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O nezavislych systémoch idealov podpologrip pologriup

Imrich Abrhan, Daniela Velichova

Abstrakt

V ¢lanku pojednavame o systémoch idealov
V podpologrupach pologrip a 0 niektorych
ich vlastnostiach, wuvadzame definicie
avlastnosti  pojmov  (Gplne) nezavisly
systém idedlov. Zavedené su tieZz nové
pojmy, ako (Gplne) B-nezavisly systém
maximalnych idealov  podpologupy H
pologrupy S vzhladom na neprazdnu
mnozinu B, dokdzand je ich existencia
a niektoré vlastnosti, aich suvislost’
S hlavnymi idealmi. V zévere su uvedené
podmienky existencie parcialnej pravej
grupy H podpologrupy pologrupy S,
vzhl'adom na mnozinu B < H.

Kracové slova: systém idealov pologrupy,
uplne B-nezavisly systém idealov, parcialna
grupa podpologrupy s ohladom na mnozinu

Abstract

In this paper we deal with systems of ideals
in subsemigroups of semigroups and some
of their properties, and we present
definitions and properties of (completely)
independent system of ideals. New concepts
are introduced as (completely) B-
independent system of maximal ideals in
subsemigroup H of semigroup S with
respect to non-empty set B, and their
existence, some properties and connections
to principal ideals are proved. Finally,
conditions are given for existence of partial
right group H in subsemigroup of
semigroup S, with respect to set B < H.

Key words: systems of semigroup ideals,
completely B-independent system of ideals,
partial group in subsemigroup with respect

to set

1 Uvod

V ¢lanku nadvazujeme na vysledky publikované v [3], kde st formulované a dokazané mnohé
tvrdenia o vlastnostiach minimalnych ideélov v pologrupéach s ohl'adom na ich podmnoZiny.
Uvedena problematika bola skiimana tiez v pracach [4], [5]. Rozsirenie tejto problematiky na
skiimanie vlastnosti minimalnych (l'avych, pravych, resp. obojstrannych) idedlov podpolograp
v pologrupach je hlavnym cielom tejto publikacie, ktora je istym zaviSenim dlhoro¢ného
Stidia a vedeckej Cinnosti autora doc. RNDr. Imricha Abrhana, CSc. v tejto zaujimavej oblasti
algebry Struktar. Uvedené nové pojmy su tieZ motivanym materidlom predlozenym na
pripadné d’alSie skimanie vlastnosti pologrup aich idedlov, ponukajicim Siroké moZnosti
rozsirenia a zovSeobecnenia predkladanych pojmov na v§eobecnejsie Struktary, napr. okruhy.

V d’alsom texte budeme namiesto spojenia ,,H je podpologrupa pologrupy S pouzivat’ stru¢né
vyjadrenie ,,H je podpologrupou v S*. Analogicky budeme lavy (pravy, obojstranny) ideal
podpologrupy H v S atiez hlavny lavy (pravy, obojstranny)) ideal podpologrupy H
v S generovany prvkom a € H stru¢ne nazyvat’ lavy (pravy, obojstranny) ideal v S a hlavny
lavy (pravy, obojstranny) ideal pologrupy S generovany prvkom a € S.

LCavy ideal L podpologrupy H v S moézeme definovat’ napr. nasledovne: Neprazdnu
podmnozinu L podpologrupy H v S (L € H) nazyvame l'avym idealom podpologrupy Hv S,
ak HL c L. Pravy (Favy, resp. obojstranny) hlavny ideal podpologrupy H v S generovany
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prvkom a € H oznac¢ime R(a), (L(a), resp. J(a)) a definujeme nasledovhym sposobom:
R(@)=awaH (L(a)=awHa,resp.J(a)=auHauwaH uHaH).

Na priklade sa da ukazat’, Ze napr. 'avy ideal podpologrupy H v S nie je aj l'avym idealom
pologrupy S, taktiez napr. ze pravy ideal podpologrupy H v Snie je aj l'avym idedlom
pologrupy S, alebo ze pravy ideal podpologrupy H v S je aj pravym idealom pologrupy S.

Priklad 1.1. S, ={a, b,c,d,e, f, g, h,u, v} je podpologrupa a binarna operacia © na S, je

definovana multiplikacnou tabul’kou Tab. 1.

ola|b|c|d|e |[f |g|h|u]|Vv
alalbla|bla|bla|b|a]|b
bla|bla|bla|bja|b|a]|b
cla|b|g|hja|b|c|d|a|b
dla|b|g|hja|b|c|d|a|b
elalbjulvialble |f |a]|b
fla|b|u|lvi|a|b|g|hla]|b
gla|b|c|d|a|b|g|h|a|b
hla|b|c|dja|b|g|h|a]|b
ula|ble|f |la|bju|v|a]|b
vial|b|e|f|la|b|u]|v i a]|b
Tab. 1

Je zrejmé, ze H, ={a,b,c,d, g, h} je podpologrupa pologrupy S, (vzhladom na binarnu

operaciu © definovanii v S, ):

ola|b|c |d|g|h
alal/blalbla]b
bla|bla|bla]|b
cla|lbjg|h|c|d
dja|b|{g|h]|c|d
gla|bjc|d|g|h
hia|bj|c|d|g|h
Tab. 2

Taktiez napr. L={a,c, g} je lavym idedlom podpologrupy H, ale nie je l'avym idealom
pologrupy S, . Dalej napr. plati, Ze L(h)={b,d, h} je lavy hlavny ideal podpologrupy H

generovany prvkom h € H, pricom vSak nie je Pavym hlavnym idedlom pologrupy S,
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generovanym prvkom h e S . Dalej tiez plati, e R={a,b,c,d,g,h} je pravy idedl
podpologrupy H v S, a aj pravy ideal podpologrupy S, .

Uplna Kklasifikacia a usporiadanie vietkych hlavnych idealov pologrupy Si st uvedené
v nasledujucom prehl'ade.
A) 1) Vsetky hlavné l'avé idealy pologrupy Si st

L(a) = {a}, L(b) = {b}, L(c) = L(@) = {a,c, g, & uf,

L(d)=L(h)= {b,d, f, h,v}.

2) Usporiadanie vSetkych l'avych idealov v Si (s ohl'adom na mnozinovu inklaziu <) je
L(b) cL(c) = L(9), L(u) = L(d) = L(b), L(a) = L(I), L(a) = L(w),
L(f) < L(d) = L(h), L(v) < L(d) = L(h), L(b) < L(f), L(b) < L(v).
3) Vsetky hlavné pravé idedly pologrupy Si:
R(@) =R(b) = {a, b}, R(c) =R(d) =R() =R(h) = {c,d, g, h},
R(e) =R(f) =R(u)=RVv) = {e, f,u,v}.

4) Usporiadanie vSetkych pravych idedlov pologrupy Si (s ohl'adom na <):
R(a) c R(c), R(a) c R(e).
5) Vsetky obojstranné hlavné idealy pologrupy Si a ich usporiadanie (s ohl'adom na <):

J@) =J(b) = {a, b}, I(e) = I(H) = IJ(u) = I(v) = {e, f,u,v}
6) J(a) < J(e) < J(c).
B) Vsetky l'avé hlavné idealy podpologrupy Hi v Si a ich usporiadanie (s ohl'adom na <):
7) L©) =L@ = {a, ¢, g}, L(d) =L(h) = {b,d, h}, L(u) = {a}, L(b) = {b}.
8) L(a) c L(c), L(b) — L(d).

Zavedieme nasledujice oznacenia:

a) ZH(2zH, M) budeme oznadovat Greenovu relaciu ekvivalencie na podpologrupe Hv S ,
napr. a Z M b; a, b € H prave vtedy, ak pre I'avé hlavné idealy L(a), L(b) podpologrupy H
v Sje L(a) =L(b).

b) La(Ra, Ja) oznacujeme FH(27M, M) — triedu priradend relacii ekvivalencie
A, M) na podpologrupe H v S obsahujucu prvok a € H.

c) HZH (H/22 1, H/” 1) oznacujeme mnozinu (221, M) — tried priradenych k relacii
ekvivalencie (221, &) na podpologrupe Hv S .

Na mnozine H/. " (H/ 22", H/.71) definujeme ¢iasto¢né usporiadanie takto:

La<Lb (Ra<Rp, Ja<), @, b € H prave vtedy, ak pre hlavné l'avé (pravé, obojstranné)
idealy podpologrupy H v S plati L(a) < L(b) (R(a) < R(b), J(a) < J(b)).
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Nech H je podpologrupa pologrupy S a B neprazdna podmnozina podpologrupy H, ¢o budeme
v d’alSom texte zapisovat inkliziou B < H.

Znakom NL(B) (NR(B), N(B)) budeme oznac¢ovat’ mnozinu vsetkych takych prvkov x € H, ze
pre kazdé b € B je Lp £ Lx (Ro £ Rx, Jb £ Jx). Vyrazy Di(B) (Di(B)) oznacuju mnozinu
vsetkych takych prvkov b € B, Zze bB = B (Bb = B).

Inkluzia X c Y znamend, ze X je vlastnou podmnozinou mnoziny Y (X <Y oznaluje, Ze
bud’ X =Y, alebo X < H).

Podpologrupu H pologrupy S nazveme silnou podpologrupou, ak pre kazdé a, b € S plati:
a,b € Hprave vtedy, ak a, b € H.

Poznamka 1.1. V tejto pozndmke uvadzame tvrdenia, na ktoré sa budeme v d’alSom
odvolavat’ (Casto ich nebudeme priamo uvadzat’, ale budeme ich povazovat’ za zname):

a) Ak NL(B)=0O (N(B)=#9, NR(B)=0), potom NL(B) (N(B), NR(B)) je Tlavy
(obojstranny, pravy) ideal podpologrupy H v S.

b) Ak acHa L(@) =(L(b)\Lo) =0 (J(a)=I(a)\ o) =B, R(b)=(R(b) \Rs) =),

potom [(a) (j(a) , ﬁ(a) ) je avy (obojstranny, pravy) ideal podpologrupy H v S.
c) Pre kazdy, napr. obojstranny, ideal M podpologrupy H v S plati:

MNN(B)= @ <M NB=0.

d) Akce NL(B)(ceN(B)), potom Lec NL(B) (Joc N(B)).

Zrejme plati aj analogické tvrdenie k tvrdeniu ¢): napr. LN NL(B) #0 < LB =@.
Zapis B ozna¢uje mnozinu H\B (B < H, napr. NL(B) = H\NL(B)).

Oznacenie pojmov a ich definicie, na ktoré sa budeme v d’alSom odvolavat’ a nie su uvedené
v tejto praci, sa nachadzaja napr. v [3, 4].

Definicia 1.1. (pozri napr. [3]). Nech H je podpologrupa pologrupy Sanech B < H. Lavy
idedl L podpologrupy H nazveme minimalnym lavym idedlom podpologrupy H v S
sohladom na B, ak LnB= O aneexistuje taky l'avy ideal Li podpologrupy H v S, Ze
LinB#0alLicL.

Veta 1.1 (pozri napr. [5]). Nech H je podpologrupa pologrupy Sa B < H.

(a) Ak LcHa L#0, potom plati: L je minimalny lavy idedl v H s oh'adom na B
vtedy a len vtedy, ak existuje taky prvok b € B, ze L=L(b) a Lb je minimalny
prvok v NL(B)/ &,

(b) Pre kazdé b € B plati: L(b) je minimalny I'avy idedl v H s ohl'adom na B vtedy a len
vtedy, ak L(b) ANL(B)= L.

Veta 1.2. Nech H je podpologrupa pologrupy Sanech Bc H. Nech L(b), beB je
minimalny lavy ideal podpologrupy H v S s ohl'adom na B < H a nech bud’ NL(B) = 9, alebo
NL(B) je obojstranny idedl podpologrupy H v S. Potom pre kazdé c € H plati: Ak
L(b)c ¢ NL(B), potom L(b)c je minimalny ideal podpologrupy H v S s ohl'adom na B.

8 G - slovensky Casopis pre geometriu a grafiku, rocnik 14 (2017), Cislo 28, s. 5 - 20
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Nech H je podpologrupa pologrupy S a nech B < H. Znakom §LB(H) (@RB(H) ,aB(H))
oznatme mnozinu vsetkych takych Tavych (pravych, obojstrannych) idedlov L(R, N)
podpologrupyHv S, zZeBZzL(BZR,BZN)(B£ L LnB= 0, L= H\L).

Definicia 1.2. Nech H je podpologrupa pologrupy S anech Bc H. DLavy idedl L
podpologrupy H v S nazveme maximalnym lavym idedlom podpologrupy H v S s ohl'adom
na mnozinu B, ak L ¢ & |'B(H) a neexistuje taky l'avy ideél Li podpologrupy Hv S, ze L < L
alie & (H).

Analogicky ako v definicii 1.2 definujeme maximélne pravé (obojstranné) idedly R (N)

podpologrupy H v S s ohl'adom na B < H. )
Budeme hovorit, Zze podpologrupa H v S splia podmienku Mig(H) (Mrs(H), Ms(H)), ak

G (H) 20 (e (H) 20, T ox (H) = 0).

Veta 1.3. Nech Sje pologrupa anech B S. Nech H=n{L(b)|b € B} anech H spina
podmienku M g(H). Nech L je 'avy ideal podpologrupy H v S. Potom

(a) L e F o (H) vtedy a len vtedy, ak existuje taky prvok b € B, Ze L=NL(b)cHa Ly
je maximaélny prvok v H/ 1.

(b) Pre kazdé b e B plati: NL(b) € &% ma (H) vtedy alen vtedy, ak NL(b)~H = Lp
(NL(b) = H \NL(b)).

Dékaz. (a) . Nech L € S m(H). Potom BL. Nech be LNB (L=H\L)). Najprv
ukazeme, ze L < NL(b). Predpokladajme, Ze existuje taky prvok ¢ € L, ze ¢ ¢ NL(b). Potom
c e NL(b). To =znamena, Ze¢ Lp<Lc Potom belpcl(b)clL(c)cL. To je spor

s predpokladom, ked7e be L. Ztoho vyplyva, ze L < NL(b). Z toho podla predpokladu
dostaneme, ze L < NL(b) (c H), kedZze podla predpokladu b € B. Potom Ly < L(b) < H.
Z toho vyplyva, ze Lp € H/Z". Predpokladajme, 7e existuje také ¢ e B, Ze Lp<Le.

V pripade, ze Lp<Lc, plati NL(c) = NL(b). Potom L=NL(b) < NL(c) cH. To je spor

s predpokladom, Ze L € P o (H). Z toho vyplyva, Ze Lb je maximalny prvok v H/ ZH .
(NL(b) = H \ Ly = L).

(a) II. Nech L=NL(b), b € B a Lp je maximalny prvok v H/ Z". Potombe¢ L a BcL.
TedaL ¢ 27 (H).Nech Li € @ (H) alL cLicH. Podla predpokladu plati Li B =@.
Nech CEE(\B. Potom Lcc L1 a ¢ € BcH (je zrejme, ze L Le= @). Potom Lcc H

acelcc Lic L=NL(b). Ztoho vyplyva, e Lp<Lc. Potom podla predpokladu
dostaneme, Ze Lp = L¢. Z toho vyplyva L= Lp=Lc=L:, ateda L=L,. Dalej dostaneme, Ze
NL(b) =NL(c), ateda L =NL(b)=NL(c)=Li. Z toho vyplyva, ze L je maximalny Favy ideal
v H s ohll'adom na B.

G - slovensky Casopis pre geometriu a grafiku, rocnik 14 (2017), Cislo 28, s. 5 - 20 9
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(b) I. Predpokladajme, 2z¢ beB a L=NL(b)e §£(H). Je zrejmé, Ze
Lo < F(b)ﬁ H . Predpokladajme, Ze existuje taky prvok ¢ € F@b)m H, Zze ¢ ¢ Lb. Potom
Lp < Lc = H, &o je spor s tym, Ze Lp je maximalnym prvkomv H/ ~ 1, teda MF\ H c Lb.

(b) I Predpokladajme, Ze b € B, Lo =NL(b) " H a NL(b) ¢ Z%mx (H). Potom existuje
Li e 2# "(H), ze NL(b) cLicH. Nech ¢ e N,nB. Potom NL(b) = N> NL(c) ateda
NL(c) = NL(b). Potom Lr<Lca Lb U Lc = NL(b) " H (Lb ~Lc=@). Z predchadzajiceho
vztahu vyplyva, Ze Lo = NL(b)H . To je spor s predpokladom, a teda NL(b) e P o (H).

Poznamka 1.2. Nech su splnené predpoklady vety 1.3. Potom L je maximalny lavy ideél
podpologrupy H v Sprave vtedy, ak H\L= Ls, a e H\La La je je maximalny prvok
v HIZ"

Poznamka 1.3. Nech su splnené predpoklady vety 1.3. Potom nasledujuce dve tvrdenia (a)
a (b) su ekvivalentné:

(a) L je maximalny l'avy ideal podpologrupy H v S vtedy a len vtedy, ak H\La=L,a e H\L
a La je maximalny prvok v H/ ZH.

(b) L je maximalny lavy ideal podpologrupy H v S, ak existuje také a € H, ze L =NL(a) a
La je minimalny prvok v H/ <",
Doékaz. I. Predpokladajme, Ze plati tvrdenie (a).

o) Predpokladajme, Ze existuje taky prvok x € H\La, tj. X ¢ La, Ze X ¢ NL(a). Potom
X € NL(a) a La < Lx. Podla predpokladu plati x € Lx= La, €0 je spor. Z toho vyplyva, Ze plati
inklazia H\ Ly < NL(b).

B) Predpokladajme, Ze existuje prvok X € NL(a), X ¢ H \ La. Potom X € La ateda x € NL(a).
To je spor s predpokladom, preto plati inkluzia NL(a) < H\La.

Z tvrdeni o) a B) vyplyva ekvivalencia tvrdeni a) a b).

Priklad 1.2. Nech S, ={a,b,c,d,e, f} je pologrupa a binarna operacia na S, je definovana

multiplikanou Tab. 2. Potom: S, =(S,, <) je pologrupa s uvedenymi triedami a) a b).

ola|b|c|d]le |f
alalajlc|a|d]|d
bla|b|bla|e|e
cla|bjc|d]|e|f
dlajala|d|d]e
ela|b|b|d]|e|e
fla|b|c|d]|e|f
Tab. 3
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a) & - triedy mnoZiny S,/ a ich usporiadanie

{c} {f}
T T
{b} {e}
T T
{a} {d}

Tab. 4

b) & (a %) - triedy mnoziny S,/% aich usporiadanie

{c, f} {c, f}
T T
{b, e} {b, e}
T T
{c,d} {c,d}
Tab. 5

Poznamka 1.4. Je zrejmé, Ze platia nasledovné tvrdenia:
A) H={b,ce f} jepodpologrupa pologrupy S>a B={c, f} = H.
B) H={a,b,c,d} jepodpologrupa pologrupy Si a B={b,e} = H.

V pripade A)
1) Z- triedy (mnoziny H/ ") a ich usporiadanie:

{c} {f}
T T
{b} {e}

Tab. 6

2) % (a.9)-triedy (mnoziny H/ZZ" (H /.5")) a ich usporiadanie:
{c, f} {c, f}

T T

{b, e} {b, e}
Tab. 7
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3) Lavé hlavné idealy v H ma napr. L(c) = {c, d}, L(f) = {f, e} a ziadny z nich nie je lavym
hlavnym idealom pologrupy So.

4) H=L(c) uL().

5) Kazdy l'avy hlavny ideal L(c), L(f) je minimalny l'avy ideal v H s ohl'adom na B a nie je
minimalnym idealom pologrupy Ss.

6) Lavé idedly NL(c)={b,e, f}, NL(f)={b,c,e} st maximéilne lavé idealy v H

s ohl'adom na B a Ziadny z nich nie je maximalnym l'avym idedlom v Ss.

V pripade B) su pravdivé analogické tvrdenia k tvrdeniam uvedenym v A).

2 Nezavislé systémy idealov podpologrip pologrup

Definicia 2.1. Nech H je podpologrupa pologrupy S a B < H. Mnozinu hlavnych lavych
idealov #'= {L(b)|b € B} podpologrupy H nazveme B-nezavislym systémom Tlavych
hlavnych idedlov v H, ak plati prave jedno z nasledujucich tvrdeni:

a) pre kazdé a,c € B je L(a) =L(b),
b) existuju dva také prvky a,b € B, ze L(a) # L(b) a pre kazdé u,v € B plati:
ak L(u) # L(v), potom L(a) < L(b) a L(u) & L(v).
Analogicky definujeme nezavisli mnozinu hlavnych pravych (obojstrannych) idedlov
F*={R(b) |b € B} (#= {N(b) | b € B}) podpologrupy H v S.

Znakom AT (AR, #7) ozname mnozinu vSetkych nezavislych Tlavych (pravych,
obojstrannych) hlavnych idealov podpologrupy H pologrupy S.

Na mnozine AT (AR, #7) definujme Ciastocné usporiadanie mnozinovou inklaziou c .

V praci [5] je dokazana nasledujtca veta:

Veta 2. 1. Nech H je podpologrupa pologrupy S.

a) Mnozina #U vSetkych Tlavych nezédvislych systémov podpologrupy H v S je
neprazdna.

b) Kazdy l'avy hlavny ideal Lpodpologrupy H v S je prvkom aspoil jedného nezavislého
systému l'avych hlavnych idealov podpologrupy H v S.

¢) Kazdy nezavisly systém lavych hlavnych idedlov #1 = {L(b) | b € B} podpologrupy
H v S je prvkom aspoin jedného maximalneho nezavislého systému
#*-={L(c) |c € B*} (B* c H), tj. #1 < #*-.

Poznamka 2.1. Nech H je podpologrupa pologrupy S a B < H. Potom zrejme platia aj
nasledujuce dve tvrdenia:

(a) Ak {L(b)} je maximalny B-nezavisly systém l'avych hlavnych idealov v H, potom pre
kazdé x € H bud’ Ly < Ly, alebo Lx < Lb.
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(b) Ak AT ={L(b)|b € B} je maximalny B-nezavisly systém l'avych hlavnych idealov
v H, potom pre kazdé X € H existuje také b € B, Ze bud’ Ly < Ly, alebo Lx < Lb.

Lema 2.1. Nech H je podpologrupa pologrupy S a B < H. Nech #'= {L(b)|b € B} je
maximalny B-nezavisly systém l'avych idealov pologrupy H v S, H=U{L(b) |b € B} anech
¢ € H. Potom plati:
(a) L(c) je maximalnym (minimalnym) prvkom v H/&Z ! (NL(B)/Z") vtedy a len vtedy,
ak existuje taky prvok b € B, Ze L¢ = Lb.

(b) NL(B) =uUfLs|b e B},

Dékaz. V pripade, ze plati H = L(b) a B = {b}, je platnost’ tvrdeni (a), (b) zrejma.
Predpokladajme, ze |B| > 1.

a) Ukazeme, Ze plati tvrdenie: L¢ je maximalnym prvkom v H/ " prave vtedy, ak existuje
také b € B, Ze Lc= Lp.

1) Predpokladajme, Ze je Lcmaximalny prvok H/ ZH. Potom podla predpokladu
existuje také b € B, ze b € L(b). Potom L(c) < L(b), teda Lc<Lp. Ztoho podla
predpokladu dostaneme L¢ = Ly.

2) Predpokladajm, ze existuje taky prvok b € B, Ze Lc=Lp, Lcnie je maximalnym
prvkom v H/ZH. Potom existuje taky prvok x € H, Ze L¢ < Lx. Podl'a predpokladu
existuje taky prvok d € B, ze x € L(d). Potom L(b) =L(c) < L(X)  L(d). To je vSak
spor s predpokladom.

Z ivah v 1) a 2) vyplyva pravdivost’ tvrdenia o).
B) Lc, ¢ € H, je minimalnym prvkom v NL(B)/#" s ohladom na B prave vtedy, ak existuje
taky prvok b € B, Ze Lc = Lp.

1") Predpokladajme, Ze Lc je minimalny prvok NL(B)/ Z" Potom L. — NL(B) ateda
existuje taky prvok b € B, ze Ly < L¢. Z toho podla predpokladu vyplyva Lc = Lp, b € B.

2") Predpokladajme, ze existuje taky prvok b € B, Ze Lpnie je minimalny prvok
v NL(B)/Z". Potom existuje taky prvok d € B, Ze Lq < Lp. Potom L(d) = L(b), d, b € B. To
je vsak spor s predpokladom.

Z ivah 17) a 2”) vyplyva pravdivost’ tvrdenia ).
Z tivah o) a ) vyplyva pravdivost’ tvrdenia (a) lemmy 2.1.

b) I. Nech x € NL(B). Potom existuje taky prvok b € B, ze L, <Lx. Ztoho podla
pravdivosti tvrdenia (a) je X € Lx = Lb. Z toho vyplyva, ze W(B) c U{Lo | b € B}.
II. Nech x € U{Lp | b € B}. Potom existuje také d € B, Ze x € Lg = NL(B). Potom
w{L(b)|b e B} W(B) . Zuvah L. a Il. Vyplyva pravdivost’ tvrdenia (b).

Lema 2.2. Nech st splnené predpoklady lemmy 2.1 a L je l'avy idedl podpologrupy H v S.

(a) L je minimalny l'avy ideal v H s oh'adom na B prave vtedy, ak existuje taky prvok
b € B, ze L = L(b).
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(b) L je maximalny lavy ideal v H s oh'adom na mnozinu B, ak existuje taky prvok
leB,ze H\L = Ly.

Dokaz. Pravdivost’ tvrdeni v leme 2.2 dostaneme priamo pomocou vety 1.3, poznamky 1.3
alemy 2.2.

Lema 2.3. Nech su splnené predpoklady lemmy 2.1. Nech bud’ NL(B) = @, alebo NL(B) je
obojstranny ideal podpologrupy H v S anech ¢ € H. Potom ak L(b)c ¢ NL(B), b € B, L(b)c
je minimalny ideél podpologrupy H v S s ohl'adom na B.

Lema 2.4. Nech su splnené predpoklady lemy 2.1 a nech P=NL(B) je podpologrupa
podpologrupy H v S. Potom:

(a) P je silnéd podpologrupa podpologrupy H v S.

(b) Ak podpologrupa H v S mé prave jeden minimalny l'avy idedl L s ohl'adom na B,

potom N = NL(B) U L je obojstranny ideal podpologrupy H v S.

Dékaz. a) Predpokladajme, Ze existuju také dva prvky a, b € H, ze ab € P anapr. a ¢ P.
Potom a € NL(B) a aj ab € NL(B), ¢o je spor s predpokladom. Analogicky sa da dokazat, ze
aj b € B. Z predchadzajuceho vyplyva pravdivost’ tvrdenia (a).

b) Predpokladajme, Ze podpologrupa H v S obsahuje prave jeden Tlavy idedl L
podpologrupy v S s oh'adom na B. Potom podl'a predpokladu existuje také b € B, ze L = L(b).
Podl'a lemy 2.3 pre kazdé ¢ € H plati bud’ L(b)c < NL(B), alebo L(b)c je minimalny ideal v H
s ohladom na B. Potom podla predpokladu plati: ak L(b)c je minimalny lavy ideal v H
s ohl'adom na B, potom L = L(b)c. Z predchadzajicich tivah je zrejma platnost’ tvrdenia (b).

Definicia 2.2. Podpologrupu H pologrupy S nazyvame zl'ava B-jednoduchou s ohl'adom na
podmnozinu B ¢ H, B # J, ak plati:

(a) H=D¢(H).

(b) H*=H.
Analogicky mozeme definovat’ sprava B-jednoducht podpologrupu H pologrupy S s ohl'adom
na podmnoZinu Bc H, B # 0.

Lema 2.5. Nech podpologrupa H pologrupy S je zl'ava B-jednoducha s ohl'adom na B < H.
Polozme B = N\B. Potom:

(a) B je podpologrupa podpologrupy H v S.
(b) Ak B=0, potom B je l'avy ideal podpologrupy H v S.

Dékaz. a) Nech a,b € B (= O«(S)). Potom H(ab) = (Ha)b = Hb =H. Potom a,b € B. Z toho
vyplyva pravdivost’ tvrdenia (a).

b) Predpokladajme, ze B= 0. Dalej predpokladajme, ze existuje taky prvok a € H
ataky prvok b e B, 7¢ ab ¢ B. Potom ab e B apodla predpokladu plati H=H(ab)=
H(a)b c Hb c H a to je spor s predpokladom Hb =H. Z toho vyplyva, Zze pre kazdé a € H
akazdéb e B je ab e B . Z predchadzajuceho vyplyva pravdivost tvrdenia (b).

Poznamka 2.2. Nech su splnené predpoklady lemy 2.5. Potom plati: Ak B=0, potom

B=H (=0«(H)), tj. pre kazdé b € H je Hb= H. Nech b € H. Potom H=Hb c H> c H.
Z predchadzajuceho vyplyva, Ze podpologrupa H je zl'ava jednoducha.
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Lema 2.6. Nech H je podpologrupa pologrupy Sanech Bc H. Nech H?>=H. Potom
nasledujtce dve tvrdenia (a) a (b) st ekvivalentné:

(a) Hb =H prave vtedy, ak b € B.
(b) Pre kazdy l'avy ideal podpologrupy H v S plati: L B =0 prave vtedy, ak L = H.

Dokaz. (a) = (b). Predpokladajme, Ze plati tvrdenie (a). Nech L je I'ubovolny lavy ideal
podpologrupy H v S taky, ze LN B#@. Nech a € LN B, podl'a predpokladu H=Hb e L.
Z toho vyplyva, ze H=L. V pripade, Ze L B= 0, potom je zrejmé, ze H # L a tvrdenie (b)
je pravdivé.

(b) = (a). Predpokladajme, Ze plati tvrdenie (b). Nech b € B. Potom bud’
o) HbonB =@, alebo ) HbnB=0@.
V pripade o) podl'a predpokladu dostaneme, ze Hb = H.
Predpokladajme, Ze plati tvrdenie f). Potom L(b)=Db U Hb je T'avy ideal podpologrupy H
vSalL(b)nB# @. To podla predpokladu znamena, ze H=Db U Hb. Potom vsak plati
H? = H(b U Hb) < Hb c H, ¢o je v spore s predpokladom, ze H? = H. Z toho vyplyva, Ze pre
kazdé b € B je Hb=b. Predpokladajme, Ze b ¢ B. Potom b € B. Z toho podla lemy 2.1
dostaneme, 7e Hb = B ateda Hb # H. Z predchadzajiceho vyplyva pravdivost’ tvrdenia (a).

Lema 2.7. Nech st splnené predpoklady lemy 2.5 a B # @. Potom:
(a) B=Lp, b eB.
(b) NL(B)=Ln,b € B.
(¢) Lb, b € B je minimalny (maximalny) prvok v W(B) /LR (v HI ).

Dékaz. a) Nech a, b € B. Potom podla predpokladu Ha= H a Hb= H. Potom Ha= Hb
ateda L(a)=L(b). Z toho vyplyva B — Lb, b € B. Predpokladajme, Ze existuje také a € Ly, Ze

a ¢ B. Potom a B apodla lemy 2.1 je b e Ly=Lac B. To je spor. Z predchadzajiceho
teda vyplyva platnost’ tvrdenia (a).

b) Zrejme plati, Ze Lo < NL(B), b € B. Predpokladajme, Ze existuje taky prvok

c e NL(B), Ze ¢ ¢ L. Potom podla tvrdenia (a) je ¢ € B, aplati b e L(b) = L(@)<B. To
je vsak spor s predpokladom, z ¢oho vyplyva pravdivost’ tvrdenia (b).

c) Je zrejmé, Ze¢ Lpje minimdlny prvok v NL(B)/ZM. Ukazeme, Ze Lsje
maximdlny prvok v H/.Z". Predpokladajme, Ze existuje taky prvok ¢ € H, ze Lp<Lc
(¢ ¢ Lp). Potom podla tvrdenia (a) je C € B a podla lemy 2.1 plati, ze b € L(b) = L(c) =B.
To je spor s tym, ze b € B. Z predchadzajucich tivah priamo vyplyvy pravdivost’ tvrdenia (c).

Veta 2.2. Nech H je podpologrupa pologrupy S a nech B < H. Nech N je obojstranny ideal
podpologrupy H v S a neexistuje taky l'avy idedl L (s ohl'adom na B), ze N — L < H. Polozme
P =H \ N. Potom plati:

(a) Ak bud
podpologrupa pologrupy H v S (s ohl'adom na B).
(b) AkP = {b}, b*#b, b* e N.

P| >2, alebo P={b}, b®=bh, potom P je silnid azlava jednoducha
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Dokaz. a) Predpokladajme, Zze |P|>2 a existuje také b e B, ze HbnP=@. Potom
N c Nu{b} cHaNuU{b} jel'avy ideal v H. To je spor s predpokladom. Z toho vyplyva, Ze
pre kazdé aeP je HanP #0. Potom NcNuUHbcH. Ztoho podla predpokladu

dostaneme ¢ NuUHb=H pre kazd¢é beP. Nech aeP. Potom plati
H=NUNuP)a=NuNauPa=NuPa=NuUP. Ztoho vyplyva, ze Pa=P prave
vtedy, ak a € P. Nech a, b € P. Potom P(ab) = (Pa)b = Pb =P. Potom ab € P. To znamena,
ze P je podpologrupa v H a zl'ava jednoduché podpologrupa v H.

Ukazeme, ze P je silnd podpologrupa podpologrupy H. Predpokladajme, ze existuju také
prvky a, b € P, ze ab € P anapr. a ¢ P. Potom a € N a podl'a predpokladu dostaneme, Ze
ab € N. To je spor s tym, ze P je podpologrupa v H. Podobne sa da ukazat’, Zze aj v pripade
b ¢ P dostaneme spor. Z predchadzajuceho vyplyva pravdivost’ tvrdenia.
Veta 2.3. Nech su splnené predpoklady lemy 2.5. Potom:

(a) L(b) =H je minimalny l'avy ideal podpologrupy H v S s oh'adom na B.

(b) B=H\Lp= L,beBa B+0 je maximalny idedl podpologrupy H v S.
Dokaz. a) Z predpokladov lemy 2.5 a podla lemy 2.7 avety 1.1 dostaneme pravdivost
tvrdenia (a).

b) Pravdivost’ tvrdenia (b) dostaneme priamo podla vety 1.3 apodla tvrdenia
v poznamke 1.4.

3 Uplne nezavislé systémy idelalov podpologrip

Definicia 3.1. Nech H je podpologrupa pologrupy vSaB € H. Systém lavych hlavnych
idedlov 4% = {L(b) | b € B} podpologrupy H v S nazveme tplne B-nezavisly systém l'avych
hlavnych idedlov podpologrupy H v S, ak bud’

(a) L(a)=L(b) pre kazdé a, be B, alebo
(b) ak a, be B aL(a)#L(b), potom L(a) " L(b) = Q.

Analogicky definujeme uplne B-nezavisly systém .#r (.#0) pravych (obojstrannych) ideélov
podpologrupy H v S.

Poznamka 3. 1. Zrejme plati:

a) Kazdy uplne B-nezavisly systém lavych hlavnych idedlov podpologrupy H v S je aj
B-nezavislym systémom [lavych hlavnych idedlov podpologrupy H v S (neplati
,obratené* tvrdenie).

b) Kazdé tvrdenie dokdzané o B-nezavislom systéme lavych hlavnych ideélov
A= {L(b) | b € B} podpologrupy H (B = H) v S je pravdivé aj pre uplny B-nezavisly
systém lavych hlavnych idealov podpologrupy H v S.

Priklad 3.1. Nech S je pologrupa z prikladu 1.1. Potom (pozri poznamku 1.1)

a) Nech B={g, d, h} < Si. Potom systém l'avych hlavnych idealov {L(g), L(d), L(h)}.je
B-nezavisly systém hlavnych l'avych idedlov pologrupy Si.
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b) Polozme B = {d, u} < S;. Potom systém pravych hlavnych idedlov {R(d), R(u)} je
B-nezavisly systém pravych hlavnych idedlov v H=S3 anie je Uplny B-nezavisly
systém pravych hlavnych idealov v H = Ss.

Priklad 3.2. Nech S; je pologrupa v priklade 1.2. Potom
H={b, c, e, f} je podpologrupa pologrupy S..

a) Polozme B={e,f}. Potom kazdy =zTlavych hlavnych idealov L(c)= {b,c},
L(f) = {e, f} je minimalnym lavym idedlom v H s ohladom na B a {L(e), L(f)} je uplne
B-nezavisly systém l'avych hlavnych idealov podpologrupy H v Ss.

Kazdy z l'avych hlavnych idealov L(c) = {a, b, c}, L(f) = {d, e, f} pologrupy S> je minimalny
lavy ideal v S; s ohl'adom na B.

b) Polozme B = {c, e}. Potom kazdy hlavny ideal L(c) = {b, ¢}, L(e) = {e} je minimalny
lavy ideal podpologrupy H s ohladom na B a {L(C), L(e)} je B-nezavisly systém lavych
hlavnych idealov podpologrupy H v S2 s ohl'adom na B. Lavy hlavny idedl L(e) = {e} je aj
minimélnym idedlom v S,.

Priklad 3.3. Nech S, :{a, b,c.d,e f,g, h} je pologrupa a bindrna operdcia e na S; je

definovana multiplika¢nou tabul’kou:

e (a|bj|c |d|e |f h
alalaja|d|d]|a d
b|b|b|b|e|e|e e |e
c la|b|c e |e|f |e|e
dlaja|b|d|d|d]|d]|d
e |b|bj|c|e e |e|e |e
f laja|a|e|e |f |e|e
g|b|b|{b|d|d|d|g]|g
h|b|bj|c|e|e|e |h|h
Tab. 4
a) Polozme B = {c, f, g, h} < S3. Potom
1) Ftriedy mnoziny S3 /& a ich usporiadanie su:
{c} {f} {a, h}
T ~
{a, b} {d, e}

o) Kazdy z hlavnych l'avych idealov
L(c)={a, b, c}, L(H)={d, e f}, L(h)={d, e, g, h}

G - slovensky Casopis pre geometriu a grafiku, rocnik 14 (2017), Cislo 28, s. 5 - 20 17



Imrich Abrhan, Daniela Velichova

je minimalny lavy ideal pologrupy S s ohl'adom na B a {L(c), L(f), L(h)}
je maximalny B-nezavisly systém l'avych hlavnych idedlov pologrupy S (a tento
nie je to uplny B-nezavisly systém).

2) Z-triedy mnoziny S; /< a ich usporiadanie su:

{f} {h} {c, f}
{a, d} {b, e}

B) Kazdy hlavny pravy ideal
R(@) = {a,d,f},R(h)={b,d, h}, L(f) = {b, c, e, f}
je minimalny pravy ideal pologrupy Sz s ohl'adom na B a
{R(@), R(h), L(f)}
je maximalny B-nezavisly systém hlavnych l'avych idedlov v S3 (a nie je to uplny
B-nezavisly systém).
b) H={d,e, f,g,h} je podpologrupa pologrupy Ss (pozri tab. 3). Polozme B = {g, h}.
Potom :
1) Z- triedy mnoziny H/Z" a ich usporiadanie:
{9, h}

T

{d, e}

L(h)={d, e, f,h} je minimalny Tavy ideal podpologrupy H sohladom na B
(a zrejme nie je minimalnym lavym idedlom podpologrupy H (a ani pologrupy
S3))-

{L(9)} je maximalny B-nezavisly systém l'avych hlavnych idealov podpologrupy
HvSs.

2) &2 -triedy mnoziny H/ 22 " a ich usporiadanie:
19} {h}

T T

{d} e}

R(9), R(h) st minimalne pravé idealy podpologrupy H s ohl'adom na mnozinu B.
{R(9), R(h)} je maximalny Uplny B-nezavisly systém pravych hlavnych idealov
podpologrupy Hv S3 .

Kazdy z pravych idealov N, ={d, g,e}, N, ={g, h e} je maximélny pravy ideil

v H s ohl'adom na B.
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O nezavislych systémoch idedlov podpologrip pologrip

4 Parcialne pravé grupy s oh’adom na mnoZzinu
Definicia 4.1. Podpologrupu H pologrupy S nazyvame parcialnou pravou grupou s ohl'adom
na mnozinu B < H, ak
(@) H je prava jednoducha podpologrupa v S s ohl'adom na B.
(b) #1 ={L(b) | b € B} je maximalny Gplne B-nezavisly systém l'avych hlavnych
idealov podpologrupy Ha H = U{L(b)| b € B}.
(c) a e Bab € H, potom rovnica ax = b ma prave jedno rieSenic v H.

Analogicky k definicii 4.1 definujeme parcialnu Tavi podgrupu na H v Ssohladom na
B cH.

Lema 4.1. Nech H je parcialna prava grupa v S s ohl'adom na podmnozinu B c H, E(B) # @
ae e E(B). Potom

(@) e je l'avou jednotkou podpologrupy H v S.

(b) E(B) je podpologrupa (podpologrupy H) pravych idealov.
Dokaz. a) Nech a € H ae € E(B). Potom podl'a predpokladu a lemy 2.1 existuje také a € H,
e ex = a. Potom ea = e(ex) = e’x = ex = a. Z toho vyplyva pravdivost’ tvrdenia v (a).

b) Nech e, f € E(B). Potom podla tvrdenia v (a) je ef=e. Ztoho vyplyva
pravdivost tvrdenia v (b).

Lema 4.2. Nech H je podpologrupa pologrupy S a B < H. Potom st nasledujuce tvrdenia
ekvivalentné:

(@) H je parcialna prava podgrupa v S s ohladom na B < H.
(b) B je sprava jednoducha podpologrupa s ohladom na B < H a E(B) # Q.

Dékaz. 1. (a) = (b). Predpokladajme, ze plati tvrdenie v (a). Nech a € B. Potom podla
predpokladu existuje taky prvok e, Ze ae = a. Potom ae’ = ae = a. Z toho podl'a predpokladu
dostaneme, Ze e’ =e, z Goho vyplyva E(B) #@. Z predchadzajiiceho (podla predpokladu)
dostaneme pravdivost’ tvrdenia (b).

Il. Predpokladajme pravdivost’ tvrdenia v (b). Potom staci ukazat’, Ze rovnica bx =a
ma prave jedno rieSenie, ak a eH a b €B. Podl'a predpokladu rovnica bx = a ma rieSenie
prave vtedy, ak b eB a a eH. V d’alsom ukazeme, ze bx =ama prave jedno rieSenie, ak

aecHabeB. Nech e eL(b) abeB. Potom podla predpokladu existuje také beB, Ze
bbee. Polozme f =bb.Potom f2=(bb)(bb)=b(bb)b=beb=bb=f. To znamens, ze
f € E(B). Predpokladajme, ze existuju také x,x,eH ataké aceH a beB, ze bx =a
a bx, = a. Potom E)b)(1 —ba a 5bx2 =ba, t]. t_)bX1 =b_bX2 ateda fx = fx,. Z toho podla
lemy 3.1 dostaneme, Ze x, =Xx,. Z predchadzajucich tvah (a podla predpokladu) vyplyva
pravdivost tvrdenia (b).

Pravdivost’ tvrdenia (b) je priamym dosledkom tvrdenia (a), t.j. pre kazdé e, fe E(B) je ef =f.
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Veta 4.1. Nech podpologrupa H pologrupy S je parcialna prava grupa s ohl'adom na B < H.
Potom plati:

(a) B je silnad podpologrupa podpologrupy H v S.
(b) L(b) je minimalny l'avy ideal podpologrupy H s ohl'adom na B prave vtedy, ak b €B.

Dokaz. a) Podla predpokladu a podla lemy 2.5 B je podpologrupa podpologrupy H v S.
Predpokladajme, Ze existuju také a,b € H, ze ab €e H anapr. a ¢ B ateda a<B. Potom
H=abH < aH < H. Potom aH = H, ¢o je spor.

b) Tvrdenie (b) priamo vyplyva z vety 2.3.
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Minimalni elipsa ke konec¢né mnoziné bodU

Milada Kocandrlova, Jarmila Radova

Abstrakt

Ke konetné mnozin¢ bodi v roviné
hledame elipsu, ktera ma nejmensi obsah.
Pocet danych raznych bodi musi byt aspon
tfi. Minimalni elipsa pro trojici bodi ma
ttemi body. Minimalni elipsa pro ctvefici
bodi je afinnim obrazem elipsy svazku
kuzelosecek ureném kruznici a dvojici
riznobézek. Minimdlni elipsu pro mnozinu
o vice bodech miizeme urcit iteraci.
Obecny algoritmus je odvozen z vlastnosti
mnohosténu z pétirozmémého prostoru.

Klic¢ova slova: Elipsa, mnozina bodd,
minimalni obsah, implicitni rovnice,

afinita, mnohostén.

Uvod

Abstract

We look for an ellipse with minimal area to
a finite set of points in the plane. The
number of different points must be at least
three. The minimal ellipse to three points
has its centre in the centre of gravity of the
triangle determined by these three points.
The minimal ellipse to four points is an
affine image of the ellipse of a family of
conics determined by a circle and a pair of
intersecting lines. The minimal ellipse to
a set of more points can be determined by
iterations. A general algorithm is derived
from the properties of a polyhedron in five
dimensional space.

Key words: Ellipse, set of points, minimal
area, implicit equation, affinity,
polyhedron

Mg¢jme v roviné danu kone¢nou mnozinu bodd. Budeme hledat elipsu, opsanou dané mnoziné
bodl, a to takovou, aby obsah rovinné oblasti, kterou ohranicuje, byl nejmensi. Takovou
elipsu budeme nazyvat minimalni elipsa. Ziejmé minimalni elipsa pro libovolnou konec¢nou
mnozinu bodi prochazi alespon tiemi body dané mnoziny.

Hledanou elipsu vyjadfime implicitni rovnici

a11x2 + 2a12xy + azzyz + 2a01x + Zaozy + oo = 0. (1)

Potom pro obsah elipsou ohranicené oblasti plati

|A]

Ago/Ago

P=mab=m

nebot’ jeji poloosy jsou a = +/|4|/(Agor1) , b =

dpp dp1 dp2 ar
A= (a1 Q11 QA12(,Agy = |alz
dg2 dqz dp2

VIAl/(AgoA2) , kde je

a12|
azo
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a Ai, 4, jsou vlastni Cisla matice determinantu Ag,. Soucin vlastnich Cisel je roven
determinantu A,, a ten je pro elipsu vzdy kladny, viz [1]. Tak pokud budeme porovnavat
obsahy eliptickych oblasti, sta¢i porovnavat druhé mocniny zlomku ve vzorci pro obsah P, tj.
vyraz

p = A%/A%. )

1 Minimalni elipsa pro ti'i body

Uréime elipsu prochazejici ttemi riznymi body X [x1, ¥11, X5[x2, Y21, X5[x3, y3], které nelezi
Vv jedné ptimce. Stied elipsy bude v t&zisti S = % (X, + X, + X3) trojuhelnika X; X, X5.

Pro elipsu je v implicitni rovnici (1) vzdy a41a,, # 0, mizeme tudiz zvolit a;; = 1. Zbyva
potom v rovnici (1) urcit pét koeficientl. Clen ayqx, resp. ag,y Vrovnici (1) piedstavuje

posunuti stiedu elipsy ve sméru osy X, resp. 0sy Y, viz [1]. Oznaéime-li m, n soufadnice stiedu
S, plati pro n¢ rovnice

a01+m+a12n:O,a02+a12m+a22n20,
ze kterych vypocitame dva koeficienty aq,, ay, za predpokladu znalosti koeficientl a5, a,,
App = —M — AN, Aoz = —A12M — AN . 3)

Také absolutni ¢len vyjadiime pomoci koeficientl a,,, a,,. K jeho uréeni pouzijeme napf.
bod X,

Qoo = —2@g1X1 — 2802Y1 — X{ — 2a12X1 Y1 — Gz2)7 -
Po dosazeni za ay4, ag, Z vyjadieni (3) dostavame
Ago = —2a1,(X1yy — X0 — y1m) — az (¥ — 2yn) — x7 + 2x;m . (4)

Koeficienty a;,,a,, vypoCitame ze soustavy dvou rovnic, které dostaneme, dosadime-li
soutadnice vSech tii danych boda do rovnice (1) a vyuzijeme koeficienty (3) a (4)

2a12(x1y1 —x3y3 —n(x; —x3) —m(y; — 3’3)) + a1 —y3) (1 +y3 —2n) =

= (x3 —x1)(x1 + x3 — 2m),

2a4, (XZYZ — x3Y3 — n(xy; — x3) —m(y, — }’3)) +az,(y2 —y3)(y2 +y3 — 2n) =
= (x3 — x2)(x + x3 — 2m). (5)

Tlustra¢ni ptiklad: Zvolime body X;[—2,—1], X,[3,1], X3[2,6]. Jejich t&Zisté je bod S[1,2].
Koeficienty implicitni rovnice minimalni elipsy, obr. 1, podle (5) jsou feSenim soustavy

10a12 - 7a22 = _8 y 4'a12 + 5a22 = 1,

22 G - slovensky ¢asopis pre geometriu a grafiku, ro¢nik 14 (2017), ¢islo 28, s. 21 — 34
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a agg = —62/13. Implicitni rovnice minimalni elipsy a jeji obsah pro danou trojici bodt po
uprave je

13x2 — 11xy + 7y? — 4x — 17y — 62 = 0, P = 6+/3m.

&
- —

Obr. 1. Minimalni elipsa pro trojici boda

2 Minimalni elipsa pro ¢tyri body

Je-li konvexni obal ¢tvefice bodu

X1 [x1’J’1], X, [leyz], X3 [x3,y3], X4[x4,y4]

trojuhelnik, najdeme minimalni elipsu podle pifedchoziho postupu. Necht je tedy konvexnim
obalem dané ctvefice Ctyitihelnik a body jsou umistény po jeho obvodu za sebou. Misto
hledani minimalni elipsy pro danou ctvetici Xy, X,, X3, X4 bodid, budeme hledat minimalni
elipsu pro jejich afinni obraz. Afinitu F zvolime tak, aby obrazy X'; bodii X; lezely na osach
soufadnic. Soufadnice obrazu navic zvolime tak, Ze

Xll [xlli 0]1 X,3 [x,3' 0]' XIZ [0' yIZ]! X,4- [0' y,4-]!

kde x' x'3 = -1, y',y', = —1.

Je-li néktery bod X'; z étvefice obrazi vnitinim bodem minimdlni elipsy, je tato elipsa
obrazem minimalni elipsy dané Ctvetice X; bodii. Necht' tyto uvedené piipady nenastanou,
potom minimalni elipsa prochazi vSemi &tyfmi body X';. Ctyfmi body je uréen svazek
kuzelosecek a hledana minimalni elipsa bude z tohoto svazku. Svazek kuzelosecek urcime
kruznici

x?+y'?+2ax' +2by' —1=0

a singularni kuzeloseckou x'y’ = 0. Zde

a = —(x'1 + x,3)/2 ) b = _(y,2 +y,4.)/2

Kazdou kuzelosecku svazku mizeme vyjadfit rovnici
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x'? +y'? +2tx'y + 2ax’ + 2by' —1=0,t €R. (6)
Rovnici (6) je dana elipsa, jestlize diskriminant kvadratickych clent
Ago = |1 §| > 0,
tj. t € (—1,1). Pro minimalni elipsu musi mit funkce, viz (2),
p(t) = A%(6)/A5o(8)
minimum, tj. derivace podle t musi byt nulova. Z toho dostavame
2A'Ayy — 344" = 0.
Dosazenim koeficientli z rovnice (6) dostaneme kubickou rovnici pro parametr t
t3 + 4abt? — t(3a® + 3b%> + 1) + 2ab = 0. (7

To teSeni rovnice (7) z intervalu (—1,1), pro které ma funkce p minimum, oznacime t,.
Hledana minimalni elipsa ze svazku (6) je potom dana rovnici

x'? +y'? 4+ 2tex'y’ + 2ax’ + 2by' — 1 = 0. (8)

Hledana minimalni elipsa pro ¢tvetici bodu X; je potom obrazem elipsy (8) v inverzni afinité
k afinité F. Vice o afinité uvedeme v odstavci 9. Na obr. 2 je ilustrativni pfiklad.

y=y

X=X

Obr. 2. Minimalni elipsa pro ¢tvefici boda

3 Odhad koeficientii v rovnici minimalni elipsy

Vypocet koeficientll rovnice (1) jiz v pfedchozim odstavci byl pocetné narocny, proto je na
misté zabyvat se jejich odhadem. Pfedpokladejme, Ze elipsa ma stied S[m, n], odchylka jeji
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hlavni osy od osy X je ¢ € (0,m), velikosti poloos jsou a, b. Potom rovnici této elipsy
muzeme psat ve tvaru

1 . 1 .
;[(x—m)cosgo+(y—n)sm<p]2+§[—(x—‘rn)sm<p+(y—n)cosgo]2 =1.

Vypocitame koeficienty u mocnin proménnych X, y a oznacime je b;;:

1 ) 1 11+cos2¢ 11-—-cos2¢
bllzﬁcos <p+bzsm <p—a > +ﬁ > .
Oznaéime-li a = % + biz ap= biz —% , potom
1
b1y = 5(“ — B cos 2¢). ©)
Postupné dostaneme pro dalsi koeficienty
1/1
by, = > (; b2) sin2¢ = — —,8 sin2¢, (10)
b,, = —sm @ + ~cos? ¢ = —(a + S cos 2¢), (12)

by; = —m (— cos? ¢ + >sin <p) (i — ﬁ) sin 2¢ = —mb,; —nb;,, (12)

by, = —n (—sm 7} + > COS (p) (ai - —) sin2¢ = —mb,, — nb,,, (13)

2
bOO == m2b11 + 2mnb12 + nzbzz —-1. (14)

L . . b;j
V' rovnici elipsy predpokladame a;; = 1. Potom ostatni koeficienty jsou a;; =b—l"’ ,
122

i,j =012,i <j. Pokud to je minimalni elipsa k dané mnoziné X bodt  X;[x;, v;],
i =1,---,n, plati pro jeji poloosy a,b nerovnosti

| &

<a<L l<p<l <2<d <2<t

IR

NI:‘

>
5
E

2
|5

(SN S
SIS

, (15)

I~

"d

Sl &
NI

h

kde d je primér mnoziny X a h je nejmensi ze vzdalenosti opérnych pfimek mnoziny X
ronobé&znych s 0sou X. Pro soufadnice m,n sttedu elipsy plati
d h
Im| < o In| < 3
Oznagime-li § = h/d+/2 , potom posledni z nerovnosti (15) ma tvar
d <b/a<26.

Toho nyni vyuZijeme k odhadu koeficientl (9) az (14)
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Urcené odhady koeficientll vyuZijeme pro numerické feSeni problému a nalezeni obecného
algoritmu pro minimalni elipsu k dané mnozin¢ bodu.

4 Numerické FeSeni pro minimalni elipsu

Pro hledanou elipsu zvolime jako parametry soufadnice m, n stedu, poloosy a, b a odchylku
@ € (0,m) hlavni osy od osy X. Pro zvolené parametry uréime intervaly. Z danych bodi
X;[x;,yi],i = 1,-+,n, ur¢ime odhady pro soufadnice sttedu. Oznac¢ime

my = min{xi'i = 11"'1"}1 m,; = max{xi'i = 1,"‘,"},

ng = min{yi;i = 1,"',7’1}, ny; = max{yi'i = 1""!”'}'

Potom plati
§(2m1 +my) <m< %(ml + 2m,), %(an +n,)<n< %(nl + 2n,).

hv2
d

QT

< ——, viz (15). Pro jednotlivé body X; dané mnoziny X uréime hodnoty

, . h
Dale plati NG <

¢; = Ai[(x; —m)cos ¢ + (y; =) sinp]® + [~ (x; —m) sinp + (y; — n) cos ¢]?,
jejich maximum c a ptislusné A. Pro hledanou elipsu jsou poloosy a = % b =+/c aplocha

je P =mc/A. Ziskanou elipsu transformujeme tak, aby vSechny dané body lezely v elipse
a aspon jeden bod lezel na elipse, ilustrativni obr. 3, kde ¢ je piesné feseni, b je iteracni elipsa.

Obr. 3. Numerické feseni pro minimalni elipsu
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5 Minimalni elipsa pro n bodi — obecné FeSeni

Kazda kuzelosecka je vyjadiena kvadratickou rovnici (1), kde budeme ptedpokladat a,; = 1.
Potom na pétici koeficienti

a = (ay2,az2, g1, A2, Ago) (16)

miZzeme nahliZet jako na bod pétirozmérného prostoru RS, také naopak kazdy bod z R>
uréuje kuzelosecku. Bod X;[x;,y;] € R? je bodem kuzelosecky, s koeficienty (16), jestlize

x? + 2a0,%;V; + ApyE + 2a01%; + 200,V + ago < 0. (17)

Nerovnici (17) je uréen poloprostor prostoru R>. Viechny elipsy, které obsahuji bod X; , lezi
v poloprostoru R® uréeném nerovnici (17). Mdame-li dany body Xi,X,, -+, X,, ke kterym
hledame minimalni elipsu, bude tato elipsa lezet v pruniku poloprostort (17). (Soufadnice
bodi a vyhovuji nerovnostem z odstavce 3.) Prinikem poloprostortt (17) je uréen n-stén.
Hledana elipsa, ktera prochazi alespon tfemi riznymi body X;, viz odstavec 2, bude na n-
sténu bud’ ve vrcholu, nebo na hrané, nebo na dvourozmérné stén¢. Protoze tento n-stén by
mohl byt i neomezeny, piiddme dalSich deset nadrovin, které budou urené podminkami
¢;j < a;; < d;; z odstavce 3. Rovnice nadrovin, oznac¢ime je p;, { = 1,---,10, jsou napf.

1 = C13,0dp = Cpp A3 = Cp1, Ay = Co2,As = Coo,
I _ 1 _ 1 _ ro_ I __
a1 =dypay=dyy az3=dy,ays=dy,as=dy - (18)

Nadroviny (17) a (18) uréuji v prostoru R> (10+n)-stén, ktery oznacime M.

6 Vlastnosti mnohosténu M z R>

Vrcholi mnohosténu M je 32, viz tabulka 1. V prvnim fadku tabulky 1 jsou ¢isla vrcholu,
v dalSich tadcich jsou soutadnice vrcholti. Napt. prvni dva vrcholy maji soufadnice

(C12l C22,Co1, Co2, COO)) (CIZI €22,Co1, Co2, dOO) '

9 11 | 13 | 15 | 17 | 19 | 21 | 23 | 25 | 27 | 29 |31

10 | 12 | 14 | 16 | 18 | 20 | 22 | 24 | 26 | 28 | 30 | 32

N v
[ceR N

N =
B w

Ciz | C12 | C12 | C12 | Ci2 | €12 | €12 | €12 | diz | diz | dyz | dip | dig | diz | diz | dy2

Coz | Caz | Caz | Coz | daz | dag | day | dag | Coz | Caz | Coz | Caz | dag | dag | dap | da2

Co1 | Co1 | do1 | do1 | Co1 | Co1 | do1 | do1 | Co1 | Co1 | o1 | do1 | Co1 | Co1 | do1 | dox

Coz | doz | Coz | doz | Coz | doz | Coz | doz | Coz | doz | Coz | doz | Coz | doz | Coz | do2

Coo | €oo | €00 | oo | €oo | oo | oo | €oo | €oo | oo | €oo | €oo | Coo | Coo | oo | Coo
doo | doo | doo | doo | doo | doo | doo | doo | doo | doo | doo | oo | doo | doo | doo | doo

Tabulka 1. Tticet dva vrcholtt mnohosténu M

Z kazdého vrcholu vychazi pét hran. Celkovy pocet hran je tedy osmdesat, viz tabulky 2.
V 1. fadku tabulek je ¢islo hrany, v 6. fadku jsou ¢isla krajnich vrcholtl hrany, v 7. fadku jsou
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Cisla nadrovin, které hranou prochazeji, v 8. fadku jsou c¢isla dvourozmérnych stén (viz
tabulka 4).
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49. | 50. 51. 52. 53. 54, 55. 56. 57. 58. 59. 60. 61. 62. 63. 64.
Ciz | Ci2 | C12 | C12 | €12 | C12 | €12 | C12 | diz | diz | dig | dip | dip | dip | dip | dyy
Co1 | Co1 | Co1 | Co1 | do1 | do1 | do1 | do1 | Co1 | Co1 | Co1 | Co1 | do1 | do1 | do1 | dox
Coz | Coz | doz | doz | Coz | Coz | doz | doz | Coz | Coz | doz | doz | Coz | Coz | doz | doz
Coo | doo | Coo | doo | Coo | doo | Coo | doo | Coo | oo | Coo | doo | Coo | doo | Coo | doo
1, | 2, 3, 4, 5, 6, 7, 8, 17, 18, 19, 20, 21, 22, 23, 24,
9 10 11 12 13 14 15 16 25 26 27 28 29 30 31 32
15 15 15 15 16 16 16 16 25 25 25 25 26 26 26 26
7 7 8 8 7 7 8 8 7 7 8 8 7 7 8 8
9 10 9 10 9 10 9 10 9 10 9 10 9 10 9 10
17, | 17, 18, 18, 19, | 20, 20, 20, | 24, 24, 23, | 23, 22, | 22, | 21, 21
33, | 34, 33, 34, | 35, | 36, 35, 36, | 40, 39, |40, | 39, 38, | 37, | 38, 37
41, |42, |43, |44, |41, |44, |43, |44, | 48, |47, |46, | 45, |48, |47, | 46, |45
73 74 75 76 80 77 78 77 73 74 75 76 80 79 78 77
65. 66. 67. 68. 69. 70. 71. 72. 73. 74, 75. 76. 77. 78. | 79. | 80.
Caz | Caz | Co2 | Con | Cap | Cap | Cop | Caz | dap | dap | dop | dap | dyp | dap | daa| day
Co1 | Co1 | Co1 | Co1 | do1 | do1 | do1 | do1 | Co1 | Co1 | Co1 | Co1 | do1 | do1 | do1| do1
Coz | Coz | doz | doz | Coz | Coz | doz | doz | Coz | Coz | doz | doz | Coz | Coz | doz| doz
Coo | doo | Coo | doo | Coo | oo | Coo | doo | Coo | doo | Coo | doo | Coo | doo | Coo| Doo
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 | 16
17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 | 32
35 35 35 35 36 36 36 36 45 45 45 45 46 46 46 | 468
7 7 8 8 7 7 8 8 7 7 8 8 7 7 8 10
9 10 9 10 9 10 9 10 9 10 9 10 9 10 9
49, 49, | 50, 50, | 51, 51, | 52, 52, | 56, 56, | 55, 55, | 54, 54, | 53, | 53
57, 58, | 57, 58, | 59, 60, | 59, 60, | 64, 63, | 64, 63, | 62, 61, | 62, | 61
65, 66, | 67, 68, | 65, 66, | 67, 68, | 72, 71, | 70, 69, | 72, 71, | 70, | 69
73 74 75 76 80 79 78 77 73 74 75 76 80 79 78 | 77

Tabulka 2. Osmdesat hran mnohosténu M

Pétice hran v kazdém vrcholu je v tabulce 3. V 1. fadku tabulky je ¢islo vrcholu. Pod kazdym
vrcholem jsou ¢isla hran vrcholem prochézejicich.

1. [ 2. ] 3 [ 4 [5 [6 [ 7. ] 8 [ o9 [10 [11.]12 [13 ] 14 [ 15 | 16
1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8
17 | 18 [ 17 [ 18 [ 19 [ 20 [ 19 | 20 | 21 | 22 [ 21 [ 22 [ 23 [ 24 | 23 | 24
33 | 34 | 35 | 36 | 33 [ 34 [ 3 [ 3 | 37 | 38|39 | 40 | 37 [ 3 [ 39 [ 40
49 | 50 | 51 | 52 | 53 | 54 | 55 [ 56 | 49 | 50 | 51 | 52 | 53 | 54 | 55 | 56
65 | 66 | 67 | 68 | 69 | 70 [ 71 [ 72 [ 73 | 74 | 75 | 76 | 77 | 78 | 79 | 80
17. [ 18. [ 19. [ 20. [ 21. [ 22. [ 23. [ 24. [ 25. [ 26. [ 27. [ 28. [ 29. [ 30. [ 31. | 32.
9 9 |10 |10 |11 [ 11 [ 12 12| 13| 13|14 | 14| 15 | 15 | 16 | 16
25 26 25 26 27 28 27 28 29 30 29 30 31 32 31 32
41 | 42 | 43 | 44 | 41 | 42 | 43 | 44 | 45 | 46 | 47 | 48 | 45 | 46 | 47 | 48
57 58 59 60 61 62 63 64 57 58 59 60 61 62 63 64
65 | 66 | 67 | 68 | 69 | 70 | 71 [ 72 [ 73 | 74 | 75 | 76 | 77 | 78 | 79 | 80
Tabulka 3. Pétice hran z tficetidvou vrcholt mnohosténu M
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Prinikem tfi nadrovin jsou dvourozmérné stény mnohosténu M, je jich osmdesat, viz.
tabulky 4. V 1. fadku je ¢islo stény, v 5. fadku jsou ¢isla nadrovin. V 6. fadku jsou ¢isla hran

ve sténe€.

1 2 3 4 5. 6 7 8 9 10. 11. 12. 13. 14. 15. 16.
Ci2| €12 | €12 | €12 | diz | dygp | dig | dig | C12 | €12 | €12 | C12 | diz | diz | diz | di2
Coz | Caz | oz | day | dap | daz | Coz | Coz | Caz | Coz | daz | dag | dog | daz | €22 | €22
Co1| do1 | Co1 | do1 | doz | Co1 | do1 | Co1 | Coz | doz | Coz | doz | doz | Coz | doz | Co2
1 1 1 1 2 2 2 2 1 1 1 1 2 2 2 2
3 3 4 4 4 4 3 3 3 3 4 4 4 4 3 3
5 6 5 6 6 5 6 5 7 8 7 8 8 7 8 7
1 3 5 7 15 13 11 9 1 2 5 6 14 15 12 11
17 |19 21 23 31 29 27 25 33 35 37 39 47 45 43 41
2 4 6 8 16 14 12 10 3 4 7 8 16 13 10 9
18 [20 |22 |24 |32 |30 |28 |26 |34 |36 |38 |40 |48 |46 |44 |42
17. | 18. 19. 20. 21. 22. 23. 24. 25. 26. 27. 28. 29. 30. 31. 32.
Ciz | C12 | €12 | €12 | dyz | diz | dyz | diz | €1z | €12 | €1z | €12 | diz | diz | diz | dy2
Co1| Co1 | do1 | dor | do1 | do1 | Co1 | Co1 | Caz | Caz | daz | daz | daz | daz | €22 | €22
Coz | doz | Coz | doz | doz | Coz | doz | Co2 | oo | doo | Coo | doo | doo | Coo | doo | Coo
1 1 1 1 2 2 2 2 1 1 1 1 2 2 2 2
5 5 6 6 6 6 5 5 3 3 4 4 4 4 3 3
7 8 7 8 8 7 8 7 9 10 9 10 10 9 10 9
1 2 3 4 12 15 10 9 17 18 21 22 30 29 26 25
49 | 51 53 55 63 61 59 57 33 34 37 38 48 45 42 41
5 6 7 8 16 11 14 13 19 20 23 24 32 31 28 27
50 | 52 54 56 64 62 60 58 35 36 39 40 46 47 44 43
33 34 35 36 37. 38 39 40 41 42. 43. 44, 45, 46. 47, 48.
Ciz| €12 | €12 | €12 | dig | dig | diz | dig | C12 | €12 | C12 | €12 | diz | diz | diz | di2
Co1| Co1 | do1 | do1 | do1 | do1 | Co1 | Co1 | Coz | Coz | doz | doz | doz | doz | Coz | Coz
Coo | doo | Coo | doo | doo | Coo | oo | Coo | Coo | doo | Coo | doo | doo | Coo | oo | Coo
1 1 1 1 2 2 2 2 1 1 1 1 2 2 2 2
5 5 6 6 6 6 5 5 7 7 8 8 8 8 7 7
9 10 9 10 10 9 10 9 9 10 9 10 10 9 10 9
17 | 18 19 20 28 27 26 29 37 38 35 36 60 43 46 45
49 | 50 53 54 62 61 58 57 33 34 39 52 48 47 42 41
21 | 22 23 24 32 31 30 25 49 50 51 56 64 63 62 61
51 | 52 55 56 64 63 60 59 53 54 55 40 44 59 58 57
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49. | 50. | 51. | 52. | 53. | 54. | 55. | 56. | 57. | 58. | 59. | 60. | 61. | 62. | 63. | 64.
Coz| Caz | Caz | Caz | daz | daz | dag | dag | Coz | Coz | Coz | Coz | daz | dag | dag | dp2

Co1| Co1 | do1 | do1 | do1 | do1 | Co1 | Co1 | Co1 | Co1 | do1 | do1 | do1 | do1 | Co1 | Co1

Coz | doz | Coz | doz | doz | Coz | doz | Coz | Coo | oo | Coo | doo | doo | Coo | doo | Coo

3 3 3 3 4 4 4 4 3 3 3 3 4 4 4 4
5 5 6 6 6 6 5 5 5 5 6 6 6 6 5 5
7 8 7 8 8 7 8 7 9 10 9 10 10 9 10 9
1 2 3 4 8 15 6 5 17 18 19 20 24 23 22 21
65 | 67 69 71 79 77 75 73 65 66 69 70 78 77 74 73
9 10 11 12 16 7 14 13 25 26 27 28 32 31 30 29
66 | 68 70 72 80 78 76 74 67 68 71 72 80 79 76 75

65. | 66. 67. 68. 69. 70. 71. 72. 73. 74. 75. 76. 77. 78. 79. 80.
Coz| Ca2 | Caz | Caz | daz | daz | daz | daz | Co1 | Cor | Co1 | Co1 | do1 | do1 | do1 | dox

Coz | Coz | doz | doz | doz | doz | Coz | Coz | Coz | Coz | doz | doz | doz | doz | Coz | Co2

Coo | doo | Coo | doo | doo | €oo | doo | Coo | Coo | oo | Coo | doo | doo | Coo | doo | Coo
3 3 3 3 4 4 4 4 5 5 5 5 6 6 6 6

7 7 8 8 8 8 7 7 7 7 8 8 8 8 7 7

9 10 9 10 10 9 10 9 9 10 9 10 10 9 10 9
41 | 34 35 36 48 39 46 37 49 74 59 60 64 63 62 61
65 | 66 67 12 76 47 78 77 65 66 67 52 12 71 54 53
33 | 42 43 44 40 75 44 45 57 50 51 68 56 55 70 69
69 | 70 71 68 80 79 38 73 73 58 75 76 80 79 78 77

Tabulka 4. Osmdesat dvourozmérnych stén mnohosténu M

7 Konstrukce mnohosténu M

Mnohostén M budeme konstruovat z desetisténu M, uréené¢ho nadrovinami pq, -, P10,
viz (18), tj. nadrovinami

A1 = C12,0dp = Cpp A3 = Cp1, Ay = Cp2, A5 = Cop,)
ai=d,,a,=d,, a'x=dy,a's =dy,,a'= =d
1= 012, X3 = Uy A3 = Ao, A 4 = Ao, X 5 = Ao,

pomoci posloupnosti mnohosténi My, My, -+, M,,, kde M;,; bude prinik mnohosténu M;
s poloprostorem (17) ur¢eném bodem X;, i = 1,---,n, tj.

x? + 2a1,x;V; + apyE + 2a01%; + 200,y + ago < 0. (19)

Linearni funkci v nerovnici (19) ozna¢ime f a hrani¢ni nadrovinu oznaéime
P10+, Kk = 1,---,n. Pro mnohost¢én M, a nadrovinu p,;: f(X;) =0 budeme soucasné
upravovat (vySkrtavat) v tabulkach vrchold, hran a stén. Ty body £, pro které je f(8) > 0,
z tabulky 1 vyskrtame. Hrany, které prochazi takovym bodem £ a pro jejichz druhy koncovy
bod § je f(8) > 0, vySkrtame z tabulky 2. Zaroven tyto hrany vySkrtame v tabulkach 3 i 4.
Ty stény, které potom nebudou mit odkazy na hranu, z tabulky 4 vyskrtame téz.

Po hranu B8, f(B) > 0 a f(&) < 0, uréime novy krajni bod jako prusecik B’ tsecky B&
s nadrovinou f(X;) = 0 (symbolicka rovnice pro prisecik), tj.
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gr = LB/ )%
FB-1@

Bod B’ pfidame do tabulky 1 a ke v§em hranam misto bodu . V tabulce stén upravime hrany,
ve sténé zlstanou dvé, ke trem nadrovinam tam piipisSeme dalsi nadrovinu pq;.

Postup zopakujeme pro dal$i mnohostény posloupnosti az do M, = M. Potom zacneme
postupné probirat upravené tabulky a hledat minimalni elipsu.

8 Minimalni elipsa na dvourozmérné sténé mnohosténu M

Z tabulky 4 vybereme sténu, ktera je prinikem tii nadrovin z nadrovin pig4k, kK = 1, ,n.
K odpovidajicim tfem bodim nadrovin uréime minimalni elipsu podle odstavce 2. Jeji
koeficienty oznaCime a;; a vypocitame Cislo p = A?/A%,.

Ve stén¢ zistaly dvé hrany, kazdou hranou prochazi Ctyfi stény a Ctyfi nadroviny. Ve druhé
tabulce vyhledame tu hranu, u které je jako ¢tvrta nadrovina néktera z nadrovin pqg4k, rizna
od nadrovin stény. Pro odpovidajici bod X, vypocitdme ¢islo

¢ =X + 201X,V + p2Yi + 201X, + 2002y + Agp.
Je-li ¢ < 0, ozna¢ime tuto hranu ve 2. tabulce. Je-li ¢ > 0, ptejdeme K dalsi sténé.

Je-li ¢tvrta nadrovina pg, k < 10, zjistime, zda pro soufadnice hrany plati nerovnosti
cij < a;j nebo a;; < d;j. V kladném piipadé hranu v tabulce 2 oznac¢ime a vySetfujeme
druhou hranu.

Nejsou-li nerovnosti splnény, piejdeme k dalsi sténé.

Pokud jsou vySetfené ob& hrany s kladnym vysledkem, tj. bez ptechodu k dalsi stén¢, urcuji
koeficienty a;; minimalni elipsu mnoziny X. Vypogitame &islo p = A% /A3,.
Jestlize jsme minimalni elipsu nenasli na zadné stén€, hledame elipsu na hranach z tabulky 2.

9 Minimalni elipsa na hrané mnohosténu M

Hranou prochézi Ctyfi nadroviny. Vybirame ty hrany, u kterych jsou uvedeny nadroviny
P1o+k- Odpovidajici ¢tyfi body ocislujeme po obvodu jejich konvexniho obalu proti chodu
hodinovych rucicek. To udélame tak, Ze ozna¢ime X; bod o nejmensi X-ové soufadnici. Bod
X1 a bod o nejveétsi X-ové souradnici urcuji pfimku p. RozliSime tii ptipady:

1. Pifimka p = X;X; oddéluje body X, X,.

2. Body X,, X3 lezi pod ptimkou p = X; X,.

3. Body X3, X, lezi nad ptimkou p = X;X,.

Ozna¢ime Plp,q] prisecik ptimek X;X; a X,X,. Nyni zvolime soustavu soufadnic jako
v odstavci 2 a pouzijeme afinitu F. Rozli§ime dva ptipady:
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@) Promax(|x3 — x1l, [ys — ¥11) = |x3 — x;| polozime

Uy =\/(x3—p)(p—x1),v1 :ulw-

X3—X1

Pro max(|x, — x|, [ys — ¥2|) = |x4 — x3| polozime

Uz :\/(x4—P)(P—xz),U2 :uzw-

Xa—X2
Potom je
1 1
a= E(ZP — X1 —x3),b =E(2P—x2 — X4) .

b) Pro max(|x; — x4|,[ys — ¥11) = [y3 — 1| polozime

X3—X1

Y3—Y1 '

vy = \/(y3 —q)@q@—y1),us =1,

Pro max(|x, — x|, |[ysa — ¥21) = |ys — y2| polozime

Xa4—X2
Ya—Y2

Uy = \/(3’4 —(q—y2),u; =,
Potom je
a=5-(2q0~y1-y3).b =524~y — ).
Kubicka rovnice (7) prot je
t3 + 4abt? — t(3a® + 3b%> + 1) + 2ab = 0.
Pro feSeni t € (—1,1) ma obraz minimalni elipsy rovnici, viz (8)
x'2+y'2 + 2tx'y' + 2ax’ + 2by’' — 1= 0.
Pro jeji obsah uré¢ime &islo p(t) = A%(t)/A3,(¢).

Hledana minimalni elipsa pro ¢tvetici boda X; je potom obrazem elipsy (8) v inverzni afinité

k afinité F. Ta je dana matici
1 0 O
F~ = (p Uy uz)
q vi

a prislusné ¢&islo p = p(t) (u v, — uyvvy)2.
Nema-li kubicka rovnice (7) feSeni, piejdeme k dalSi hrané. Projdeme-li vSechny hrany
ptejdeme k tabulce 1 pro vrcholy.
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10 Minimalni elipsa ve vrcholech mnohosténu M

Pro VI'ChO' a = (blz, b22, b01, boz, boo) ZJlstime, dISkriminant D = b22 - b%z Je'll D < 0,
prejdeme k dal$imu vrcholu. Je-li D > 0, vypocitame ¢islo

. |boo Bor boa|’
p= (baa—b%)° bor b11 b1y
# 7% lboy b1z by

Bod, pro ktery je p minimalni, ur¢uje minimalni elipsu o rovnici
xZ + 2b12xy + bzzxz + 2b01x + Zbozy + bOO = 0

Z implicitni rovnice elipsy pak mizeme uréit jeji stied, poloosy i sklon hlavni osy.
V odstavcich 8.-10. jsme vytypovali lokalni minimalni elipsy k mnozin¢ X. Minimalni elipsa
bude ta z nalezenych elips, pro kterou bude ¢islo p minimalni.

Zavér

Reseni minimélni elipsy pro trojici a &tvefici boddl je vyuzito v algoritmu pro obecné fesent.
Na kazdou elipsu méizeme nahlizet jako na bod v prostoru R®, tj. uspofddanou pétici
koeficientil z implicitni rovnice elipsy. Pro tyto koeficienty jsou ur€eny dolni a horni odhady,
které jsou vyuZity jednak pro numerické fedeni problému a jednak pro uréeni desetisténu vIR®.
Desetistén je zdkladem pro mnohostén, na kterém muize byt hledana elipsa bud’ ve vrcholu,
nebo na hran¢€, nebo na dvourozmeérné stén¢.

Podékovani: Clanek vznikl v ramci grantu GACR 16-21506S, 1P100040.
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Hermite interpolation of ruled surfaces and channel
surfaces

Boris Odehnal

Abstrakt

Clanok opisuje algebraicky pristup ku
interpoldcii Hermitovskych dat pre priamkové
a kandlové plochy, vypoctom polynomickych
kriviek na PLUCKERovej a LIEovej kvadrike,
ktoré slizia ako bodové modely priamkovych
a sférickych geometrii. Bézierova konfigu-
rdcia krivky na kazdej z tychto kvadrik obsa-
huje isté modelovacie parametre ovplyviiujice
tvar priamkovych a kandlovych ploch. Tieto
parametre je potrebné ur€if ako rieSenie
sustavy algebraickych rovnic. KedZe pocet
pocet rovnic, ziskame isty stuperi volnosti,
ktory sa da vyuZzif v procese ndvrhu. Stupne
rovnic urCuju pocet rieSeni. Okrem danych
geometrickych podmienok, mdZe potom
vybrané rieSenie spliiaf napr. aj potrebné
praktické poziadavky. Hlavnym cielom je
interpoldcia G* dét na hraniciach priamkovych
alebo kandlovych ploch. Zameriavame sa
najmd na udrZanie nizkeho  stupna
interpolantov.

KTFicéové slova: interpolacia, Hermitovské
déta, priamkova plocha, kandlova plocha,
PLUCKERova kvadrika, LiEova kvadrika,
racionalna krivka.

Abstract

We show an algebraic way to interpolate
Hermite data of ruled or channel surfaces
by computing polynomial curves within
PLUCKER’s and LIE’s quadric serving as point
models for the geometries of lines and spheres.
The Bézier ansatz for a curve in either quadric
involves some design parameters guiding the
shape of the ruled or channel surface. These
parameters are to be determined by solving a
system of algebraic equations. Since in our
ansatz there are more shape parameters than
equations, there are some degrees of freedom
which can be used in the design process. The
degrees of the equations allow us to predict
the number of possible solutions. Together
with geometric criteria, useful solutions, i.e.,
solutions that meet practical requirements can
be selected. Our main goal is the interpolation
of G* data at the boundaries of ruled surfaces
or channel surfaces. We aim at low degree
interpolants.

Keywords: interpolation, Hermite data,
ruled surface, channel surface, PLUCKER’S
quadric, LIE’s quadric, rational normal curve.

MSC (AMS 2010): 97N50, 53A25, 53A99, 53B99, 68W30, 14J26, SIN15.

1 Introduction

There are several algorithms treating interpolation problems with ruled surfaces. Many algo-
rithms focus on developable ruled surfaces, see [14, 18, 19, 29]. In some cases, interpolation of
ruled surfaces solves reconstruction tasks and comes along with surface recognition [27, 28].
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The most simple case sees a finite sequence of lines that is to be interpolated by a ruled surface,
cf. [14, 15, 18, 19, 23, 29]. A polynomial ruled surface that passes through the given lines
could also be found with the algorithm presented in [8] by replacing the hypersphere with
Pliicker’s quadric. For practical reasons this may be not sufficient, since a ruled surface that
just interpolates a certain number of lines has to be of sufficiently high degree. Therefore,
the interpolant will show some unwanted behavior in between the data lines, for example,
uncontrolled oscillation or even loops, see Fig. 1. Such a nasty behavior especially occurs when
we interpolate data with algebraic ruled surfaces of very high degree.

=i \ \ \ \ 1Ir |
N

Fig. 1. Interpolation of G data: The depicted solution interpolates G? data
consisting of two osculating reguli Op and Og(green) at the boundary
rulings P and @ (violet). The solution has a loop and
self-intersections in between the boundary data due to the high degree
and due to improperly chosen shape parameters.

The interpolation with non-torsal ruled surfaces is only treated in the G* case until now, see [26].
In order to glue ruled surface patches with G continuity, it is suggested to adapt the bi-arcs
technique as known from planar splines to ruled quadrics by matching contact projectivities
along common generators. This resulted in bi-arcs of ruled quadrics and has, however, two
disadvantages: 1. An intermediate line has to be inserted. 2. The degree of the interpolants is
restricted to two, and thus, torsal rulings or inflection rulings cannot be interpolated properly.

In the following, we shall drop the restrictions on the degree. However, we do not want to raise
the degrees of the interpolants too far. Oscillations as can be observed with polynomial functions
also occur with algebraic ruled or channel surfaces of higher degree (cf. Fig. 1). Therefore, we
shall use the lowest possible degrees in order to solve certain interpolation problems.

The equivalent interpolation problem for channel surfaces has been attacked using the cyclo-
graphic model of sphere geometry in [2]. However, this approach ignores that on the way from
the cyclographic model back to the channel surface in R? one degree of smoothness gets lost
when differentiating in order to get the envelope (=channel surface) of the one-parameter family
of spheres.

As we shall see in Sec. 3, the interpolation of G! data on quadrics can be done by means of
cubic curves in general. Raising the degree of the G interpolant to four could either lead to
more flexibility (since there is one more control point) or to more precision (since the control
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points can be determined such that we gain a C! transition). We shall discuss this in more detail
in Sec. 5. However, in this case we have no guarantee for real solutions.

Interpolation of G? and G* data is more fascinating, challenging, and perhaps of more practical
relevance since higher smoothness of interpolants makes them useful for many design purposes.
A G? transition between two surfaces is highly desirable. Shiny surfaces composed of G*
patches show reflection lines and isophotes with G* smoothness at the transition curves, see
Fig. 2.

Until now, we have put emphasis on the interpolation of ruled surface data in R3. An old and
well-known result from classical geometry states that the geometry of lines in three-space is
more or less the same as the geometry of spheres in Euclidean three-space, see [5, 31, 32]. Both
geometries are four-dimensional and can be modeled on quadrics as we shall see in Sec. 2.

Thus, interpolation problems in both geometries can be reformulated as interpolation problems
in quadrics. Although there are algorithms for such tasks, see for example [6, 7, 8, 11], we go a
different way in order to find exact polynomial parametrizations of the interpolants with lowest
algebraic degree. Inserting the polynomial representation (preferably, the Bézier representation)
into the quadric’s equation results in a polynomial that has to vanish for all parameter values.
Therefore, all the polynomial’s coefficients have to vanish and this yields a system of polynomial
equations. This allows us to determine the control points of the polynomial interpolant. The
interpolation by means of developable ruled surfaces can also be done this way. We just have
to impose further algebraic conditions on the Bézier representation of the interpolants and the
endpoint data has to fulfill some conditions.

In Sec. 2, we collect all necessary facts on line and sphere geometry in order to make the
computations understandable. The various kinds of contacts between two ruled or channel
surfaces shall be explained roughly. For details we refer to the classical literature. The geometry
of spheres and channel surfaces can be treated in a similar way. Sec. 2 also provides an overview
on the geometry of spheres and channel surfaces. In Sec. 3, we study Bézier curves in quadrics
and treat the line geometric and the sphere geometric case in a uniform way. This enables
us to give the algebraic systems of equations that have to be solved in order to compute the
interpolants to given boundary data for ruled surfaces as well as for channel surfaces. Sec. 4
describes the algorithms and collects the main results. We give examples and show how the
presented interpolation technique works. Finally, we conclude in Sec. 5 and add some more
material. We discuss alternative approaches to the various interpolation problems.

2 KLEIN’s quadric and LIE’s quadric

We deal with lines and spheres in the Euclidean three-space R® where we use Cartesian coordi-
nates (x,y, z). Whenever necessary, we switch to the complex extension and to the projective
closure.

2.1 Line geometry

We give just a very brief overview and results as far as they are necessary in order to understand
the computations and considerations. For details, we refer to the classical literature, such as
[10, 11, 22, 30, 31, 32, 33].
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Fig. 2. Ata G? transition between two ruled surface patches, even the curve
of flecnodes (only one branch is shown) turns out to be at least of
smoothness G (left: discrete version with curve of flecnodes; right:
smooth surface patches with some reflection lines showing a G link
at the transition from one patch to the other).

A straight line L C R? shall be represented by its Pliicker coordinates (1,1) € R®\ {o}' where
1= (I1,1y,13) € R?is a direction vector and 1 = (ly, 15, 1s) € R? is the line’s momentum vector.
Assume that the line L is spanned by two different points P and () with Cartesian coordinate
vectors p and q. Then, we write L = [P, )] and the Pliicker coordinates are given by

l=q-p, l=pxq (1)

where x : R? x R3 — R3 indicates the canonical exterior product of vectors in R? induced by
the canonical scalar product (-, -) : R? x R3 — R. Here, L is oriented, i.e., 1 points from P to
(. From (1) it is clear that

2(L1) =0=: Q*(L,L) (2)

holds for the Pliicker coordinates of any line in R3. We will not introduce a further symbol for
the Pliicker coordinates of a line L (or the Lie coordinates of a sphere .5) in order not to overload
the notation. So, we shall sometimes write Q7(X,Y"), or later, Q(S,T') for the value of the
particular bilinear form taken on the respective pairs of vectors in R®.

On the other hand, any pair of vectors (1,1) € R®\ {o} that satisfies (2) can be interpreted as
Pliicker coordinates of a line L in three-space, see [11, 31]. Any scalar multiple (AL, A1) with
A € R* describes the same line in L C R? (or even in P?) which allows us to interpret (1,1) as
homogeneous coordinates of a point L in projective five-space P°(R). However, the orientation
of lines gets lost if we change to homogeneous coordinates. Henceforth, L. means either the line
in R? (or in ) or the corresponding point in P%.

Although we have started with oriented lines in Euclidean three-space, Pliicker coordinates can
also be used to describe lines at infinity. Such lines are given by 1 = o while 1 # o. Lines
through the origin of the coordinate system are characterized by | = o while 1 # o. The

"We use the symbol o for the zero vector in any vector space.
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transition from inhomogeneous Cartesian coordinates in R? to homogeneous coordinates does
not affect (2). If x = (21, x2, x3) and X = (24, x5, Tg), then

My 20M(X, X) = (x,X) = 2124 + 2215 + 2326 = 0 3)

is the equation of a quadratic hypersurface M3 in projective five-space P° all of whose points
correspond to lines in P?, and vice versa. M § is of index two which means that the maximal
subspaces (of P°) contained in M are planes. There are two kinds of planes in M3: Those of the
first kind correspond to stars of lines in IP?; those of the second kind correspond to ruled planes
in P2, The quadric M3 is covered by two three-parameter manifolds of planes and contains a
five-parameter manifold of lines corresponding to the pencils of lines in P3.

QL(X,Y) is the polar form of M3 and assigns to each point X € P5 the polar hyperplane
with regard to M3. Especially, if X € M3, then QF(X,Y) = 0 is the equation of the
tangential hyperplane T'x M3 of M3 at X. Any two different lines (linearly independent Pliicker
coordinates) L, M with QF(L, M) = 0 are coplanar, i.e., they are either intersecting in a point
or they are parallel.

A C" ruled surface in P? is a one-parameter family of lines with an r-times differentiable
parametrization R : I x P! — P? and can be converted via (1) into a C" parametrization
R : I C R — M; of acurve in Mj. Conversely, each C” curve in R C M3 defines a C”
ruled surface in P2, The interpolation of ruled surfaces can, therefore, be traced back to a curve
interpolation problem on the quadric M3.

Especially, algebraic curves of degree n in M3 correspond to algebraic ruled surfaces of degree
n. Among them, we find lines and conics representing pencils of lines and reguli (i.e., the
one-parameter families of rulings on quadrics), see [10, 11, 30, 31]. Rational ruled surfaces
admit rational parametrizations and can be described by curves in M3 with even polynomial
parametrization due to the homogeneity of the Pliicker representation.

Since we are dealing with G* (k € {0,1,2,3}) interpolation of ruled surfaces, we should
understand the basics of (projective) differential geometry of ruled surfaces (or curves in M3).
For details, we refer to [10, 11, 30].

A point Ry = R(to) is called regular if Ry = R(t,) and R, are linearly independent, otherwise
Ry is called singular. (In the following, we suppress the precise position ¢, € I on the curve in
order not to overload the notation and write simply R, R ...instead of Ry, RO, .... Witha"
we indicate the differentiation with respect to the one and only parameter.)

At a regular point R, the tangent 7} to the curve R C M3 is spanned by the point R and the first
derivative point R, i.e., T} = R, R]. The line T} is also tangent to M3. A reparametrization
of R only causes a shift of the derivative point 2 on T} which is equivalent to the change of
the speed of a particle moving on the curve. The intersection of 7} ’s polar space with regard to
M3 is a two-dimensional cone whose points correspond to the lines of the parabolic linear line
congruence of surface tangents of R along R?, see Fig. 3. This congruence collapses to a ruled
plane if T} N M2 or, equivalently, if Q%(T},T) = QY(R, R) = 0.2 A ruling R is called rorsal
if QL(R, R) = 0. A ruled surface that consists of torsal rulings only is called a torsal ruled
surface, is developable, and its parametrization R (t) satisfies Q(R, R) = 0Vt € I.

The osculating subspaces 7}, of any dimension £ = 0,1,2, 3, ... are spanned by the first £ + 1

2Note that Q% (R, R) = QY(R,R) = 0 forall ¢ € I.
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Fig. 3. Differential geometric properties of order 0, 1, 2 of a ruled surface
(blue) along a regular ruling R (yellow): the ruling (left), the surface
tangents along R (middle), the osculating regulus (red) along R (right).

derivative points R*) of R at R including R®) = R.

Further, the points of M3 N T, correspond to the lines of the osculating regulus (see Fig. 3),
regularity of the non-torsal ruling R and the linear independence of R, R, R provided. The
points of M3 which lie in the polar space of T5 (with regard to M) correspond to the lines of the
complementary regulus on the osculating quadric of R along R. If T, C M3, then R behaves
locally either like a quadratic cone or a plane.

If the osculating three-spaces of two different curves in M3 agree at some regular non-inflection
point P, then the two ruled surfaces share even the flecnodes on the common ruling P, see
[24, 30, 33].

2.2 Geometry of spheres

Now, we start and stay in Euclidean three-space R3. We use a coordinatization of the manifold
of Euclidean spheres that was used in [32]. There, a generic sphere S is usually given by its
inhomogeneous equation in Cartesian coordinates as

St (se— sa) (@ +y* + 27) — 2817 — 289y — 2832 + (86 + 84) = 0 4)

where s; € R (fori € {1,...,6}) and s — s4 # 0 until stated otherwise. It is elementary to
verify that the center M of S has the Cartesian coordinates m = 56+s4(31, S9, $3) and the radius

R satisfies R? = 5555 (s¢ + s4). We define the fifth coordinate s5 of the sphere S by

(s6—s4)*
letting R = - which yields s§ — s§ — s7 — 53 — s3 = —s3, and thus,
Ly: 105(8,8) = st + s3+s3+s2—s2—sk=0. 5)

The sign of R can be used in order to express the sphere’s orientation.

Now, we define s = (s1,...,8¢) € R®\ {0} as the coordinates of the sphere S. It is easy to
see that any scalar multiple o - s € RS with & € R* describes the same sphere, since both, the
center M and the radius R are linear rational in s; and the factor o can be canceled. Like in
the case of the Pliicker coordinates of lines, any six-tuple (si,...,ss) € R%\ {0} subject to (5)
can be interpreted as the homogeneous coordinate vector of a point in projective five-space P°.
If the six-tuple satisfies (5), then it corresponds to a point in L3 C P°. On the other hand, any
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point on Lj corresponds to a sphere in Euclidean three-space R3. However, orientations may be
altered when dealing with homogeneous coordinates.

Obviously, the hypersurface L3 C P5 is a quadric; frequently called Lie’s quadric and it is a
point model for the geometry of oriented spheres in Euclidean three-space R3. However, Lj
differs from M ‘21 over the real number field: It is of index 1, i.e., the maximal subspaces of P°
contained in Lj are straight lines. The polar system of L3 also has a geometric meaning. Any
pair (S, T) of points conjugate with respect to L3, i.e., 2°(S,T) = 0, corresponds to a pair of
spheres in Euclidean three-space being in (oriented) contact.

The hyperplane sq — s, = 0 intersects Lj along the three-dimensional quadratic cone I' : s? +
s2 4+ s2 — s2 = 0 whose points correspond to the (oriented) planes in Euclidean three-space
which are then considered as spheres with R = oo. I'is usually referred to as Blaschke’s cone
and it is a point model for Laguerre geometry, i.e., the geometry of oriented planes in Euclidean
three space, cf. [3, 5, 9]. Points on L] with s5 = 0 represent spheres with radius 0 which should
rather be considered as isotropic cones of Euclidean geometry.

Like in case of ruled surfaces,a C" curve (r > 1)C: I C R — L;‘ in Lie’s quadric represents
a one-parameter C" family of spheres in R3. Usually, such families of spheres have an envelope
which is touched by all spheres along their characteristic circles. These envelopes are called
channel surfaces if the radius of the spheres varies and pipe surfaces if the radius is constant. It
is worth to point out that the computation of the envelope of a family of spheres needs the process
of differentiation. Thus, starting from a G* interpolant in any point model of sphere geometry,
we end with a G*~! envelope. This should always be taken into account when dealing with G*
interpolants in the model space. Moreover, the envelope of a family of spheres needs not be real
even though all spheres in the family are real as is the case with a family of concentric spheres.
If the algebraic degree of the curve (m, R) : I — R* (cyclographic image of the one-parameter
family of spheres (x — m,x — m) = R?, see [5, 9, 21]) equals n, then the algebraic degree of
the envelope (channel surface) is at most 4n — 2.

Figure 4 illustrates the differential geometric properties of one-parameter families of spheres up
to order two. The top row shows only the one-parameter families of spheres, while the bottom
row illustrates the envelopes of the families of spheres, i.e., the channel surfaces.

L3’s intersection with the osculating subspaces T} of C C Lj correspond to families of spheres
that are in the k-th order contact with the spheres in the family C, and further, they represent,
among others, channel surfaces that are in contact of order k£ — 1 with the envelope of the family
of spheres.

Curves in Lj of degrees one and two correspond to special channel surfaces: cones/cylinders
(of revolution) and Dupin cyclides.

We shall close this section with the conversion of sphere data into sphere coordinates, points
on Lie’s quadric Lj. Assume a sphere S has the center M with Cartesian coordinates m =
(my, ma, m3) and let the radius of the sphere be R. The point in Lj that corresponds to S shall
also be denoted by S. We want to find the coordinate vector s = (s1, Sa, S3, S4, S5, Sg) Of the
sphere S. Note that s is subject to (5) and sg — s4 # 0, otherwise .S is a plane.

First, we observe mq(sg — S4) = S1, Ma(Sg — S4) = So, m3(s¢ — S4) = S3, and R(sg — S4) = Ss.
The latter four equations can be solved for sy, s9, s3, and s5. This results in a two-dimensional
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Fig. 4. Top row: Differential geometric properties of one-parameter families
of spheres. From left to right: G°, G, G2. Bottom row: Envelopes.

subspace of R® with the parametrization
Vo= (mi(se — $4), ma(se — S4), m3(S6 — S4), S4, (S6 — $4) R, S¢)
with (s4, s6) € R?\ {o}. Now, Q%(V, V) = 0 yields
sg:8¢ = (R*— (m,m)+1): (R*— (m,m) — 1)
which finally results in
s = (2m1, 2my, 2ms, (m, m) — R? — 1,2R, (m, m) — R? + 1) : (6)

The latter equation is that of the stereographic projection from the cyclographic model to Lie’s
quadric.

3 Bézier curves within quadrics

We will not use the algorithm offered in [8], since it only returns interpolants on a collection
of points (without any further information on derivatives there). The idea from [16] cannot be
applied directly to problems in higher dimensional spaces. The techniques developed in [17] or
[25] can only be applied once a channel surface is known. The interpolation with cyclide patches
is well understood, see [20], but it restricts to a certain very stiff class of channel surfaces.

We assume that © : RS x R® — R is a non-degenerate symmetric bilinear form on R®. It could
be either one of the forms ¥ and 2° from (3) and (5) or any other. Naturally, Q : Q(x,x) = 0
is the equation of a regular quadric in IP°> whose polar system is described by the polar form .

Let B: I C R — R be a C" parametrization of a curve with sufficiently large » € N. For
the sake of simplicity, we use the symbol B for the curve as well as for its parametrization. If
the curve is entirely contained in the quadric, then the parametrization annihilates the quadric’s
equation and so (B, B) = 0 holds in /. Differentiation with respect to ¢ yields the following
identities

Q(B,B) =0, Q(B,B)+Q(B,B) =0, 3Q(B,B) +Q(B,B) =0, .... (7)
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Fig. 5. Bézier curve B in a quadric with its control polygon.

In the following, when we deal with interpolation tasks, we always have boundary data Dy :=
[P, P,P,.. Jand Dy = [Q, Q.,Q,.. .| which comes either from one or two ruled surface(s) or
channel surface(s) and satisfies (7). In any case, DDy and D shall be the boundary data of the
interpolant that admits a polynomial representation B : [0,1] C R — Q. This polynomial
parametrization is written in the geometrically favorable Bernstein basis, i.e., as a Bézier curve

B(t) =) eibs ®)
k=0

with control points By, (represented by their homogeneous coordinate vectors by) and with the
Bernstein polynomials

as basis functions, see [13].

The control points shall be determined such that the given osculating subspaces agree with that
of the interpolant:

B(0) = P, [B(0),B(0)] = [P, P]. [5(0).B(0),B(0)] = [P.P, P,...
B(1) =@, [B(1),B(1)] =[Q,], [B(1),B(1),B(1)] =[Q,Q.Ql,....
A Bézier curve B : [0,1] C R — RS is entirely contained in the quadric Q if, and only if,
p(t) = Q(B(t), B(t)) =0 (10)
holds in 7. We assume that 3(¢) is a Bézier curve of degree n € N* as given in (8). Then, (10)
is a polynomial p(t) = %Znoaiti in ¢ of degree 2n with 2n + 1 coefficients ay, . . . , as, depending

1=
on the control points By. Since (10) has to vanish all over [0, 1], all of its coefficients have to
vanish simultaneously. In other words, BB has to have more than 2n points of intersection with
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the quadric Q : Q(x,x) = 0. This yields 2n + 1 conditions on the control points By, of the
Bézier curve B.

In order to make the coefficients of p(¢) somehow symmetric, we shall write the polynomial
2n
also in the Bernstein basis. Therefore, p(t) = > a;p;. Since (7) is valid, we can immediately

=0
see that the coefficients of (1 — )", t(1 — ¢)?"~1, t>"~1(1 — t), and t*" vanish. Thus, the two
zeros t = 0 and t = 1 of p(¢) (both with multiplicity two) are a priori known, and hence,
the polynomial is divisible by the factor #*(1 — ¢)? and the actual degree drops to 2n — 4. The
polynomial p(t)-t=2-(1—¢)~2 has only 2n — 3 coefficients which equals the number of equations
to be solved.

Later, we will make use of the abbreviation
Qi,j = Q(b“bj)

for the value taken by the bilinear form 2 on the pair (b;, b;) of coordinate vectors representing
the pair (B;, B;) of base points of the Bézier curve B.

We shall point out that any (rational) polynomial curve in a ruled quadric is a collinear image
of a rational normal curve, see [4]. Further, rational normal curves are entirely contained in a
huge variety of quadrics. Rational normal curves are Veronese varieties and, as such, they admit
a projective generation. The latter fact may be used for a synthetic or constructive approach to
G* interpolation problems with ruled or channel surfaces.

The degree of B and the type of the quadric Q have to match. For example, on a two-dimensional
(Euclidean) sphere we will never find real cubics.

4 Results and Algorithms
4.1 G! interpolation - common parabolic linear line congruence of surface tangents

We solve the G interpolation problem on a quadric with a single cubic. However, we don’t have
to insert an additional control point (i.e., a ruling or sphere) in between the two sets of boundary
data and we get along with one interpolant in contrast to [26].

Unlike in the approach to G* interpolation given in [26], we do not have to take care of tangent
planes at particular points on the boundary rulings. Since we are performing the interpolation
solely in the quadric model of the present geometry, it is guaranteed that the contact projectivities
at the rulings P and () (i.e., the boundaries) match. If we let n = 3 in (8), we have to determine

four control points By, ..., Bs (with coordinate vectors b;). The interpolant B shall satisfy
B(0) = P, B(1) = Q at the ends which causes By = P and B3 = @, i.e.,
by =p, bz =q. (1)

Along these bounding rulings, the parabolic linear line congruence of surface tangents shall
be determined by [P, P] and [Q,Q]. Similarly, we can formulate this in terms of spheres.
Consequently, the inner control points of the cubic Bézier curve B have to be chosen such that
By € [P, P] and B, € [Q, Q] which, expressed in terms of vectors, reads

by = Ap +mp, by =Xq+ 29 (12)
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Fig. 6. Left: G' ruled surface data consisting of rulings P, @, and the tangent
planes 7p;, 7 (4,7 € {1,2,3}) along P and Q. Right: A ruled
surface that interpolates the given G data.

where, in general, \; : p; # 0: 0 fori € {1,2}.

Now, n = 3 and (10) is a polynomial of degree 6 with seven coefficients. Since P, P, (), and Q
fulfill (7), four coefficients vanish automatically and only three coefficients remain:

2002+ 3211 =0, 2Q13+3022=0, Qo3+ 922=0. (13)
Inserting (11) and (12) into (13), we arrive at

2A29p7q + 2[1291,_’('1 + 3,&%9@;‘, = 0,
20 Qpq + 20 Qg + 3134 = 0, (14)
Qp,q + 9()\1/\29p7q + /\1,&2913’61 -+ )\QﬂlQp7q + [L1,u29p7q) = 0.

The first and second equation of (14) can be solved for \; and \,:

Qpq 34 o

AN = — — Ay = —
1 ng/h 50) Mo, 2

Qp g 3pp o

p.q pP.q

(15)

p.q

provided that P and () are not conjugate with respect to the quadric @ (which is natural to
assume). With (15) and the third equation of (14) we have a single equation

r 810 pQqak1 15 + 36(Qp.apa — Vp.aDpaa) sz + 405 4 =0 (16)

involving 11 and ps describing a degenerate quartic curve in the [, po]-plane, see Fig. 7. The
curve r is the union of a pair of hyperbolae and the points on it correspond to solutions of the
G! interpolation problem.

Thus, we can formulate
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M1

solutions with
side condition

Fig. 7. The degenerate quartic curve (16) consists of a pair of homothetic
hyperbolae in the [11, u2]-plane. A non-linear side condition is
imposed on the shape parameters i1, p2 in order to choose special
solutions.

Theorem 4.1. G' Hermite data Dy = [P, P] and D; = [Q, Q)] satisfying (7) from a ruled or
channel surface can be interpolated by a cubic ruled surface or a cubic one-parameter family of
spheres and has two independent quadratic one-parameter families of solutions.

In order to choose a certain solution in the G problem, we can impose a side condition on the
shape parameters £i; and pp. This results in a further curve s in the [uq, ps]-plane (cf. Fig. 7)
and the computation of the solutions subject to this additional equation requires the intersection
of r and s.

Fig. 8. G'! Hermite interpolation with one-parameter families of spheres.

The case of the interpolation of channel surfaces somehow differs from that with ruled surfaces.
In general, we cannot give a precise degree of the interpolating channel surface. However, the
degree of the channel surface will not exceed 10 if the (cyclographic image of the) family of
spheres is of degree 3.
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Figure 8 shows two examples of G interpolation with channel surfaces: Only the spheres are
plotted, since the interpolation algorithm is actually applied to G* Hermite data of one-parameter
families of spheres. In Figure 9, only the envelopes of the boundary channel surfaces and the
interpolating channel surface of degree 10 are shown.

Fig. 9. Envelopes of the families of spheres shown in Fig. 8 (left).

Improvements of the visualization of channel surfaces may be given in [1], although the results
of our algorithms are presented sufficiently well.

4.2 G? interpolation - common osculating quadrics or Dupin cyclides

In the case of G? interpolation, the Hermite data Dy = [P, P, P] and D, = [@Q, Q, Q] contains
information up to the second derivatives of the initial ruled or channel surface (see Fig. 10), and
thus, also of the interpolant B. Now, we assume that  is given by (8) with n = 5.

The endpoints P, () still have to be interpolated as well as the G conditions still have to be

fulfilled. Since now n = 5, (11) and (12) are valid in the G? case too and read

b0:p7 b5:q7

. . (17)
by =Mp+ P, bs=Xq+pu2q

with \; : p; # 0 : 0 for € {1,2}. In order to obtain G transitions at the boundaries P and @),
we have to make sure that the osculating planes of the interpolant agree with those of the initial
curve. This is achieved by making sure that By € [P, P, P] and B; € [Q, ), Q] which means

by =a1p+ Bip+1Db, bs=asq+Fq+1q (18)

with o; : 3; 0 #0:0:0fori € {1,2}.

The condition (10) on B to be entirely contained in M3} is a polynomial of degree 10 with 11
coefficients. Since the identities given in (7) are valid, the coefficients of (1 — )0, ¢(1 — ¢)?,
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Fig. 10. Left: G ruled surface data consisting of rulings R;, the prescribed
tangent planes 7; ; (with normals n; ;), and the osculating reguli O;
(1,7 € {1,2,3}). Right: Two ruled surfaces that interpolate the given
G? data seen from the convex side with reflection lines.

t9(1 —t), and 19 vanish automatically. Thus, seven coefficients remain and give that much
conditions on the control points By, ..., B and the shape parameters of 5. So, we have

4€03;_33i—1 + 5310312 = 0,
Qoi—09i41 + 5919, = 0,
Qi 143+ 10Q,40 + 104141 =0,
Qos  + 25Q4  +100Q; =0,

ie{1,2}. (19)

Inserting (17) and (18) into the first two equations of (19), we find

vi=—=3u, (i€{1,2}). (20)

The partial solutions (20) are now inserted into (19) which are still linear in «;. Therefore, they
can be solved for a; which yields

Q2 = —ﬁ (B282p,q + 7204 + 5Qpp (Brpin — 71A1) + 5y1ppp)

21
Q= —ﬁ (B192p.q + 11p.q + 5q.4(Boptz — 12A2) + 57201284.4) - 1)

Now, the three remaining equations involve only six variables: ;, \;, and p;. The following list
displays the degree of each equation considered as a polynomial in the respective variable:

[[B1 2], [Bas 1], [Ar, 2], (A2, 1], [, 4], [, 3]],
Hﬁla 1]7 [5% 2}7 [/\17 1]7 [)‘27 2]7 [,Ula 3}7 [:U27 4]]7 (22)
[[B1, 1], [Bas 1], [Ar, 1], [Ag, 1, [, 3], [, 3]
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With two further elimination steps, we can eliminate two more variables from the latter equations.
This shows that there is a three-dimensional algebraic variety of solutions to the G? Hermite
interpolation problem. Each point on this variety corresponds to an interpolant of the given G*
data.

For practical reasons, the huge variety of solutions shall be restricted. Since the parameters i,
and p5 regulate the influence of the first derivative, and therefore, the tangential behavior of the
interpolant, one can make sure that they do not vanish by setting them to a fixed value. This
has one major advantage: The degrees of three equations, simplified in (22) drop and, after
eliminating )\;, we obtain an algebraic curve of degree 6 in the /31, 5]-plane all of whose points
correspond to solutions of the G* Hermite interpolation problem with ruled or channel surfaces.
Summarizing, we can say:

Theorem 4.2. The Hermite interpolation of G2 data Dy = [P, P, P] and D, = [Q,Q, Q]
satisfying (7) from a ruled or channel surface can be solved with a quintic ruled surface or a
quintic one-parameter family of spheres. The variety of solutions is algebraic, of dimension 3,
and 1s at most of degree 150.

With prescribed weights pi; for the tangent points (derivate points) the manifold of solutions is
an algebraic curve of degree 8.

Remark 4.1. The degree 150 of the variety of solutions mentioned in Thm. 4.2 can (more or
less) easily be verified by computing the Hilbert polynomial of the ideal defined by (22). In this
case, the complexity of the computation was too high to carry it out by Maple©. The number
150 is an upper bound and is the product of the degrees of the equations given in (22) (according
to Bézout’s theorem).

Fig. 11 shows three different solutions to one certain G* interpolation task. It is no surprise
that the interpolants intersect the osculating quadrics at the ends in more than just the common
ruling. The interpolant and the osculating quadrics share only differential geometric properties
up to order two.

In cases similar to that illustrated in Fig. 11, it is useful to have some tool which helps us to
decide which solution is the best. Interpolants with small variations shall be preferred. Of course,
solutions with self-intersections or even complicated topology should be omitted. Especially in
the cases of G (and later also G*) interpolation, the shape parameters of the interpolants are
solutions of systems of algebraic equations, and thus, they can only be found with numerical
methods, in general. Then, the Bézier representation B of the interpolant has numerically
defined control points and this makes the solution somehow imprecise. Algebraically speaking,
the polynomial p(t) = Q(B, B) will not be zero.

Fig. 12 shows the plot of the polynomials p corresponding to some solutions of a G? interpolation
problem. Clearly, the best solution would be that corresponding to p(¢) = 0. However, in practice
one chooses the solution correponding to the polynomial p() that is closest to the abscissa, at
least in [0, 1].

Fig. 13 shows a comparison of two solutions of a GG interpolation problem for ruled surfaces.
We can still observe some intersections of the initial ruled surface (blue) and the interpolants
(yellow, red) in Fig. 13. This is clear, since the interpolants computed from the G* data (green)
agree with the initial surface (blue) only at the boundaries and to a certain extent.
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Fig. 11. Three different solutions to a G* Hermite interpolation problem. The
given reguli at the ends are shown in red and violet; the respective
boundary lines show up as blue and red cylinders. It is not at all
surprising that the three different interpolants (cyan, yellow, and
orange) show some intersection curves with the G2 data at the
boundaries, since these surfaces only agree with the data up to
differentiation order two.

0 perfect 1

bad worse

Fig. 12. The polynomial p(t) is not equal to zero for numerically obtained
solutions. The solution corresponding to the polynomial function p
closest to 0 is probably the best one.

The proposed algorithm also works for channel surfaces as can be seen in Fig. 14. There, two
good solutions are displayed together with two bad solutions. In the latter case, we observe
that the radius function may have zeros in the interval [0, 1]. This means that the orientation
of the spheres in the one-parameter family changes. If this happens twice (an even number of
changes), then both data sets at the ends are properly oriented (they have equal orientations).
Such cases can be treated relatively easy by adjusting the shape parameters ;. An odd number
of zeros, or equivalently, an odd number of orientation switches, can be repaired by changing
the orientation of the sphere at one of the two ends.

If a solution looks pretty good and shows no zeros of the radius function, it may still grow into
the wrong direction, see Fig. 13 (bottom row, right). This can be repaired by changing the signs
of -
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Fig. 13. Comparison of two solutions of G? interpolation problem for ruled
surfaces. The G2 data was taken from the blue surface. The yellow
and the orange solution have been chosen according to the deviations
of the function p(t) from the zero polynomial.

Fig. 14. Top row: two good solutions of a G2 interpolation problem with
channel surfaces. Bottom row: two bad solutions with zeros of the
radius function (left) or growth into the wrong direction (right).
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4.3 G* Hermite interpolation - common flecnodes

Finally, we pay attention to the interpolation of G® data Dy = [P,P,P,P] and D, =
@, Q,0, Q] In this case, the interpolant does not only share the ruling or sphere P, the
parabolic linear line or sphere congruence defined by [P, P], and the osculating regulus or
Dupin cyclide defined by [P, P, ]5] with the ruled or channel surface to be interpolated. Among
the asymptotic tangents or spheres of both ruled or channel surfaces along the common ruling or
sphere P (and different from P), there are in general two lines or spheres which hyperosculate
the ruled or channel surfaces, i.e., locally they intersect the surfaces at least with multiplicity
four. These two asymptotic lines or spheres are called flecnodal tangents or flecnodal spheres,
[24, 30, 33].

Fig. 15. The tangent plane T at a flecnode F’ of a ruled surface R intersects
‘R along the ruling R through F' and a curve ¢ with an inflection
point at the flecnode F'. The locus of all flecnodes on R is the curve
f consisting of two branches (at least in this example).

We have to choose n = 7 in (8) in order to have the necessary degrees of freedom, i.e., the
necessary number of control points. The relations between the control points and the derivative
points at the boundary, similar to (11), (12), and (18) are

b() =P, b7 =q,
by = \ip + 1P, bs = Xaq + 129, (23)
by = a;p + 51p + 1P, bs = axq + 52q + 12q

where \; : p1; #0:0and oy = 55 1 #0:0: 0fore € {1,2}. Additionally, we have to take the
third derivatives at the boundaries into account. In order to achieve a G* contact at P and Q, we
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make sure that the osculating three-spaces of the interpolant and the curves to be interpolated
agree at the endpoints P and (). Therefore, we have

by = v1p + wip + ;1P + 01P, by = 1oq + weq + pad + 024 (24)

where v; :w; : p; 0; #0:0:0:0fori € {1,2}. In analogy to (13) and (19), the coefficients
of the polynomial (10) yield the eleven equations

6825 _55i—3 + T5i_45i-4 = 0,
5ui—a.4i—1 + 2103450 = 0,
108233 3141 + 7082355 3; + 638231 311 = 0,
3Q9i—2.2i43 + 358021 242 + 105€29; 9,41 = 0,
20 1545 + 420 514 + 210€ 11 48 + 17581940 = 0,
Qo + 490, ¢ + 44104 5 + 1225045, = 0

(1€ {1,2}) (25)

since four coefficients vanish automatically. Because of (7), we have 2yg = Q77 = Qo1 =
(26,7 = 0. So far, (25) involve 18 variables, i.e., the homogeneous coordinates fixing the control
points in the osculating subspaces together with the shape parameters. These 18 variables are
subject to 11 conditions. From that we can infer that there is a seven-dimensional manifold of
solutions to the G* interpolation problem.

We insert (23) and (24) into (25). The first two equations are univariate and linear in ~y; and can
be solved for which gives

Y = gu? (i e {1,2}) (26)
since 2y 5 = —(pp and Qg4 = —(q 4 according to (7). The third to sixth equation of (25)
are four linear equations in p; and o; (i € {1,2}) even after the substitution of (26). So, we
solve the latter four equations for p;, o; and substitute into the remaining equations. This yields
five equations in twelve unknowns. There, we observe that the first two equations are linear in
a7 and ap, and thus, they can be solved for «; which (after substitution for ;) leads to three
equations in ten unknowns still describing a seven-dimensional manifold of solutions. These
three equations are all of the same algebraic shape, i.e., they agree in the degree in total as well
as in the degrees when considered as polynomials in certain variables:

[267 [ﬂw 6]7 P\h 6]? [:uia 16]? [Vi’ 2]7 [wh 2“ (Z = {17 2})

The first number equals the total degree (it is 26).

Surprisingly, the latter three polynomial equations all share the same quadratic factor c; A\; Ao+ ¢
with multiplicity two. On the doubly counted quadratic hypercylinder I' : c; A\ A2 +¢co = 0
in R, we can for sure find a huge variety of real solutions to the G interpolation problem
on quadrics. Unfortunately, the complexity of the computation - the high degrees of the three
final equations - forces us to restrict the manifold of solutions in practical cases. It means no
restriction to set some of the shape parameters to certain fixed values, thereby guaranteeing that
all derivative points contained in the boundary data have influence on the interpolant.

For example: Setting the parameters (3;, A;, and p; to certain fixed values and eliminating all
remaining unknowns except v; yields an algebraic curve of degree 16 in the [vy, v5]-plane all
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of whose points correspond to solutions to the initial G® interpolation problem in general. The
solutions taken from the sextadecic differ from those corresponding to the points on the quadratic
cylinder I'. We can summarize:

Theorem 4.3. The G* Hermite interpolation problem for ruled and channel surfaces can be
done with septic curves on Pliicker’s or Lie’s quadric. The solutions correspond to points on a
seven-dimensional algebraic variety whose degree is at most 26% = 17576.

With prescribed weights 3;, A;, and p; the variety of solutions is an algebraic curve of degree
16.

Figure 16 shows three ruled surface patches glued together with G* continuity. The smoothness
of the reflection lines of a spherical grid demonstrates the quality of the interpolation.

Fig. 16. Three patches of ruled surfaces joined with third order geometric
continuity. The fading grid of curves on the surface(s) is the
reflection of a spherical grid.

5 Conclusion and further ideas
5.1 C" instead of G' connections

In Sec. 1 (see page 1), we have foretold that a quartic curve can also be used for the interpolation
of G data on a quadric Q. Moreover, even a C'* join can be achieved. We use the well-known
fact that the derivatives of a Bézier curve B at both of its endpoints can be given in the simple
form B(0) = Ab, and B(1) = Ab, where Ab; = b; — b,_; is short hand for the forward
difference operator applied to the i-th control point b; (see, e.g., [13]). Now, we have

B(0) = p = 4(by —by), B(1) =q = 4(bs —by),
and clearly B(0) = by = p and B(1) = q = by, and therefore, we find

by =p+;p and b3:q—iq.
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This particular choice of by, by, bs, and by is necessary and sufficient for a C'! connection of B
with two curves having G' data Dy = [p, p] and D; = [q, q] at its endpoints since the derivative
points of the Bézier curve agree with that of the given curve(s).

There is one control point left and we assume that b, = x € RS. Then, (10) yields the following
five equations

309i—12i + 409 12i-1 =0, Q1,40+ 69,41 =0, 7€ {1,2},
Q[)A + 169173 + 3692,2 = 0.

The first four equations are linear in the coordinates of x which, in general, describe a two-
dimensional subspace of the affine space over R® as the orbit of all possible X (or x = by). In
total, we have the system of equations

120 x + Qpp =0, 12Qqx + Q44 =0,
A5 q— Qpg + 240, x +6Qpx =0, 4954 — Qp g+ 2405 x — 6Q4x =0,
170 +4(Qp.q + Upg) — Qg + xx = 0.

Obviously, the solutions of the C'! interpolation problem fill a one-dimensional quadratic variety
(i.e., a conic) in the quadric Q (either L‘Q" or M %). That is definitely less than in the more flexible
cubic ansatz given in (11) and (12). Unfortunately, the reality of solutions cannot be guaranteed
in this case.

5.2 Channel surfaces and the cyclographic model

The interpolation with channel (or even pipe) surfaces should preferably done within the cy-
clographic model (cf. [9, 21]). There, the interpolation task simplifies to a linear G* spline
interpolation. The solutions to prescribed boundary data will be of low degree and unique. The
latter may be seen as a minor flaw.

However, one problem still persists: The interpolation in the cyclographic model yields a G*
curve corresponding to a G* family of spheres. The computation of the envelope consumes one
degree of smoothness and so the resulting channel surface shows only a G*~! continuity at the
boundaries.

5.3 Torsal interpolants

The presented algebraic approach to the interpolation in quadrics could also be used for finding
interpolating torsal ruled surfaces. Therefore, the parametrization B of the interpolant has to
fulfill (B, B) = 0 in addition to (10). The number of conditions imposed on the fixed number
of shape parameters increases and in each case we have to clarify if the chosen degree of the
ansatz is sufficiently high.

5.4 Further possible applications

The presented interpolation method on quadrics could also be used for families of circles in the
plane, no matter if the plane is Euclidean or pseudo-Euclidean. A stereographic projection to a
Euclidean or pseudo-Euclidean sphere establishes the quadric model and the techniques apply.
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Our technique can also be used to find exact parametrizations of interpolating motions since
Study’s quadric S§ serves as a point model for the manifold of motions in Euclidean three-space,
see [31]. A detailed study of the behavior of polynomial curves on S5 is needed, especially the
relative position of the osculants with respect to the quadric’s three-dimensional generators.

5.5 Conclusion

We have presented a unifying treatment of the G* Hermite interpolation within quadrics. The
method was tested at hand of two special geometries: the geometries of lines and spheres. This
was done not only since these are apparently of more practical relevance than others. These
geometries are understood much better than others. Nevertheless, the results given in Thms. 4.1
— 4.3 are formulated in the general setting of an arbitrary (possibly) regular quadric. Therefore,
they contain general results on the G* Hermite interpolation by means of polynomial curves
within quadrics.
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Vysli Dejiny matematiky

Jan Cizmar

Abstrakt

Prispevok je stru¢nou informéciou o prvom
vydani mimoriadne podrobnej a obsaznej
kniznej publikacie o dejinach matematiky
Vv celej historii jej existencie, ktora vysla
v slovenskom jazyku.

KPucové slova: dejiny matematiky

Abstract

This contribution is a brief information
regarding the first edition of a particularly
detailed and comprehensive book on the
history of mathematics throughout the
duration of its existence, which was
published in the Slovak language.

Key words: history of mathematics

10. novembra 2017 v priestoroch bratislavskej institicie INCHEBA v ramci pravidelnej
vyro¢nej akcie Bibliotéka prebehla prezentacia dlho pripravovanej (a azda aj ocakévanej)
knihy Dejiny matematiky, ktorej autorom je pisatel’ tychto riadkov. Organizatorom akcie bolo
vydavatel'stvo PERFEKT, ktoré knihu vydalo azastipené svojou riaditelkou
Mgr. Magdalénou Gocnikovou a znaénym pocétom pracovni¢ok a zamestnancov vydava-
tel'stva zabezpecovalo prezentaciu a d’alSie sprievodné akcie, ku ktorym patril predaj knih
v stanku vydavatel'stva a autogramiada na zaver akcie. Ugast’ verejnosti na prezentacii bola
podla vyjadrenia zastupcov vydavatel'stva a d’alSich znalcov podobnych podujati nad
oc¢akavanie pocetnd azo Sirokého okruhu priateliek a priatelov 1dalSich znamych
a priaznivcov autora mozno vyzdvihnit' pritomnost’ osobitne vyznamnych hosti, ku ktorym
nepochybne patrili exminister doc. PhDr. Dusan Caplovi¢, DrSc., prof. Pavol Brunovsky
a prof. Jozef Gruska.

Moderatorom akcie bol doc. PaedDr. Tomas Lengyelfalusy, PhD., rektor Dubnického
technologického institutu, ktory bol aj jednym z troch recenzentov publikacie, ked d’alSimi
dvoma V tejto tilohe boli prof. RNDr. Ondrej Sedivy, CSc. a mim. prof. doc. RNDr. Andrej
Ferko, PhD. Po kratkom a obsaznom interview moderatora s autorom o0 podstatnych
zalezitostiach  tykajucich sa publikacie s prihovormi vystapili prof. RNDr. Jozef
Masarik, DrSc., dekan Fakulty matematiky, fyziky a informatiky Univerzity Komenského
Vv Bratislave, pani riaditel'ka vydavatel'stva PERFEKT Mgr. Magdaléna Gocnikova a obaja
pritomni recenzenti. Z posudku nepritomného recenzenta prof. Ondrej Sedivého preéital
podstatné pasaze moderator. Na zaver podla zauzivanej tradicie prof. Jozef Masarik za
asistencie Andreja Ferka a Tomasa Lengyelfalusyho ,,pokrstil" knihu mnozinou papierovych
Cislic.

Kniha Dejiny matematiky je podla sthlasného vyjadrenia vsetkych troch recenzentov
i prof. Masarika v uvodnom slove na prvych strankach knihy prvym ucelenym dielom
0 vyvoji matematiky Vv celej historii jej existencie publikovanym v slovenskom jazyku.
Vypliia citelnti medzeru v oblasti vhodnej zékladnej $tudijnej literatary k predmetu Dejiny
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matematiky Vv Studijnom programe uditel'stva matematiky pre sekundarne vSeobecno-
vzdelavacie i odborné stredné Skoly. Je pokusom predostriet’ ¢itatel'ovi struény synopticky
obraz vzniku a vyvoja matematickych poznatkov a matematického myslenia v celej historii
existencie druhu homo sapiens — a scasti aj jeho predchodcov — od predhistorickej doby temer
az po dneSnu sucCasnost. Prezentuje matematiku ako spolocensko-historicky fenomén
vznikajuci a rozvijajici sa v konkrétnom historicko-spolo¢enskom prostredi na baze celého
predchadzajiiceho poznania. Tato koncepcia robi z knihy ¢itanie pristupné nielen vzdelanym
matematikom, ale aj Sirokému okruhu potencialnych Ccitatel'ov zaujimajicich sa o dejiny
I'udstva, dejiny vedy a Specialne o dejiny matematiky.

Ramcovu informaciu 0 obsahu knihy mozno poskytne c¢itatelovi niekol’ko nasledovnych
udajov.

Kapitoly:

1. Matematika v predhistorickych spoloc¢enstvach

2. Matematika v starovekom Egypte a v Mezopotamii

3. Matematika v starovekej Cine a Indii

4. Matematika v starovekom Grécku a helenistickom svete
5. Matematika v stredovekej Cine a Indii

6. Matematika v stredovekych islamskych krajinach

7. Matematika v stredovekej Eurdpe (6. — 16. storocie)

8. Eurdopska matematika v 17. storoci

9. Matematika v 18. storoci

[HEN
©

Matematika v 19. storoc¢i
11. Matematika v 20. storoc¢i

Kapitoly 2 — 11 0 vyvoji matematiky v historickej dobe st uvadzané prehl'adnymi tabulkami
najvyznamnejSich historicko-spoloCenskych a politickych udalosti prislusnej historickej
epochy, tabul’kami dobovych dejin materidlnej a duchovnej kultary a tabulkami dolezitych
vedeckych objavov a vedeckej tvorby, Specidlne v matematike. Tieto udaje umoZznuju
sledovat’ vyvoj matematiky ako stcast’ celosvetového dejinného pohybu a matematiku ako
historicko-spolo¢ensky fenomén v globalnom procese dejin.

Dielo je doplnené¢ kompletnym zaznamom rokov konania svetovych matematickych
kongresov aiplnym zoznamom laureatov Fieldsovej medaily, ktora v matematickej vede
zohrava ulohu Nobelovej ceny v oblasti inych vied. Kniha taktiez obsahuje vyber
z dostupnych portrétov vyznamnych svetovych matematikov v celej historii matematiky.

Graficku zlozku diela vratane pocitacového vyhotovenia geometrickych obrazkov, skenovanie
aulozenie ilustratnych materidlov a portrétov apocitaCovu editdciu textu kompletne
zabezpecila RNDr. Zita Sklenarikova, PhD. Prevod textu do LATEXu a definitivna graficka
uprava st dielom RNDr. Marie BeneSovej, PhD. Nehynucu podstatni zésluhu na vydani
knihy ma mim. prof. doc. RNDr. Andrej Ferko, PhD.
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Abstracts

I. Abrhan, D. Velichova: On independent systems of ideals in
subsemigroups of semigroups

In this paper we deal with systems of ideals in subsemigroups of semigroups and
some of their properties, and we present definitions and properties of (completely)
independent system of ideals. New concepts are introduced as (completely) 5
independent system of maximal ideals in subsemigroup A of semigroup Swith
respect to non-empty set 5, and their existence, some properties and connections to
principal ideals are proved. Finally, conditions are given for existence of partial right
group H'in subsemigroup of semigroup S, with respect to set Bc H.

M. Kocandrlova, J. Radova: Minimal ellipse to finite set of points

We look for an ellipse with minimal area to a finite set of points in the plane. The
number of different points must be at least three. The minimal ellipse to three points
has its centre in the centre of gravity of the triangle determined by these three
points. The minimal ellipse to four points is an affine image of the ellipse of a family
of conics determined by a circle and a pair of intersecting lines. The minimal ellipse
to a set of more points can be determined by iterations. A general algorithm is
derived from the properties of a polyhedron in five dimensional space.

B. Odehnal: Hermite interpolation of ruled surfaces and channel surfaces

We show an algebraic way to interpolate Hermite data of ruled or channel surfaces
by computing polynomial curves within PLUCKER’s and LIE’s quadric serving as point
models for the geometries of lines and spheres. The Bézier ansatz for a curve in
either quadric involves some design parameters guiding the shape of the ruled or
channel surface. These parameters are to be determined by solving a system of
algebraic equations. Since in our ansatz there are more shape parameters than
equations, there are some degrees of freedom which can be used in the design
process. The degrees of the equations allow us to predict the number of possible
solutions. Together with geometric criteria, useful solutions, i.e., solutions that meet
practical requirements can be selected. Our main goal is the interpolation of G* data
at the boundaries of ruled surfaces or channel surfaces. We aim at low degree
interpolants.

3. Cizmar: History of Mathematics published

This contribution is a brief information regarding the first edition of a particularly
detailed and comprehensive book on the history of mathematics throughout the
duration of its existence, which was published in the Slovak language.
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