with
uniform sampling for h; = hy = h. In this case, our method gives approximated metric

Gli.j) = (3 (1)) ,
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for all (4, ) € I. This leads to the simplified formula

fa+2,0)+F@=20)+F,7+2)+ f(i,5—2) — 40, J)
4h? ’
(1D

which is the value of standard discrete Laplace operator in plane A%?" f (i, j) with the parameter
2h. This makes sense, since we used same techniques as in deriving the commonly used planar
formula, but we also approximated the geometry of the surface.

AY f(i,§) =

4 Experiments and error measurement

In this section, we evaluate the error of two methods for calculating the Laplace-Beltrami op-
erator for the case of five functions on two surfaces. These surfaces and the parameterized
functions were already used to test discrete Laplace-Beltrami operators in (1). In tests, we use
our method (8) and the cotangent method from [6]. To express the total error and the average
error of these methods we define two functional norms.

Definition 4.1. Let P be a finite set and let f: P — R be a function on the set P. Then, we
define /5 norm of a function f on a set P as

Iflla= > fp)* (12)
peP

We also define the /5 , norm of a function f on a set P as

£l
1 fll2.0 = TR (13)

where | P| is the cardinality of the set P.

In the notion of /5 , norm the a stands for average, since it computes the average error per point.
The first experiment is the case of a plane and the function f(z,y,z) = . The values in the
following tables express specifically |Lf — Apf||2 and |[Lf — Apf||2.., where Lf is the used
method applied on the function f and Agf is the exact value of Laplace-Beltrami operator
of f. We tested the functions in plane on domain D = [0, h/[P]] x [0,+/]P]]. With the
given parameter h, we sampled the domain D uniformly by |P| values. Both parameters are
mentioned in the following tables.

In the following table Cotangent’ denotes the cotangent method and *"Num.Diff.” denotes our
method using numerical differentiation. In all these experiments, the cotangent method requires
a triangulation. We acquire this by adding edge, that joins p(7, j) and p(i + 1, j + 1) diagonally
in each quadrilateral {p(¢, j), p(i+1,7),p(¢,j+1),p(i+1, 7+1)}. This can be done differently.
For example by adding an edge, that joins p(i, j) and p(i — 1,j + 1). Both triangulations are
depicted in figure 5. In our experiments, we tried few different triangulations, which led to
the same results. But this does not mean, that the results are independent from the choice of
triangulation. Therefore it is important to consider this factor in future tests.

As we can see in table 1, the cotangent method’s convergence is linear, while our method
provides in this specific case the exact value, except for minimal rounding errors (approximately
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pli—1.j-1)

p(i. j+1)

pli+1,j+1)

pli—1, j+1)

pli,j)

pli+1,5)

pli—1,7)

pli.j+1)

p(i,j)

p(i—1.7)

p(i.j—1)

p(i+1,7)

p(i, j—1)

pli+1.j—1)

Fig. 5. Two examples of triangulations used in experiments

s h=0.08,[P| =256 | h=0.04,[P| = 1024 | h = 0.01, | P| = 16384
Num.Diff. 0 0 0
Cotangent | 33.78240000 65.89439999 257.97420000

I h=0.08,[P| =256 | h=0.04,|P| = 1024 | h = 0.01, | P| = 16384
Num.Diff. 0 0 0
Cotangent 0.1319625 0.06435000 0.01574550

Table 1. The measurement of error in /3 norm and /2 , norm for the case
of a plane and the function f(z,y,z) = x

10~!). The next example is the function f(x,y,2) = e**¥, where the convergence is slow or
problematic for most methods of discrete Laplacians.

For function f(x,y,2) = e**¥ both operators converge slowly and they give approximately
same results. We can observe in table 2, that the error is a linear function of parameter A, since
halving parameter / provides half the error.

We continue our experiments with the case of a sphere with radius » = 1 and the function
f(x,y,z) = x. In this case, the parameters h; and hs are determined by the number of points
on the sphere we evaluate. In the first coordinate, we uniformly sample 20 values in interval
[0, 7] and omit the case of i = {0, 1,18, 19} to avoid singularities of given parameterization of
the sphere. In the second coordinate, we uniformly sample 16 values in the interval [0, 27| and
consider all values. Combining them provides us with 256 values, which is the value | P|. Then,
we test the operator using twice the amount of values in each direction, thus | P| = 1024.

The results in table 3 are more than optimistic for our discretization, since it provides relatively
accurate results using just the 256 points and its error is at least one hundred times lower than
the cotangent method. In the next experiment, we consider the same sphere, different function,

f(x,y,2) = 22

These results in table 4 are less optimistic, but still provide significant improvement upon cotan-
gent method. This may be the consequence of the symmetry of the sphere, which was discussed
concerning our method in the second example in chapter 3. The last example is the function
f(x,y, z) = e” on the unit sphere. This example is known to cause problems with convergence,
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Iy h=0.08,[P| =256 | h = 0.04, [P| = 1024 | h = 0.01, |P| = 16384
Num.Diff. 80.67919442 155.74513746 603.65791059
Cotangent 82.07483787 156.41188582 603.81891978

I h=0.08,[P| = 256 | h = 0.04, |P| = 1024 | 1 = 0.0L, |P| = 16384
Num.Diff. 0.31515310 0.15209486 0.03684435
Cotangent 0.32060483 0.15274598 0.03685418

Table 2. The measurement of error in I3 norm and [5* norm for the case
of a plane and the function f(z,y,2) = e* ¥

lo |P| = 256 |P| = 1024
Num.Diff. | 0.16728391 | 0.10908152
Cotangent | 16.92199532 | 34.91979991
lo.q |P| = 256 |P| = 1024
Num.Diff. | 0.00065345 | 0.00010652
Cotangent | 0.06610154 | 0.03410136

Table 3. The measurement of error in /3 norm and I , norm for the case
of a sphere and the function f(x,y,z2) =z

particularly in the case of cotangent method [6].

As was mentioned above, the cotangent method does not converge in this case. Unfortunately
the problem occurs also with our method, as can be seen in table 5. All these tests we have
computed using the Maxima Algebra System, version 15.0.8.1.

5 Generalizations and limitations

We start with the limitations. Other methods, we mentioned in the beginning of this chapter, are
defined to work with triangulated meshes and functions defined on such meshes. Hence, these
methods work on general polygonal meshes when triangulated. Our method is limited to the
case of uniformed sampling of a regular surface, or a case of quadrilateral mesh, where indexed
coordinates of vertices can be established.

The second limitation is, that our method requires defined values of the function and coordinates
of vertices in the neighbourhood of a point. This does not allow us to compute the points in
sampling directly neighbouring the singular points (e.g. poles on sphere) or boundary points
of a surface. The second case of boundary points is going to be solved in future work, using
extrapolation of the geometry of the surface and values of the function or by other different
methods.

We propose also two generalizations. Firstly, since the formula (1), which we approximated,
can be defined for Riemannian manifold of arbitrary finite dimension n, we can generalize the
formula (8) for such a manifold. The only new difficulty would be the necessity of computing
G~Y(i, 7). Secondly, our method relies on using the standard dot product of arbitrary space, but
does not require, that the arbitrary space has a specific dimension. So our formula works also
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Iy [P[=256 | |[P|= 1024
Num.Diff. | 3.32006914 | 1.70644656
Cotangent | 26.38624480 | 55.12312428
la |P| =256 | [P|=1024
Num.Diff. | 0.01296902 | 0.00166645
Cotangent | 0.10307127 | 0.05383118

Table 4. The measurement of error in /3 norm and I3 , norm for the case
of a sphere and the function f(z,y,2) = x

2

L [P[=256 | |P|=1024
Num.Diff. | 37.13938326 | 206.18221737
Cotangent | 42.05225957 | 214.48470357
lo.a [P[=256 | |P|=1024
Num.Diff. | 0.14507572 | 0.20134982
Cotangent | 0.16426664 | 0.20945772

Table 5. The measurement of error in /2 norm and /2 , norm for the case
of a sphere and the function f(x,y, z) = e*

for any real Euclidean space, in which the manifold is embedded in.

6 Conclusion and future work

The Laplace operator can take many shapes and forms, depending on the geometry of its domain
and context, in which it is used. In this paper we proposed our own method of its discretization
for regular surfaces. We limited ourselves to the case of uniformly sampled regular surfaces,
which allowed us to use numerical differentiation for approximation of the function’s values
and the geometry of the surface.

Our method is less general in input, than the other methods. However, it has potential to be more
accurate, especially for symmetric surfaces, such as the sphere or the torus. Further testing may
be necessary. For example, function f(x,y,z) = z” on the sphere as p — oo. Torus is also
a viable testing subject, since many exact results are known. In conclusion, our method may
provide better results than the more general methods for many parametric regular surfaces.

There is also room for generalizations, where the most important problem left to be solved,
is the case of the points on the boundary of a surface. Although, our method is not suitable
for mesh processing, we hope, that it could be used for numerical computations in calculus on
manifolds or other applications in the future.
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Geometrické charakteristiky objektov pre aplikacie
v geografii, kartografii a stavitel'stve

Margita Vajsablova

Abstrakt

Geometrické charakteristiky objektov sme
kvantifikovali v rovine, na referencnych
plochiach Zeme a pre telesa v 3D. Vztahy
pre vyjadrenie tvaru objektu pomocou
indexu kompaktnosti (indexu tvaru) sme
vtomto c¢lanku formulovali tak, aby ich
hodnoty boli v intervale (0, 1), atiez aby
pre pravidelné objekty bola jeho hodnota
nezavisla od velkosti objektu. Takéto
formuléacie davaju lepsi prehl'ad hodnot
charakterizujiicich tvar s vyuzitim v

roznych  oblastiach, a to  nielen
v matematickej kartografii (pri vybere
zobrazenia  Slovenska), v geografickych
analyzach a v oblasti energetickej

hospodéarnosti budov, ktoré sme uviedli
v tomto ¢lanku.

Kracové slova: Referencna plocha, index
kompaktnosti, index tvaru

Abstract

Geometric characteristics of the objects are
quantified in this paper on the plane, on the
reference surfaces and for solid figures in
3D. Equations for expression of the
compactness index (shape factor) have been
formulated on the assumption that their
values are in the interval (0, 1), and
furthermore, its value is also independent
on the size of the regular object. These
formulations  give  more  effective
characterizations of the shape in different
fields, not only in the mathematical
cartography (in the choice of cartographic
projection of Slovakia territory), in the
geographic analyses and in the energy
performance of buildings, which we have
mentioned in this paper.

Key words: Reference surface,
compactness index, shape index

1 Uvod

Velkost' objektu ajeho tvar su pouzivané ako jeho zdkladné geometrické charakteristiky
v rdznych oblastiach, ako geografia, kartografia, stavebnictvo, ale aj geoldgia, krystalografia.
Geometrické vlastnosti Uzemia v rovine (poloha, velkost atvar) su pouZivané
v geografickych analyzach pre Ucely sledovania prvkov krajiny, enviromentalnych javov
v krajine, krajinnej pokryvky, S$tatopravneho wusporiadania urcitych oblasti a pod.
V matematickej kartografii su geometrické charakteristiky uzemia na referencnej ploche
Zeme zékladnym faktorom pri vybere a optimalizécii kartografického zobrazenia. V oblasti
geografickych informacnych systémov si vykondvané rdézne analyzy nielen modelov
zemského povrchu, ale aj zloZenia jeho podlozia, ktoré z geometrického hl'adiska povazujeme
za 3D objekty (telesd). Vyjadrenie velkosti a tvaru budovy ako 3D objektu je dolezitou
sucast’ou analyzy energetickej hospodarnosti tejto budovy.

V tomto ¢lanku budeme hlavny doéraz davat na kvantitativne vyjadrenie tvaru objektov
pomocou C¢isla nazyvaného index kompaktnosti, ato izemia v rovine, na referen¢nych
plochach Zeme ana kvantitativne vyjadrenie tvaru priestorovych objektov pomocou tzv.
indexu tvaru. Ako priklad uvedieme tiez vztah pre vypocet indexu tvaru pravidelnych
n-uholnikov a jeho hodnoty pre niekol'ko z nich, a tiez uvedieme navrh kvantifikacie tvaru
telies pomocou indexu tvaru s konkrétnymi hodnotami pre Platonske telesd. Z konkrétnych
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aplikacii ukdazeme pouzitie indexu tvaru izemia na referencnej ploche Zeme pri vybere
kartografického zobrazenia pre uzemie Slovenska a navrh indexu pre hodnotenie tepelnej
efektivity budovy.

2 Kvantitativne vyjadrenie tvaru uzemia v rovine a jeho vel’kost’

V rieSeni problematiky presnosti a spolahlivosti urenia obsahu uzemia (arealu, pozemku,
resp. parcely) a zmeny jeho obsahu v Case (vyvojom porastu, prip. ur¢enim hranice pozemku)
vplyva vel'ké mnozstvo faktorov. Medzi tieto faktory patri sklon georeliéfu, kvalita vstupnych
dat, metoda vypoctu obsahu zavisla od sposobu geometrického modelovania jeho hranice,
avSak vyznamny morfometricky parameter tizemia je jeho tvar. V spojitosti s tvarom aredlu sa
rozliSuje asymetrickost’, centralita, disperzita a navzajom nezavislé charakteristiky, ako
kompaktnost’, Clenitost’ a rozmanitost’ aredlu. V tomto ¢lanku ukdzeme sposoby vyjadrenia
tvaru uzemia v rovine pomocou cisla, ktoré nazyvame index kompaktnosti.

Pre tzemia leziace v rovine je hranica urCend uzavretym polygénom s vrcholmi [xi,y1],
[x2,)2], ... [Xnyn], priCom usporiadanie vrcholov je také, aby sa pri pohlade v smere
usporiadania vnutro Gzemia nachadzalo vl'avo a vonkajSie body vpravo. V pripade uzemia s
dierami, pripadne arealu nesuvislého je hranica dand mnoZinou uzavretych polygonov, podla
predchadzajiceho popisu. Kazdému prvku tejto mnoziny, teda segmentu hranice, je nutné
priradit’ d’al§iu charakteristiku suvisiacu s orientaciou usporiadania bodov segmentu hranice.
Ak je tato orientacia zhodnd so smerom pohybu hodinovych ruciciek, ide o hranicu diery,
prirad’'ujeme charakteristiku k = -1, ak opacna, potom k= 1.

Velkost’ nesuvislého uzemia v rovine je charakterizovand ploSnym obsahom, ktory je
mozné vo vSeobecnosti vyjadrit’ tymto iteracnym vztahom:

n—1

1 m
S=21 Dbl [ X =00+ 0]+ @ =x)0 ) (1)
Jj=1 i=1

kde m je poCet uzavretych segmentov hranice, k; je charakteristika orientacie j-t¢ho segmentu.
Obvod uvedeného tizemia je urceny suctom dlzok jednotlivych segmentov hranice, kde obvod
jedného z nich je:

n—l1

9, = \/(xl _xn)z +(», _yn)2 +Z\/(xi+l _xi)z +(Vin _J’i)2 (2)

Tvar uzemia v rovine, teda rovinnych arealov, vyjadruje tzv. index kompaktnosti, ktory sa v
geografickych a kartografickych aplikacidch pouziva a pouzival sroéznou formulaciou.
Struéne uvedieme niekol’ko z nich.

Gibbsov index kompaktnosti je vyjadreny (Gibbs, 1961):

P
IG:1,27Z—2, 3)

kde P je obsah aredlu a / je tsecka spéjajuca jeho najvzdialenejSie body.
V praci (Michniak, 2002) je porovnanie ploSného objektu s pravidelnym Sest'uholnikom so

zhodnym priemerom, ¢o mozno vyjadrit’ vztahom na vypocet indexu:

&8 P

[, =——— 4
CIGE 4)

44 G - slovensky casopis pre geometriu a grafiku, rocnik 13 (2016), Cislo 26, s. 43 - 56



Geometrické charakteristiky objektov pre aplikacie v geografii, kartografii a stavitel'stve

kde P je celkové rozloha tizemia a / je dizka usecky spajajuca dva najvzdialenejsie body na
jeho obvode. Na obsahu P objektu a jeho najdlhsej osi / je zalozeny aj index elipsovitosti:
xl?

1;1/2{13/&:(1/2)]}:5. )

Index elipsovitosti kruhu je 1. Pomer cirkularity sa pocita:
I.=4P0O?, (6)

kde P je plocha objektu a O je jeho obvod. Kompaktnost’ tvaru narasta s klesajucou hodnotou
pomeru cirkularity (Michniak, 2002).

Jednoduchy index opisujuci tvar mozno vyjadrit’ vzt'ahom:

I=2 (7)

K

kde P je rozloha plo$né¢ho prvku a Pk je plocha kruhu s rovnakym obvodom. Hodnoty st
z intervalu od 0 po 1 a kruhovy objekt mé& hodnotu indexu rovnajucu sa 1. Porovnania tvaru
objektu a kruhu je mozné tiez vypocitat ako podiel rozlohy objektu a obsahu kruhu
s polomerom rovnajucim sa diZke spajajiicej centralny bod objektu s jeho najvzdialenej$im
bodom na hranici. Najkompaktnej$i tvar maji objekty s hodnotou bliZziacou sa k 1. Tento
index bol pouzity ako teoreticky ukazovatel’ tvaru Statneho uzemia vo Wagnerovom indexe,
ktory je definovany ako pomer obvodu O aredlu a obvodu kruhu s rovnakym obsahom P,
teda:
o

N ®)

V préci (Husar, 1998) je z pomeru obsahu P a obvodu O arealu uréeny index kompaktnosti
nasledovne:

I, =

P
Ik:47Z'E. (9)

Hodnoty indexu kompaktnosti lezia v intervale (0, 1), kde /x =0 pre ¢iarovy element (napr.
usecku), Ir =1 pre kruh a I = n/4 pre Stvorec. Z hl'adiska geometrického vyjadrenia aredlu na
mape st kruh a ¢iara dve krajné moZnosti iba na teoretickej baze.

Ako sme uviedli, hodnoty indexov kompaktnosti v geografickych analyzach st rozne, ako
priklad uvadzame nasledujiice porovnanie pre niekol’ko vybranych §tatov. Podl'a Wagnera
majii nasledujuce hodnoty indexov kompaktnosti: Velka Britania - 7,08, Cesko - 2,7,
Slovensko - 2,1, Pol'sko - 1,8, Rumunsko - 1,6. Hodnoty indexu kompaktnosti (9) s pre tieto
staty (Klimekova, 2014), (Vajsablova, 2015) odlisné: Velké Britania — 0,040, Cesko — 0,306,
Slovensko — 0,208, Rumunsko — 0,407.

Index kompaktnosti rovinnych aredlov je aplikovany v geopriestorovych analyzach, napr.
Husar (2000) v klasifikacii prvkov krajinnej pokryvky Slovenska v Corine Land Cover. Gibbs
(1961), Bezék a Hordkova (1984) uplatiiovali mieru kompaktnosti v sidelnej geografii.
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Spolahlivost’ grafického vyjadrenia hranice aredlu je zavisla od jeho tvaru, o ukézali viaceri
autori, napr. (Shi, 2009), (Tinnachote, Chen, 2003). Vo (Vajsablova, 2002), (Ivanova,
Vajsablova, 2005) je rieSena spolahlivost prave aplikaciou indexu kompaktnosti. V praci
(Sekerkova, 2007) bol vytvoreny program na urcenie tvaru arealu v ArcGIS a v (Kozacik,
2011) je kvantifikdcia tvaru arealu aj pomocou fraktalnej dimenzie. V roku 2011 boli
vysledky tychto prac podkladom pre urcenie kritéria na presnost’ grafického urcenia vymery
pozemkov na katastralnych mapach vo vyhlaske Uradu geodézie, kartografie a katastra SR.

V geometrii su Casto pouzivané pravidelné n-uholniky, preto dosadenim ich obsahu a obvodu
do vztahu (9) formulujeme vztah pre vypocet indexu kompaktnosti (budeme ho nazyvat
index tvaru) pravidelného n-uholnika. Obvod O pravidelného n-uholnika s dlzkou strany a je:

O=na. (10)

Obsah P takéhoto n-uholnika vypocitame:

P= C, 11
nt (an
kde r, je polomer vpisanej kruznice, ktory ur¢ime:
"= 2600 ' (12)
2tg
2n
Po dosadeni (12) do (11) a naslednej Gprave je obsah pravidelného n-uholnika:
P= ncll;O ' 13
4tg ( j (13)
n

Po dosadeni (10) a (13) do (9) formulujeme vztah pre vypocet indexu tvaru pravidelného
n-uholnika:

I’l(l2 T

(na)24tg(1800j - . tg(lsooj ' (14)
n

I, =4rx

n

Hodnota takto formulovaného indexu tvaru pravidelného n-uholnika nie je zavisla od velkosti
jeho strany, v tabul’ke 1 je priklad niekol’kych hodnét tychto indexov.

Index tvaru n | Index tvaru
Trojuholnik 0,6045998 Pravidelny 8-uholnik 8 0,948059
Stvorec 0,785398 Pravidelny 9-uholnik 9 0,959051

0,864806 Pravidelny 10-uholnik 10| 0,966883
0,9069 Pravidelny 11-uholnik 11| 0972662
0,931941 Pravidelny 12-uholnik 12| 0,977049

Pravidelny 5-uholnik
Pravidelny 6-uholnik
Pravidelny 7-uholnik

NN kWS

Tabulka 1. Index tvaru pravidelnych n-uholnikov pre n =3, ..., 12
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3 Kvantitativne vyjadrenie polohy, vel’kosti a tvaru zobrazovaného uizemia
na referencnych plochach Zeme

Zakladnymi geometrickymi faktormi, ktoré determinuju vyber kartografického zobrazenia
uzemia, su jeho poloha, velkost a tvar, prip. aj hodnoty krivosti plochy na danom tzemi.
Podl’a tvaru, velkosti a polohy zobrazovaného uzemia sa urcuje druh a poloha zobrazovace;j
plochy, prip. ich pocet. Pri vybere zobrazeni je azimutilne zobrazenie vhodné pre tizemia
kruhového tvaru. Pre pozdizne Gizemie je vhodné pouzitie valcovych (Gzemie pozdiZ hlavne;
kruznice), prip. kuzelovych zobrazeni (azemie pozdiZ rovnobezky). Podla polohy tizemia sa
voli normalna, rovnikovad a vSeobecna poloha zobrazenia. Tieto zasady su zjednodusené,
nakolko vicsie uzemia je potrebné rozdelit na niekolko Casti a existujii neurcité tvary
uzemia, pri ktorych vol'ba zobrazovacej plochy dava malé rozdiely v skresleni.

Referencné plochy Zeme st gulova plocha (sféra) a splosteny rotac¢ny elipsoid. Vztahy pre
vypocet geometrickych charakteristik odvodime pre izemia leziace na referencnej ploche
Zeme, ktorych hranica je zloZzena z jednej uzavretej krivky. Pre Gzemia, ktoré st zlozené
z viacerych disjunktnych Casti, prip. maji vo vnutri plochu, ktord k nim nepatri (dieru), je
mozné tieto vztahy aplikovat’ podobne ako pri rovinnych aredloch, a to orientaciou hranice
vzhladom na vnutorné body Uzemia a naslednym suétom obvodov a plosnych obsahov
uzemia. Na Uivod zavedieme parametre referencnych ploch a ich vlastnosti, ktoré potrebujeme
pri uvedenych charakteristikach.

Referencna sféra areferencny elipsoid st dvojrozmerné Riemanovské variety ¥ a @
(Grafarend, Krumm, 2006). Ich parametre si zemepisna Sirka (sféricka U, elipsoidicka ¢)
a zemepisna dizka (sféricka V, elipsoidicka A). Parametrizacia W(U, V) je dana pravou stranou
parametrickych rovnic gul'ovej plochy:

X =RcosUcosV,
Y =RcosUsin/V, (15)
Z =RsinU, U €(-90°,90°),V e (-180°,180°).

Zlozky vektora parametrizacie (¢, A) st pravé strany parametrickych rovnic rotaéného
elipsoidu:

X=#cos¢cosﬂ,
J1-¢€’sin’ ¢
Y—#cowﬁsin/i
«fl—ezsin2¢ ’ (16)
2
7=—29) g, ge(-90°90°). 4 e (~180°,180°).

«fl —e’sin’ ¢

Prvky Gaussovej matice G (nazyvanej metricky tenzor) st dané ako vnatorny tenzorovy sucin
prvych parcidlnych derivacii (Pressley, 2001):

G:(gn glzj, 17)
8y &»

kde jej prvky pre referencnu sféru a referencny elipsoid st:
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(& (2] (2). we(E)(5)(E)
8%\ ou) T\au) T\au ) "\ g ) o) \og)

oX oX oY oY oZ oz oX oX oYoY oZoz
Sn=&n "ttt o8& Tt T (18)
oU oV oUaoV oUaoV 0p OA O¢ 04 O¢ OA
oxY (oyY (ezY ox\ (oYY [(éez)
Ex=\5, ) T\ar ) T\ar ) En =77t = | * == |-
oV oV oV oA o oA
Metricky tenzor G v bode referencnej sféry teda je:
R’ 0
G= . 19
[ 0 R’cos’ Uj (19)

Referen¢na sféra ma polomer krivosti R konstantny v kazdom jej bode, Gaussova krivost’ k¢
v bode sféry je:

1
ko= (20)

Metricky tenzor G v bode referencného elipsoidu je:

a2(1 _ 62)2

| = e’ sin’ ¢)’

G 21

a’cos’ ¢

0 el A
1—e’sin’ ¢

Pre meridianovy polomer krivosti M a prie¢ny polomer krivosti N (v smere normalového rezu
plochy) platia vzt'ahy:

a(l-é*) N a -
Ja-ésin® gy J1-sin’ g 22)

Po dosadeni (22) do (21) je metricky tenzor G rotacného elipsoidu:

G:[M Oj 3
0 N-cos ¢

Gaussova krivost rotacného elipsoidu je zavisld od elipsoidickej Sirky ¢arovna sa
prevratenej hodnote sucinu polomerov M a N hlavnych krivosti v danom bode:

1
k. =——. 24
¢  MN 24)

Elementy oblukov rovnobezky a poludnika ds,, ds, na referen¢nej sfére vypocitame (Hojovec
a kol., 1987) (Obr. 1 vlavo):

ds, =RcosU dV,
ds, = RdU.

M =

(25)
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Z prvkov metrickeho tenzoru G sformulujeme prvi zakladnua formu plochy @ rotaéného
elipsoidu vyjadrujucu diferencialnu dlzku ds krivky (elementu geodetickej Ciary):

ds*=M>d¢’ + N*cos’ ¢d 1>, (26)
kde premenné su diferencidly dg, d4 parametrov ¢, A4 a pre elementy oblukov rovnobezky
a poludnika ds;, ds, na rotaénom elipsoide plati (Obr. 1 vpravo):

ds, = Ncos¢gdA,

ds, = Mdg. 27)

Obr. 1. Elementane obluky rovnobeziek, poludnikov a geodetickych Ciar na gulovej ploche (vl'avo),
na elipsoide (vpravo) (Vajsablova, 2013)

Nech hranica H zobrazovaného uzemia je uzavretd krivka urcend zemepisnymi suradnicami
mnoziny jej bodov na referencnej sfére:

H:{[UI’VI]s[Ustz]’---[UnsVn]} (28)
a na referen¢nom elipsoide:
H={{4.4].[#-4].--[2.-2]}- (29)

Polohu zobrazovaného uUzemia je moZné charakterizovat aj zemepisnymi stradnicami
vnutorného bodu 7, ktory je blizky taZisku tGzemia, kde vzhl'adom na tvar referen¢nych
plochy Zeme je pri vybere zobrazenia urcujucim faktorom hlavne zemepisna Sirka bodu 7.
Sférické prip. elipsoidické suradnice bodu 7 tGzemia daného mnoZinou H bodov uzavretej
krivky hranice m6Zeme urcit’:

1< 1¢ 1 1
¢T:_ZU1"ZT:_ZVH ¢T=_Z¢i’ﬂT:_zﬂi' (30)
nio nio nio nio

DalSou alternativou urcenia polohy st minimalne a maximalne hodnoty zemepisnych stradnic
bodov na danom Uzemi.

Velkost’ zobrazovaného tizemia je charakterizovana jeho ploSnym obsahom p. Plo$ny obsah
p diferencidlneho lichobeZznika, ktorého strany st elementdrne dlzky poludnikov
a rovnobeziek vyjadrené (25), na referen¢nej sfére ur€ujeme podl'a vzt'ahu:

dp = R* cosU dU dV. (31)

G — slovensky Casopis pre geometriu a grafiku, rocnik 13 (2016), Cislo 26, s. 43 - 56 49



Margita Vajsablova

Vztah pre vypocet ploSného obsahu oblasti, ktorej hranica je uzavreta krivka dand mnozinou
H (28) na referencnej sfére, formulujeme aplikovanim suctu plosnych segmentov po integracii
predchadzajtceho:

p=R(V, —Vn)((sinUn —sinU )+%(sinU1 —sinUn)j+

(32)

n—1

+Y RV, - V,.)((sinU,. —sinU

min
i=1

)+ %(sin U, —sin Ui)j.

Plosny obsah p diferencidlneho lichobeznika, ktorého strany s elementarne dizky
poludnikov a rovnobeziek vyjadrené (27), na referencnom elipsoide ur¢ujeme podl'a vztahu:

dp=M N cosp dedA. (33)

Vztah pre vypocet plosného obsahu oblasti, ktorej hranica je uzavreta krivka na referen¢nom
elipsoide dand mnoZzinou H (29), formulujeme integraciou predchadzajiuceho a aplikovanim
suctu plosnych segmentov:

4, )

p=(4 —/1”)[ | MN cos¢ d¢+%jMNcos¢ d¢J+
Prnin b,

(34)

n—1

¢i ¢i+l
+> (A, —/11.)( | MN cos ¢ d¢+% j MNcos¢d¢J.
Pmin 4

i=1

Tvar Gzemia vyjadrime pomocou indexu kompaktnosti. ktory odvodime modifikaciou vzt'ahu
(9) a z podmienky, aby hodnoty indexu kompaktnosti / boli v intervale (0, 1), kde I = 0 pre
Ciarovy objekt na ploche a Iy=1 pre gulovy vrchlik. Nech index kompaktnosti izemia
leziaceho na gul'ovej ploche, prip. elipsoide je v tvare (Vajsablova, 2015):

I =kZ. (35)
o

Nech vrchlik gulovej plochy s polomerom R je ohraniceny kruZznicou, ktorej zenitovy uhol
ur¢eny od bodu 7' (blizky taZisku) je a. Potom za obvod oy tohto vrchlika je povazovana
dlZka hrani¢nej kruznice, teda pre plo$ny obsah p, povrchu vrchlika a obvod o, plati:

p, =27.Rv=2x.R*(1-cosa), 36)
o, =2rr=2r.Rsina.

Vychadzajac z (35) pre I = 1 pre gulovy vrchlik plati, Ze koeficient & sa rovna pomeru druhe;j
mocniny obvodu o, jeho hrani¢nej kruznice a plosného obsahu p, gul'ového vrchlika:

0. 47°Rsin‘a 27m(l—cos’ @)

= = =27(l1+cosa). 37
p, 2R’ (1-cosa) 1-cosa ( ) 7

Dosadenim koeficientu k£ do (35) je formulovany vztah pre vypocet indexu kompaktnosti
I'ubovol'ného tizemia leziaceho na gul'ovej ploche, prip. na rotaénom elipsoide:
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I, =2x(1+cosa) L. (38)
o

Uhol a pre 'ubovol'né uizemie je zenitovy uhol vrchlika s rovnakym ploSnym obsahom p, ako
ma dané uzemie, potom plati:

p, =27.R* (1-cosa) = p, (39)
odkial’ je vyjadreny uhol « z plosného obsahu p dané¢ho izemia:
p
a =arccos | 1 - . 40
{ 27.R’ } (40)

Po dosadeni (40) do (38) je vztah pre vypocet indexu kompaktnosti uzemia na gul'ovej
ploche:

I, =(4;z—§)0£2. (41)

Tvar izemia nachidzajiiceho sa na referen¢nom elipsoide vyjadrime vychadzajtc z vlastnosti
gulovej plochy, ktord aproximuje elipsoid v uvedenom bode 7 daného tzemia. Nech je
splnend podmienka, aby referencny elipsoid a gulovd plocha mali vbode 7 rovnaku
Gaussovu krivost, teda jej polomer sa rovna geometrickému priemeru krivosti elipsoidu
v bode T:

R =\M,N,. (42)
Pre l'ubovol'né uzemie s ploSnym obsahom p leZiace na referen¢nom elipsoide je nutné urcit’

uhol «, a to dosadenim R zo (42) do vztahu (40), ¢im dostaneme hodnotu uhla « pre izemie
na referencnom elipsoide s ploSnym obsahom p:

p
a =arccos| | ———|. 43
[ 27z.MTNJ (43)

Po dosadeni (43) do (38) alebo (42) do (41) je vztah pre vypocet indexu kompaktnosti Izemia
leziaceho na referenénom rotacnom elipsoide:

p \D
I, =(4r - .
e =( MTNT)02 (44)

Pre kruhové tizemie na elipsoide, ktory je aproximovany gulovou plochou v okoli bodu 7,
hodnota indexu kompaktnosti /; je blizka 1 a pre ciarovy objekt je hodnota indexu
kompaktnosti /; = 0.

Obvod uzemia dané¢ho hranicou H na referencnej sfére a referencnom elipsoide urc¢ime
pomocou suétu tsekov geodetickych ¢iar medzi po sebe nasledujucimi bodmi. Dizku o1»
najkratSej spojnice medzi dvoma bodmi P;P> na gulovej ploche (ortodromy, ktora je obluk
hlavnej kruznice) ur¢ime pomocou kosinusovej vety zo sférického trojuholnika PsPiP>
(Vajséablova, 2013):

0,, = Rarccos(sinU, sinU, +cosU, cosU, cosAV), kde AV =V, —V,. (45)

G — slovensky Casopis pre geometriu a grafiku, rocnik 13 (2016), Cislo 26, s. 43 - 56 51



Margita Vajsablova

Obvod o izemia daného hranicou H na referen¢nej sfére vyjadrujeme ako sucet dizok
jednotlivych segmentov hranice podla (45):

o = Rarccos(sinU, sinU, +cosU, cosU, cos(V, —V,)) +

n—1 46
+ Y Rarccos(sinU,,, sinU, +cosU,,, cosU, cos(V,,, —V,)). (46)

i+l
i=1

Obvod oblasti o rotacneho elipsoidu vyjadrujeme ako sucet dizok segmentov hranice H, teda
dlzok geodetickych Ciar, a to integraciou z jeho prvej zakladnej formy (26):

9 S 2 (4 2 2
0= UM@)} +[1Ncosd/1j +> UquﬁJ +(chos¢dﬁ,j . 47)
4, A i=1 A 4

Kvantifikacia uvedenych geometrickych faktorov tzemia na referen¢nych plochach bola
aplikovana pri vybere typu kartografického zobrazenia pre vybrané izemia eurdpskych Statov
(Klimekova, 2014). Navrhnuté zobrazenia boli porovnané so zobrazeniami pouzivanymi
v sucasnosti na Statnych mapach. Zohladnenim tychto charakteristik boli v navrhnutych
zobrazeniach viacerych Statov az niekol’kondsobne minimalizované krajné hodnoty skreslenia
mapovych prvkov. V praci (Vajsablova, 2015) bola urobenda podrobna kvantifikacia
geometrickych charakteristik zemia Slovenska ohrani¢eného hranicou, ale aj elipsoidickymi
a sférickymi lichobeznikmi v réznych polohdch za tcelom optimalneho navrhu
kartografického zobrazenia (Obr. 2). Kvantifikdciu tvaru uzemia ohrani¢eného hranicou
a uvedenymi lichobeznikmi spolu s dosiahnutymi maximalnymi skresleniami v prislusnych
kuzelovych zobrazeniach ukazuje tabulka 2. Ako je vidiet, kartograficky lichobeznik 2
v stCasnosti  zaviazného Krovakovho kuzelového zobrazenia vo vSeobecnej polohe
nevystihuje pozdiznost’ uzemia Slovenska, ateda aj extrémne dizkové skreslenia maju
najvyssie hodnoty. Tvar elipsoidického lichobeznika pre navrh Lambertovho kuzelového
zobrazenia v normalnej polohe a kartografického lichobeznika 1 kuzelového zobrazenia vo
vieobecnej polohe majii mensi index kompaktnosti, su teda pozdiZnejsie a pre zobrazenie
Slovenska vhodnejsie, o Gom hovoria aj hodnoty extrémnych dizkovych skresleni.

zemepisné rovnobezKky a poludniky

P~ - kartografické rovnobezky a poludniky 1
h kartografické rovnobezky a poludniky 2
(Ki'ovakovo zobrazenie)

Obr. 2. Ohranicenie Slovenska elipsoidickym zemepisnym lichobeZnikom a sférickymi
kartografickymi lichobeznikmi
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Obsah Obvod Index Extrémne
SLOVENSKO [km?] [km] kompakt. | skreslenia [cm/km]
Hranica 49 041,51 1610,71 0,238
Elipsoidicky lichobeZnik | Lambertovo | 88 399,21 1263,05 0,6962 -6,7 +6,7
Kartograficky Vseobecné
lichobeZnik 1 kuzelové 80 317,34 1230,67 0,6663 -5,4 +5,4
Kartograficky
lichobeznik 2 Kiovakovo | 99 642,43 1 298.24 0,7428 -10 +11,2

Tabulka 2. Index tvaru ohranic¢enia Slovenska a kartografické zobrazenia

4 Kvantitativne vyjadrenie tvaru telies

Tvar telies vyjadreny indexom tvaru je pouzivany z viacerych hladisk, ako napr. vyjadrenie
centrality — odlahlosti bodov povrchu telesa od daného bodu, prip. ako ¢islo vyjadrujuce
pomer povrchu a objemu telesa (tzv. shape factor). V stavebnictve je pouzivany pod nazvom
,faktor tvaru budovy®“ (Mahdavi, Gurtekin, 2002) pomer plochy povrchu S teplovymenného
obalu budovy k obostavanému objemu /" budovy:

(48)

Na predpoklad splnenia minimalnej poziadavky na energeticki hospodarnost budov su
odporti¢anymi hodnotami priemerného sucinitela prechodu tepla hodnoty prisluchajuce
nasledujucim faktorom tvaru:

e bytové domy, administrativne budovy, budovy 8kdl a Skolskych zariadeni, budovy
nemocnic a $portové haly: faktor tvaru 0,3 m!;

e rodinné domy: faktor tvaru 0,7 m™';

« hotely a restauracie: faktor tvaru 0,4 m;

« budovy pre vel’koobchodné a maloobchodné sluzby: faktor tvaru 0,5 m™.

Vplyv tvarovania architektury na objekt skiimal aj Basam Behsh, Ph.D. Na modelovych
situdciach zvolenych objektov s rovnakym obstavanym objemom a rovnakou podlaznou
plochou simuloval priebeh roénej teploty v interiéri stavby v oblasti Svédska. Namiesto
pomeru (48) pouzil pomer:

(49)
kde S je celkova plocha obvodového plasta a Sp je celkova podlazné plocha objektu.

Jeden z faktorov tvaru telesa s objemom V a povrchom S uvedenych v literatire je pomocou
vztahu:

(50)

Dom vo forme kocky, alebo aspon jej pribuznom tvare, sa javi pre nizkoenergetické objekty
ako najvhodnej$i, ato s dostatone vyuzitelnym vnaitornym priestorom a bez velkych
ochladzovanych ploch obvodovych konstrukcii. AvSak hodnota indexov tvaru budovy v tvare
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kocky urcené podla (48), (49) a (50) st zavislé od rozmeru kocky, preto aj budovy
s rovnakym tvarom maju rézne indexy tvaru. Preto v tomto ¢lanku formulujeme index tvaru
tak, ze za geometricky najdokonalejSie teleso budeme povazovat’ gulu. Preto zavedieme
kvantifikéciu tvaru telesa pomocou indexu tvaru tak, aby jeho hodnota pre gul'u sa rovnala 1.
Potom nech vzt'ah pre index tvaru telesa s povrchom § a objemom V je:

V2

1 F, (51

x=k
Po dosadeni vzt'ahov pre objem Vi gule a jej povrch S¢ do podmienky, aby index tvaru gule
bol 1, dostaneme hl'adany koeficient k:

V2 42 2R6

o 1 = k=36 (52)

I =k —
K A 3243 1R

Po dosadeni koeficientu £ do (51) je vysledny vzt'ah pre vypocet indexu tvaru telesa:

2
I - 36%%. (53)

Vzt'ah pre index tvaru telesa sme navrhli tak, Ze jeho hodnota pre 5 platonskych telies nie je
zavisla od velkosti ich hrany. V tabulke 3 su uvedené vztahy pre vypocet povrchu S, objemu
V' Platonskych telies a hodnoty ich indexu tvaru. Nakolko tvaru Platénskych telies st
pripisované energetické Gcinky a kazdy z nich je symbolom jedného zo zivlov, na Obr. 3 su
zhotovené z polodrahokamu Ametyst. Medzi platonske telesa patri aj kocka, ktord je
povazovana za idedlny tvar budovy z hl'adiska energetickej hospodarnosti. Ked'ze takto
navrhovana hodnota indexu tvaru kocky nie je zavisld od jej rozmerov, dava tento index tvaru
efektivnejsi prehl’ad o tvare budov v stavebnictve.

Platonske teleso Vzt'ah pre povrch S Vzt'ah pre objem V Index tvaru /x
STVORSTEN 2
V3a V2 20,3023
12 63
KOCKA 2 3
ba a Z —0,5235599
6
OSEMSTEN 234 NG r
NZ B = =0,6046
3 ENE)
r v 2
DVANASTSTEN| 3 54104542 154735 , (15+745) =
4 - =0,7547
12(25+105)°
DVADSATSTEN 534> 5(3 + Jg) 3 <3 N \/5)2 .
— = a ~— = =0,8288
12 60\/§

Tabul’ka 3. Index tvaru platonskych telies
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avi x?

Obr. 3. Fotografia platonskych telies

5 Zaver

V ¢lanku sme ukazali niekolko prikladov kvantifikécie geometrickych vlastnosti objektov,
hlavne tvaru objektov, a to rovinnych utvarov, uzemi na referenénych plochach Zeme, a tiez
telies v trojrozmernom priestore. Uvedené spdsoby vyjadrenia tvaru objektu boli navrhnuté
tak, aby ich hodnoty boli v intervale od 0 do 1, ¢im davaji lep$i prehl'ad hodnot indexov
tvaru s vyuzitim v roznych oblastiach, nielen v aplikacidch v kartografii, geografii
a stavebnictve, ktoré sme uviedli v tomto ¢lanku.

Clanok bol vypracovany v ramci riesenia grantovej vyskumnej vilohy VEGA 1/0682/16.
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Abstracts

R. Bohdal: Methods for calculation of normal vectors for construction of
interpolants above triangular network

In this article, we compare selected methods for the estimation of normal vectors, which are
necessary for the construction of interpolants above the triangular network. The values of
normals in individual points of the triangular network greatly affect the shape and the
smoothness of the resulting interpolation surface. We compare the individual methods on in-
advance given (calculated) normals of the test functions and on the accuracy with which the
interpolation surfaces match the test functions. From our tests, the best results were
achieved by the method of calculating normals using the local interpolation thin plate spline.
The method of weighted average, which was created by combining Little’s and Max’s
method, came the second in order.

J. Guncaga, J. Zentko: Folk ornament as an important factor in identifying plane
geometric shapes

The paper presents the possibility of developing geometric competencies through folk
culture. Our attention is focused on a particular folk ornament that can be used for
presentation and identification of a plane geometric shape by pupils during the teaching of
mathematics. We will focus on the possibilities for the analysis of geometric shapes in
a variety of ornaments used in folk culture, in different textile and functional objects. We will
describe the specifics of primary education in Slovakia with regard to the interdisciplinary
context.

S. Struss, P. Chalmoviansky: Discretization of the Laplace-Beltrami operator
using numerical differentiation

We propose a method for discretization of Laplace-Beltrami operator using numerical
differentiation. This approach requires specific mesh shape, but in some cases, it offers more
accurate results than more general methods. We also discuss generalizations and limitations
of our method and test it on selected functions.

M. Vajsablova: Geometric characteristics of objects for applications in
geography, cartography and civil engineering

Geometric characteristics of the objects are quantified in this paper on the plane, on the
reference surfaces and for solid figures in 3D. Equations for expression of the compactness
index (shape factor) have been formulated on the assumption that their values are in the
interval (0, 1), and furthermore, its value is also independent on the size of the regular
object. These formulations give more effective characterizations of the shape in different
fields, not only in the mathematical cartography (in the choice of cartographic projection of
Slovakia territory), in the geographic analyses and in the energy performance of buildings,
which we have mentioned in this paper.
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