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Hexagons and squares as bidimesional representations
of a cube

Cristina Candito, Alessandro Meloni

Abstrakt

V prispevku skimame priklady rovinnej
reprezentacie skupiny kociek a stratégie,
ktoré niektori autori pouzivaju  pri
zobrazovani utvarov v rovine a v priestore.
Analyzujeme fenomén opakovania vzoru
v grafickom jazyku niektorych konfigurécii,
ktoré maji dvojrozmerny a trojrozmerny
vyznam, akymi su aj Sestuholnikové
tesalacie pripominajuce izometrické
zobrazenie v ortogonalnej axonometrii. Ich
sugestivne u¢inky, zndme uz zo staroveku,
sa pouzivali v sérii umeleckych prejavov
v dvadsiatom storo¢i, ako aj v grafickom
jazyku sucasnych hudobnych videi.
KPucové slova: tesalacie, izometria,
axonometria, symetria, optické iltizie

Abstract

This contribution examines examples of the
plane representation of a series of cubes and
the strategies used by some artists to work
between the plane and the space. We
analyse the recurrence in graphic language
of some configurations, which have a two-
dimensional and three-dimensional
meaning, such as the hexagonal tessellation
that can be assimilated to isometric
orthogonal axonometry. Known since
ancient times, its suggestive effects were
used in a series of artistic expressions in the
twentieth century as well as in the graphic
language of today’s music videos.

Keywords: tessellation, isometry,
axonometry, symmetry, optical illusions

1 Elements involved in three-dimensional representation on a plane and
tessellation

In this paper we investigate artistic images that can be interpreted as a series of cubes, so it is
necessary to introduce some notions concerning methods of representation of three-
dimensional space on the plane and flat tessellation.

As is well known, the different methods of representation of three-dimensional space on the
plane can be distinguished in conical projections (perspective) and cylindrical projections
(orthogonal or Mongean projections, axonometry and level curves). A cube can be
transformed into a square through a Mongean projection, if the same cube has a couple of its
faces parallel to the projection plane. If we have a series of aligned and spaced cubes, we
obtain a tartan configuration, with a series of squares arranged in lines and intercut with
ribbons in both planar directions.

We can observe that the cube can be represented by a square also in a one-point perspective in
which the cube has always a pair of its faces parallel to the picture plane. In that way a series
of cubes or squares aligned to the principal direction, perpendicular to the picture plane,
appears as a series of concentric squares the measures of which decrease in depth, in a shape
that we call a frames configuration.
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A cube can assume a different, but regular, shape with isometric axonometry. Isometric
representation is an orthogonal projection on a plane equally inclined in respect to the
reference planes. The result is a projection that shows the same reduction along the three
axonometric axes (which are equally inclined with one another) (Fig. 1): for this reason, the
cube became a regular hexagon and it is possible to approximate side length to the unit,
making the image easier to draw and interpret. Mongean and isometric representation share
the same direction of projection - orthogonal to the projection plane — and this is the reason
why we prefer to call the first a Mongean projection, from the name of Gaspard Monge
(1746-1818). Monge, professor at the Ecole Normale and the Ecole Polytechnique,
systematized the method (Géométrie descriptive, Paris 1798) which provides a pair of
orthogonal planes, each of them having its own orthogonal direction projection centre'.

A few years later, in the field of representation a less well known episode took place, namely
the description of isometric axonometry by William Farish (1759 1837), professor of Natural
and Experimental Philosophy in Cambridge since 1813. Farish openly claimed, in a sort of
declaration of independence, his readiness to oppose his method to Mongean projections, too
far from the represented subject and decipherable only by experts. He called his method
isometrical perspective (the term axonometry will come only in 1863)? because it is able to
provide a three-dimensional image and thus substitute the costly and laborious wooden
models of industrial machinery. Farish presented his theory in 1820,® and it was published
two years later in the first volume of “Transactions of the Cambridge Philosophical Society”
[Farish, 1822]. Farish was pivotal in spreading the use of isometric drawing and in explicitly
describing its geometrical properties. In the cube projection, he observed how its external
perimeter forms a regular hexagon and the remaining three edges are obtained starting from
the centre of the cube and they connect three alternated edges of the hexagon. This
representation of a cube - which shows all the edges of the cube with equal lengths - had
already been noted by Kepler in 1619*,

The architect Joseph Jopling (around 1789-1867)° was the first author to publish
a monography on isometric orthogonal axonometry [Jopling, 1833]. His book explored the
geometrical properties of the isometric cube, which Jopling used to inscribe any shape to be
represented. He observed a precise relationship on linear and angular entities of the cube and,
as an artist and draughtsman, Jopling was deeply interested in the perceptive aspects of the
isometric cube. Besides providing a scientific representation of a three-dimensional object on
a plane, the isometric cube can, in fact, also be interpreted from its top or bottom view
(upper/under) and additionally not as a solid but as an empty dihedron (internal/external). It
can also be observed that by simply rotating the drawing, the hypothesised horizontal face of
the cube appears vertical (sideway view; Jopling 1833, p. 7].

The added value of isometric cube representation in fact lies in its being a scientific shape
offering many expressive possibilities. For a better understanding of the represented shape
and its position, one can integrate shading into the representation (Fig. 2), not only with form
shadows, which are still susceptible to interpretation (Fig. 2 (b), 2 (e)), but also with cast
shadows (Fig. 2(c), 2 (f)), because these create another projection of the represented subject.

! For the role of Monge, see Taton, 1986.

2 The term axonometry (from the Greek words axon, axis, and metron, measurement) was coined by M.H.
Meyer (Lehrbuch der axonometrischen Projetkionslehre, Leipzig, 1863).

3 The lectures took place between the 21% February and the 6" March 1820; Loria, 1921, p. 411.

4 J. Kepler, Harmonices mundi, Lincii 1619, book V, fig. 20 e 36; see Loria, 1921, p. 412.

5> For a biography of Joseph Jopling, see Colvin, 1995, p. 565.
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Hexagons and squares as bidimensional representations of a cube

These are just pieces of the history of the methods of representation, but these kinds of
drawings were not new. Plan and elevation of architectures had been drawn since ancient
times in a way that progressively come nearly to the current technical use. In the Renaissance,
architects like Antonio da Sangallo or Raffaello Sanzio showed their architectural design in
orthogonal projections, although they used perspective to point out the relationship between
the space and the observer, as Filippo Brunelleschi (1377-1446) showed in the early fifteenth
century®. Isometric axonometry had been used in Asian art for centuries, e.g. in the Moghul
era in the sixteenth century, as well as in representations of contemporary fortification in
treatises of military engineering, as demonstrated by the treatise by Pietro Cataneo
(L’Architettura, Venice 1567)’.

After having identified some instances of plane representations of a cube, we also need to
observe their possible connection to tessellation. Tessellation of a plane, without any overlaps
or gaps when covering the whole surface, can be achieved with one or more shapes, regular or
irregular. Tessellations with only one regular polygon can be obtained using only equilateral
triangles, squares or hexagons. This contribution does not examine the topic of spatial
extension in tessellation, i.e. covering a surface with adjacent polyhedrons along their faces
without leaving any gaps — the only regular polyhedron able to serve this function is the cube.
On a plane, however, there are more possibilities resulting from combining regular flat shapes
or irregular shapes. This study focuses on tessellation of a plane using the above described
tartan configuration (assimilated to a Mongean projection), the frames configuration
(assimilated to a perspective projection) and regular hexagons (assimilated to an isometric
projection) that we define isometric configuration.

We can find these configurations in many artistic examples, such as ancient Roman mosaics:
the tartan configuration is used in Trajan’s Villa (Arcinazzo, Rome, II century) and the frames
configuration in the Agora forum in Kos (Greece, II century BC). There are many example of
isometric configuration, called opus scutulatum, as in the Grifi House (Palatine, Rome, II-1
century BC) (Fig. 1).

Fig. 1. The isometric configuration in the Grifi house (Rome, Palatin, Casa dei Grifi II-I century
BC): the hexagonal tessellation and the rhombic one composed by two equilateral triangles.

¢ For the meaning of architectural drawing, see Ackermann, 2002; for the history of perspective, see Andersen,
2007.
7 For the history of axonometry, see Scolari, 1984.
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(a) (b) (c)

Fig. 2. The ambiguity of isometric axonometry: its persistence with form shadows (b) (e)
and its overcoming with cast shadows (¢) (f),
because they are further projections of a dihedral angle (a) and cube (b).

2 The frames configuration in the work by Albers and Vasarely

A series of specific works by Josef Albers (1866-1976) can help clarify the concept of frames
configuration. The German artist started showing an interest in spatial suggestion at the
Bauhaus School of Architecture in Weimar (1920). He began his teaching career in Dessau,
the main location of the School, (1925), but was abruptly interrupted when Nazi repression
forced the School to close down (1933). Albers continued to paint and teach in the United
States, where he taught in several Art Schools and universities, until 1949 when he became
the Head of the Department of Design at the University of Yale [Fiedler, Feierabend, 2000,
pp. 304-318].

As we said, one point-perspective, in particular conditions, transforms a cube into a square
and one can imagine them aligned in depth in order to be projected as a series of squares of a
different size. Pictures of the series Homage to the square (Fig.3) by Albers can be
interpreted in that way. Made from 1949 up to his death, here Albers repeated square shapes
of different measurements that, being place one inside the other, create a perspective illusion
in the arrangement of the geometrical shapes.

We interpreted the spatial meaning of the representation with the help of a perspective inverse
construction that provided us, in this order, the position of the principal point (P), the height
of the horizon line (H.L.) and the distance (D) of the point of view (V) (Fig. 3(b)). With these
elements, we could hypothesise the represented space as a cube divided into portions of
different sizes and colours and reconstruct it in a side view (Fig. 3 (c)).
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Hexagons and squares as bidimensional representations of a cube

One can recognise a more complicated interpretation of a similar subject in a series of pictures
by the Hungarian artist Victor Vasarely (1906-1997). In Zsinor (1974) (Fig. 4) Vasarely
suggested a space that is not a cube but is represented in the same way with a series of
concentric squares although disposed along curves. The space has two parallel squared faces,
with the farthest one smaller than the nearest one and filleted by curved lines. We could not
reconstruct the space with the help of a perspective inverse construction, because the picture
shows no recognisable form, so we can only suggest that the form is inscribed in a cube.
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Fig. 3. Geometric illusory composition by J. Albers: (a) Homage to the square, 1965;
(b) its hypothetical perspective inverse construction; (c) side view of the space represented.

H.L

G.L

(©

Fig. 4. Geometric illusory composition by V. Vasarely: (a) Zsinor, 1974,
(b) its hypothetical perspective inverse construction;
(c) side view of the space inscribed in a cube.

3 Tartan configuration and its spatial interpretation in Albers and
Vasarely

Vasarely clearly drew inspiration from the work by Albers and a comparison between the two
can also be used to illustrate the tartan configuration.

Victor Vasarely initially studied medicine in his hometown Pecs. He subsequently changed to
literature, but his artistic inclination would then lead him to enter the artistic academy
Podolini-Wolkmann. In 1929 he started the Miihely School in Budapest, which he himself
referred to as “the Hungarian Bauhaus”. The Mithely School covered all disciplines with the
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aim of integrating the arts with everyday life. Here Vasarely had the possibility to express
himself without being rigidly tied to reality — he discovered the use of primary colours with
flat brushstrokes as well as compositions solely made up of elementary geometric shapes
[Busto, Isnardi, 2007; Orosz, Imre, 2018].

In 1930, Vasarely moved to Paris and even though he became famous, he carried on his
research in geometry and visual perception, which are two basic aspects of his work and the
Optical Art. Vasarely was the leading artist of the Optical Art movement, started in 1955 in
Paris with the exhibition “Le mouvement”, in which Vasarely participated. This exhibition
showed an intentional desire to look for dynamism in each artwork through ambiguous
configurations.

If we compare the reticular composition by Albers (1922) and the Lux-novae by Vasarely
(1962), we can observe two different interpretations of the tartan configuration. Albers' work
is a composition of pieces of different kind of coloured glasses and iron wires that belong to
the glass collection that the artist composed, also on commission, inside the Bauhaus glass
decoration workshop. Albers started with freeform compositions to specialize in geometric
forms characterized by strong symmetries. Although squares appear with sides which are not
regular, we can observe that they are of the same size in Albers' composition (Fig. 5 (a)), as
opposed to what appears in Vasarely's one (Fig. 5 (b)), in which the gradual modification of
the relationship between squares and intermediate strips creates an optical effect of curved
surfaces. This effect is emphasised by the crossed symmetry of the composition and its black
and white realization, which assimilates the intervals to a bright background and the squares
to a projection of solid shapes (cubic?) that stand out on it. We cannot recognize the
intentionality of such a three-dimensional purpose in Albers' works mentioned here, although
the reticulate potentially could represent series of cubes or parallelepipeds in Mongean
projection.

Fig. 5. (a) J. Albers, Reticule (Albers Foundation), 1922; (b) V. Vasarely, Lux-novae 1962.
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Hexagons and squares as bidimensional representations of a cube

4 The isometric configuration

The geometric propriety of tessellation could at first sight appear only able to generate
repetitive effects. Instead, it offers various figurative possibilities, as widely demonstrated in
the famous artworks by Maurits Cornelis Escher (1898-1972) [Rossi, 2014, p. 33], which will
not be taken into account in this contribution, as we prefer to thoroughly discuss the works by
Albers and Vasarely, as well as an example of visual language diffusion in music videos.

Drawing on the previously mentioned premises, isometric configuration can be defined as
amode of tessellation of regular shapes on a plane (the equilateral triangle or the regular
hexagon), and it assumes spatial complexity, because the observer through visual perception
is able to identify recognisable three-dimensional objects in it.

4.1 Isometric composition and colours in the work by Albers

A series of specific works by Josef Albers (1866-1976) can also help clarify the role of
isometric axonometry in representation. Albers is overtly interested in colour, as shown in his
book Interaction of colours [Albers, 1963] and it is through geometrical simplification that in
his artwork series he created a number of variants susceptible to different interpretations.

In his series Repetition we can recognised the meaning of geometry and colours: the shape
remains the same, or with little variation, but the colour combination, additionally using the
effect of modulated transparency, is always changing (Fig. 6). The spatial interpretation of the
version Repetition: Grey Steps, Grey Scales, Grey Ladders (1943) (Fig. 6 (a)) may
contemplate a compromise related to the ambiguity of the front panel (Fig. 6 (b)). In his
version, from the same year, Repetition against blue (Fig. 6 (¢)), the contrast between the
transparency effect of the vertical white nearest planes suggest a different interpretation,
where the vertical front panels are not rectangular, but cut by an AB line, aligned with the
isometric projection of a horizontal direction (Fig. 6 (d)). This second solution is coherent
with all the elements in the composition; however, the observer must force his immediate
perception into accepting the presence of a non-regular shape within an otherwise rigidly
regulated system.

Albers himself said “the Gestalt psychology proved that three-dimensionality is perceived
earlier and more easily than two-dimensionality" [Albers, 1963; 1991 edition, p. 124], thus
the observer, in this effort to bring what he sees back into three-dimensions, is willing to
overlook inconsistencies. Albers showed how identical isometric configurations could acquire
different spatial meanings thanks to chromatic influence: as he observed, colour is the most
relative element in arts [Albers, 1963; 1991 edition, p. 124].

His observations influenced his teaching activity, which centred on students in the fields of
art, design and architecture, and who would go on to study and work on spatial
configurations.

4.2 Isometric configuration and curves in the work by Victor Vasarely

The aim of Vasarely’s work was to stimulate the observer visually with geometric
compositions and colour, placing strongly contrasting tones side by side. This contemporary
use of colour and geometry enables drawings to suggest movement, also thanks to the
ambiguity of the shapes, which the observer can interpret in different ways. This underlines
how the observer’s eyes and brain are both involved, becoming integral parts of the artwork.
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(b)

d
‘A‘ A

(c) (d)

Fig. 6. Geometric illusory composition by J. Albers:
(a) Repetition: Grey Steps, Grey Scales, Grey Ladders;
(c) Repetition against blue, 1943;
(b) and (d): two different isometric interpretations.

(b) ©

Fig. 7. Isometric cube: (a) Vasarely, Hat-Tupa, 1971;
(b) Interpretation of a Boolean composition of a cube and a sphere;
(c) Interpretation of the isometric dihedron and the inside cube.
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Hexagons and squares as bidimensional representations of a cube

To express these principles, Vasarely made great use of axonometry as a method of
representation alongside the use of contrasting colours (often primary) or black and white. In
Hat-tupa (1971) (Fig. 7 (a)) we can see an isometric cube, with its regular hexagonal outline,
that shows a tartan texture on each of its faces. The tartan configuration is distorted not only
by the isometric directions but we can imagine something like a sphere that comes out from
the cube as the two solids were put together in a Boolean addition (Fig. 7 (b)). In a more
detailed observation we can see that the edges of the cube show the tartan configuration as it
is disposed along the surfaces of a dihedron where a smaller cube is stuck inside (Fig. 7 (c)).

Fig. 8. Fondation Vasarely, Aix-en-Provence, 1976: tessellation of the sixteen hexagonal prisms.

All the characteristics analysed up to this moment can be found not only in paintings, but in
architecture as well, as one can see in the Fondation built in 1976 in Aix-en-Provence in
France (Fig. 8). The Fondation was designed by Vasarely based on his studies on geometry,
which play a part in each component of the building. The building is made up of 16 aligned
hexagonal prisms, which in plan could be interpreted as a hexagonal tessellation, while on
each vertical face there are alternating black and white circles. This work transfers onto
architecture the skills Vasarely developed in his graphic studies — he proved himself as a
complete artist able to influence the art of the second half of the twentieth century.

4.3 Contemporary language: a repetitive music video

Isometric tessellation is still used today, especially in its two-dimensional and three-
dimensional duality to express conceptual content through figurative means. An interesting
example is provided by the music video of the singer songwriter Stromae (Paul Van Haver,
born in 1985). His song Tous les mémes, taken from his 2013 album Racine carrée is
presented in a music video (directed by Henry Scholdfield; cinematography by Marc Gémez
del Moral), with a great value in terms of visual effects. Reference to geometric elements of
tessellation and the scientific representation of space on a plane is indeed articulated, but at
the same time it fulfils an explanatory function of the content of the song.

The video begins inside an apartment and together with the lyrics it tells the story of a
relationship between a man and a woman, whose roles are associated respectively to
domination and submission; rhythmic music accompanies the melancholic and ironic tone of
the song’s content. Besides the theme of the stereotyped role of the sexes, it is interesting that
in the video the singer is represented with two different halves: woman and man. The woman
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complains how men are “tous les mémes” and her rebellion takes shape in the second part of
the video with her transformation into man/woman and the change of scene, which leads us
into an external space. A crowd becomes involved in a dance, in which a woman/man alter
ego joins, and a dance/duel ensues between the two.

In the final scene, the two characters move apart from each other: the man/woman walks
towards a series of green-coloured cubic spaces, while the woman/man walks to the right,
towards analogous spaces in pink (Fig. 9). The scene as a whole allows one to see a regular
spatial division of cubic scenes represented using isometric orthogonal axonometry. Again,
colour is used with varying degrees of transparency to enrich the image and enable the viewer
to perceive two superimposed planes, due to the symmetry of the grid.

foi)

?A"‘F v
R

Fig. 10. Graphic scheme of the isometric configuration (b) and a complex tessellation (c).

As the camera pulls away from the scene, it is possible to visualise the spatial groups as flat
tessellations (Fig. 10). In particular, one can observe a rhombic module formed by two
equilateral triangles and oriented according to the isometric face (Fig. 10 (b)). It is possible to
identify an irregular tessellation on the next level, which places the eight-sided pink polygon
(made up of 7 rhombi) next to an identical green polygon, connected by a green rhombus
(Fig. 10 (c)). The characters viewed from outside lose their individual characteristics and take
on evident repetitive features: using a visual language codified, as we have seen, in the last
century, this video expresses how the characters appear exactly like one another in the way
they approach or endure life.
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Hexagons and squares as bidimensional representations of a cube

5 Conclusions: is it all the same?

This study has shown some examples in which the repetition of a single geometric element
can lead to three-dimensional illusions. We illustrated the presence of the tartan configuration
as a Mongean projection of a series of aligned and spaced cubes and the frames configuration
as a one-point perspective projection of a series of squares aligned along the principal
direction. We investigated how a series of regular hexagons acquires the features of isometric
orthogonal axonometry: an interesting characteristic of isometric configuration is that it
allows the observer to interpret the image either as a representation of three-dimensional
spaces or as the tessellation of a plane.

The recurrence in graphic language of the isometric configuration was increased thanks to the
work of Josef Albers, who combined it with a masterful use of colour and transparency
effects. Victor Vasarely in turn integrated it with his interest in the modulation of measures
and disposition, able to give the impression of curved surfaces. The echoes of this figurative
research can be found in the visual culture of today, as demonstrated by Stromae’s music
video, which used isometric configuration in its three-dimensional meaning as well as its two-
dimensional transformation, where repetitiveness symbolised the levelling out of the details
into the whole.
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Prof. Jan Cizmar oceneny Vel'kou medailou sv. Gorazda
za celozivotny jedineCny prinos v oblasti
tedrie vyuCovania matematiky a historie matematiky

Andrej Ferko

Abstrakt Abstract

Ocenenie prof. RNDr. Jana Cizmdara, CSc. | Award to prof. RNDr. Jan CiZzmar, CSc.
za celozivotnl pracu a prinos v matematike. for his lifelong work in mathematics.
Krucové slova: Vel'ka medaila sv. Gorazda Key words: Big medal of st. Gorazd

Slavnostné vyrocné podujatie sa konalo pri prileZitosti Dna ucitelov 2019. Vel'kt medailu
sv. Gorazda, najvysSie Skolské vyznamenanie, udel'uje ministerstvo Skolstva za celozivotni
pracu a mimoriadne vysledky celoStatneho i medzinarodného vyznamu, ktoré robia dobré
meno Skolstvu Slovenskej republiky.

»Kazdy rok takto ocenujeme zasluzilych pedagdgov, ktorym patri nd$ obdiv a uznanie za
vSetko vynalozené Usilie, s akym svojim ziakom a zverencom vstepovali a nad’alej vStepuju
poznatky a hodnoty,* uviedla pani minuisterka Martina Lubyova.

Vel'kt medailu sv. Gorazda prevzal aj prof. RNDr. Jan Cizmar, CSc. za celozivotny jedineény
prinos v oblasti tedrie vyu€ovania matematiky a historie matematiky.

V liste dekana fakulty k udeleniu Zlatej medaily [1] sa oi. uvadza, ze jeho vedeckovyskumna
¢innost’ zasahuje do algebrickej geometrie, historie a filozofie matematiky a zakladov
matematiky a tedrie jej vyucovania. Treba spomentt’ objavitel'sku sériu prac o biracionalnych
transformaciach, zalozenie a vedenie semindra aj mnohych kvalifikacnych prac. Koordinoval
projekty, medzinarodnu spoluprécu a vyskolil dvandst’ doktorandov. Prave v jeho seminari
vyrastli dnesné vediice osobnosti na Slovensku — doc. Bod’a a doc. Solcan.

Ma za sebou vySe 40-ro¢nu prax najmé vo vyucovani matematiky, deskriptivnej, analytickej,
projektivnej a algebrickej geometrie, priCom jeho posobenie v predmetoch algebricka
geometria a dejiny matematiky bolo nepochybne priekopnicke. Odviedol desiatky
diplomoviek a sumarne okolo stovky kvalifika¢nych prac vsetkych stupnov.

Pan profesor nezastupitel'ne rozvijal aj vedecky zivot, napr. ako predseda Terminologickej
komisie JSMF, hostujiici profesor na technickych univerzitich vo Viedni, Grazi
a Drazd’anoch, prekladatel pocetnych ucebnic, predseda rigoréznej komisie a zastupca
veduceho katedry.
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V oblasti dejin a filozofie matematiky prave prof. Cizméar zapodal so systematickou
vyskumnou pracou a vytvoril monumentdlne knizné dielo, ocenené vyrocnou cenou
Literarneho fondu. V tedrii vyucovania matematiky kladie doraz na principidlne otazky
ucitelovho didaktického a odborného vzdelania, ¢o vyjadruje predovSetkym monografia o
grupach geometrickych transformacii. Vyznamna je jeho medzindrodna prednaskova a
domaca autorska préca, recenzna oponentskd a expertizna ¢innost’ na projektoch ako Beliana
¢i takmer tridsatroCie recenzovania pre Mathematical Reviews. Malokto ma na konte 6
monografii, okolo 200 publikacii a také ambiciézne plany, ako pripravovany preklad
Euklidovych Zakladov do slovenciny. Pan profesor je ¢lenom Redakénej rady nasho ¢asopisu.
Jeho takmer celozivotnd pritomnost” v Skolstve 1 vedeckom Zivote vysoko presahuje prinos
jediného ¢loveka aj rozsahom aj vyznamom.

Srde¢ne gratulujeme!

Prof. RNDr. Jan Cizmar, CSc. pri preberani Velkej medaile sv. Gorazda
zdroj: Ministerstvo Skolstva, vedy, vyskumu a Sportu Slovenskej republiky
Literatara

[1] SOLCAN, S. 50 rokov zalozenia Katedry geometrie. Bratislava: KniZni¢né a ediéné
centrum FMFI UK, 2012. ISBN 978-80-8147-000-4.
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Geometricka a matematicka analyza mapy Bohemiae Rosa, Bleauovych historickych map ...

Kartometrickd analyza na mape sveta nie je velmi naro¢na, nakolko triedu pouzitého
kartografického zobrazenia je mozné dedukovat’ z tvaru obrazu zemepisnej siete. Na mape
Nova Totius Terrarum Orbis Geografica ac Hydrografica Tabula sa zemepisné poludniky
zobrazuju ako vertikdlne rovnobezné priamky v pravidelnych intervaloch a rovnobezky ako
horizontalne priamky. Tieto vlastnosti spifaji valcové zobrazenia v normélnej polohe. Na
vnutornych mapovych ramoch st oznacené klimatické pasma a hodnoty zemepisnej Sirky
a dizky. Vzdialenosti medzi obrazmi zemepisnych rovnobeZiek sa zvicsuji smerom k polom,
¢o je typicka vlastnost’ konformného valcového zobrazenia, ktoré¢ho autorom je vyznamna
osobnost’ v historii kartografie Gerhard Kraemer nazyvany Mercator. Mercatorova mapa sveta
(1569) na obr. 4 bola pouzivana hlavne v navigacii, pretoze zobrazenie je konformné, Cize
zachovava aj azimuty, teda obrazom kazdej loxodromy (krivky, ktora pretina poludniky pod
konstantnym azimutom) je priamka.

V kazdom bode je dizkové skreslenie v smere rovnobezky a v smere poludnika rovnaké a jeho
hodnota rastie so vzdialenostou od rovnika. Zobrazovacie rovnice Mercatorovho valcového
zobrazenia referencnej sféry s polomerom R na valcovu plochu se¢nt v rovnobezke so sférickou
zemepisnou Sirkou Ug su [9]:

x:nlntg(g+45°j,
2
y=nV, kde n=RcosU,. 1)

Z detailnejSej analyzy mapy vyplyva, Ze Uo = 0°, teda zobrazenie je na valcovu plochu dotykovi
na rovniku a parameter n = R. Na obr. 3 je znazornena verifikacia obrazu zemepisnej siete
v uvedenom Mercatorovom zobrazeni na dotykovu valcova plochu.
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Polové kruznice sa v Mercatorovom konformnom valcovom zobrazeni zobrazuju do
nekonecna, preto st polové oblasti zobrazené v dolnych rohoch mapy. Kartometricka analyza
ukazala, Ze oblasti severného a juzného p6lu Willem Janszoon Blaeu zobrazil v azimutdlnom
zobrazeni ekvidistanénom na poludnikoch, a to na dotykovu rovinu v pole. Na obr. 3 sme
ukazali verifikiciu obrazu zemepisnej siete v oblasti juzného polu. Dizkové skreslenie na
rovnobezkach v tomto zobrazeni narasta so vzdialenost'ou od poélu.

2.2 Europa Recens Descripta

Figuralna vyzdoba mapy bola u Willema Janszoona Blaeua vel'mi prepracovana, ako vidiet’ aj
na jeho mape Europa Recens Descripta (obr. 5), ktora reprezentuje tvorbu vrcholného obdobia
holandskej kartografie. Mapa bola prvy krat vydana v roku 1617 a neskor bola tiez publikovana
v Atlase Maior o Geographia Blaviana. Horny mapovy rdm je dekorovany vedutami
vyznamnych eurdépskych miest: Praha, Istanbul, Benatky, Rim, Pariz, Londyn, Toledo,
Lisabon. Veduta Prahy je prevzata z atlasu miest sveta nemeckych autorov Georgesa Brauna
a Franza Hogenberga. Na bo¢nych ramoch mapy je figuralna tvorba znazoriujuca dvojice
Eur6panov, medzi ktorymi st aj obyvatelia Bohémie. Tato mapa bola vydana v Amsterdame
v roku 1661 [12].
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Obr. 5. Mapa Europa Recens Descripta [17].

Kartografické zobrazenie pouzité na mape Europa Recens Descripta nie je uvedené v legende,
a preto je potrebné vykonat jej kartometricki analyzu. Tvar obrazu zemepisnej siete
rovnobeziek a poludnikov bolo nutné podrobne analyzovat’, priCom sa ukazalo, ze obrazom
rovnobeziek si nesustredné kruznice so stredmi na centrdlnom poludniku a obrazom
poludnikov su tiez nesustredné kruznice. Tieto vlastnosti spinajii viaceré typy kartografickych
zobrazeni, hlavne:

- globularne zobrazenie, ktor¢ je Specialnym pripadom polykonického zobrazenia

- stereografické azimutalne zobrazenie vo vSeobecnej polohe.
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Geometricka a matematicka analyza mapy Bohemiae Rosa, Bleauovych historickych map ...

Detailnou a naro¢nou kartometrickou analyzou sme ukazali, ze Willem Janszoon Blaeu na
mape Europa Recens Descripta aplikoval stereografické azimutalne zobrazenie vo vSeobecnej
polohe. Toto zobrazenie je definované ako stredovy priemet bodov gul'ovej plochy, pricom
stred premietania lezi na gulovej ploche a priemetna je rovnobezna s dotykovou rovinou
gulovej plochy v tomto strede premietania. Stereografické azimutalne zobrazenie je
konformné, teda zachovava uhly a obrazom 'ubovol'nej kruznice referen¢nej sféry je kruznica
alebo priamka (priamka, iba ak prechadza stredom premietania). Zobrazovacie rovnice
stereografického azimutalneho zobrazenia su [9]:

2R[sinU cosU, —cosUsinU, cos(V -V, ) |
X =
1+sinUsinU, +cosU cosU, cos(V -V, )

B 2RcosU sin(V -V, )
~ 1+sinUsinU, +cosU cosU, cos(V —V, )’

y 2

kde Uk a Vk su sférické zemepisné suradnice kartografického polu, teda sférické zemepisné
stradnice bodu, ktory je na rovnakom priemere referencnej sféry ako stred premietania. Na
urcenie sférickych zemepisnych suradnic Uk a Vk kartografického polu bolo potrené vykonat’
vel'mi detailnu analyzu, v ktorej sme urcili, Ze: Uk = 55°, Vk = 40°. Vypocty verifikuje obraz
zemepisnej siete, ktora je znazornena na obr. 6.

Obr. 6. Verifikovanie obrazu zemepisnej siete na mape Europa Recens Descripta.
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3 Mapa Bohemia a mapova kuriozita Bohemiae Rosa

V tejto kapitole ukdzeme dva rozne pristupy k tvorbe map uzemia Bohémie v rovnakom
¢asovom obdobi. Na Blaeuovej mape Bohemia (obr. 7) sme analyzovali jej matematicky
zéklad, teda pouZitie kartografického zobrazenia a jeho parametre. Vetterova mapa Bohemiae
Rosa (obr. 10a) je povazovana za mapovu kuriozitu, teda historici a kartografi charakterizuja a
vysvetl'uju iba jej umeleckt hodnotu a jej obsah, preto naSim ciel'om je analyzovat’ geometrické
vlastnosti a prvky v jej kompozicii.

3.1 Mapa Bohemia od Joana Blaeua

Mapa Bohemia na obr. 7 bola publikovana v atlase Theater of the World (alebo New Atlas of
Maps and Representations of All Regions). Editormi tohto diela si Willem Janszoon Blaeu
a jeho syn Joan, ktorych sme spominali v predchadzajicich kapitolach. Mapa Bohemia bola
vytvorena v roku 1645, a jej autorom je Joan Blaeu [15], ktory je tieZ autorom map Moravy
a Sliezska. Joan Blaeu studoval pravo, av§ak vydavatel'stvu map jeho otca Willema Blacua dal
prednost’ pred pravnickou praxou. Po otcovej smrti bratia Joan a Cornelis pokrac¢ovali v otcovej
firme a Joan tiez prevzal pracu hydrografa v holandskej spolo¢nosti East India. Neskor vsak
Joan modifikoval a rozsiril otcov Atlas Novus, nakoniec ho publikuje ako majstrovské dielo,
a to ako spominany Atlas Maior o Geographia Blaviana [13].

Obr. 7. Mapa Bohemia od Joana Blaeua [17].
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Dekoracia Blaeuovej mapy Bohemia je jednoducha, vkusna, avSak symbolickd. V hornych
rohoch sa nachadzaji symboly — dvojhlavy orol a ¢esky lev, v 'avom rohu je kartusa s nazvom
mapy a s dvoma anjelmi. Obraz zemepisnej siete nie je vykresleny, av§ak na mapovom rame
st vyznacené zemepisné suradnice, z ktorych vidime, ze Gzemie Bohémie je v rozsahu
zemepisnej Sirky od 48° 38 do 50° 58’ a zemepisnej dizky od 34° 30’ do 39° 24
Kartometrickou analyzou tychto zemepisnych suradnic sme ur¢ili, Ze obrazy poludnikov st
zvislé priamky a obrazy rovnobeziek st vodorovné priamky, ktoré su od seba v pravidelnych
intervaloch. Z toho sme dedukovali, Ze na Blaeuovej mape Bohemia je pouzité valcové
zobrazenie v normalnej polohe ekvidistan¢né na poludnikoch, ktorého zobrazovacie rovnice su:

Xx=RU,
y=nV, pre n=RcosU,, 3)

kde Uo je zemepisna $irka zakladnej neskreslenej rovnobezky, ktora je tiez seénou rovnobezkou
valcovej plochy s referen¢nou sférou [9]. Kartometrickou analyzou a vypoétom kontrolného
obrazu zemepisnej siete (obr. 8) sme ur¢ili, Ze sféricka Sirka zakladnej neskreslenej rovnobezky
je Uo = 50°.
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Obr. 8. Verifikovanie obrazu zemepisnej siete na Blaeuovej mape Bohemia
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Hlavné smery diZkového skreslenia st v smere rovnobeZiek a poludnikov, pri¢om poludniky
sa neskresluju. Dizkové skreslenie rovnobeziek na tejto mape je v rozsahu od —27 do
+20 m/km, ¢o je v suasnosti na $tatnych mapach prakticky nepouzitelné. Velké dizkové
skreslenie je dosledkom nevhodného vyberu kartografického zobrazenia, kedy valcové
zobrazenie v normaélnej polohe nie je vhodné pre zobrazenie tzemia leZiaceho pozdiz
zemepisnej rovnobezky (obr. 9a). EfektivnejSie rieSenie je pouzitie kartografického zobrazenia
na valcovu plochu vo vSeobecnej polohe (obr. 9b) a najvhodnejsSie je pouzitie kuzel'ového
zobrazenia v normalnej (obr. 9¢) prip. vSeobecnej polohe.

Obr. 9. Principy alternativ kartografického zobrazenia Ceska.

3.2. Vetterova mapa Bohemiae Rosa

Bohemiae Rosa (obr. 10a) je mapa v mierke 1 : 1 268 450 s vel'’kostou 390x260 mm a patri ku
kartografickym kuriozitdm. Z kartografického hladiska je jej hodnota viac umelecka ako
geografickd. Obsah mapy Bohemiae Rosa je vyznamnym odkazom doby, av§ak nasim cielom
je uskutocnenie jej geometrickej analyzy.

Autorom mapy vtedajsej Ceskej zeme v tvare ruZe je sliezsky kartograf Kristof Vetter (1575 —
1650) a medirytinu vyhotovil Wolfgang Kilian (1581 — 1662), ktory bol v tej dobe znamy aj
tvorbou portrétov. Kedy bola mapa vyhotovena sa nevie, uverejnena bola az po smrti tvorcov
v roku 1668 v diele Epitome Historica Rerum Bohemicarum, ktoré vydal historik, literat,
zemepisec, jezuita a vlastenec Bohuslav Balbin [3].

Mapa Bohemiae Rosa je krasnou ukazkou barokového ryteckého umenia, kedy bola ruza ¢asto
pouzivanym symbolom. Tvar rozvijajicej sa ruze je znamy ako rozmberska ruza (obr. 10b).
Vetterova ruza ma niekol’ko okruhov okvetnych listkov a kvet ruze reprezentuje rozkvet
Bohémie. Ruza je osvetlend lu¢mi slnka, pred ktorym je symbol kralovskej koruny. Detailné
mraky vyvolavaju zdanie, Ze slne¢né luce sa pred niekol’kymi okamihmi vynorili z burky.
Stonka ruze vyrasta z Viedne, ¢o symbolizuje prirodzené spojenie ¢eskych zemi s habsburskou
monarchiou. Na ¢ele listu mapy toto spojenie vyjadruje aj slogan vtedajSieho cisara Svitej rise
rimskej Leopolda . ,, lustitia et Pietate*, ¢o znamena ,, Spravodlivostou a uctou . \/pravo hore
sa nachadza barokovo dekorovany Cesky lev chraniaci vzacnu ruzu [5].
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V l'avom dolnom rohu sa nachédza latinsky text, ktory ma symbolicku a vlastenecku hodnotu,
jeho ¢esky preklad je [19]:

L Vyrostla v hercynském hvozdu tam velespanila Ruize,
stoji tu vedle ni bliz ve zbroji na strdzi lev.

Riize ta, z Martovy krve, ne z krve Venuse vzrostla.
Zde Rhod, zde je i skok a hned je stvorena zem.
Krasna, neboj se, Ruze! V hercynské sady jde Auster.
Pod zmlklou Riizi at’ zbran utichne straslivych strel!”

Z filozofického hladiska je text tejto basne vel'mi zaujimavy. Vetter vyjadruje fakt, ze ruza bola
vzdy povazovana za symbol Venuse, no jeho ruzu pripisuje Marsovi, ktory je symbolom vojen,
Vv ktorych bolo potrebné tizemie Bohémie ubranit’. V strede mapy je kralovsky erb a vpravo
dole je latinsky text, ktory v ¢estine znamena [4]:

., Riize Cechie po v§echna staleti zkrvavend, v niz vice nez 80 bitev bylo svedeno.
Nyni poprvé v této podobé vyhotovena.”

Pod tymto textom st mené autorov ,,Chr. Vetter* a rytec ,,Wolfg. Kilian*.

CTVS
yo Cihrauddien s15.
4. ;. % 3 4-Craslevuensts.
3 ﬁrm;. \ 3 yzStenensts
+Prsdhensis v3. Satimervons
r.y’:_//fwr;/x 4 Beislastons

8. Jatecensis 7 s A . 15: S ctenses.
7. Recovnteens : X “ y Ol 16 Bechuensis
3. Curnmensi. g % - 7 N\ 7. Egrvsis
9. Hrdocensis. 8. Glacensis.

Gritin Horvgme Rgsa, ,sm-:{m,m BOHEMIE ROSA
Stat geres armatur gre Stetrne £09. Qunir savufs ¢ A i
Hew 058 rox Uinerts, 5od ereit Semguine Mot ,,:”g[m ’,:.. :{}:‘: Pi; ‘/’5’:
W™ St e fvy et e ol o i
| e g £ .
| ;\u’(&u gl e Mot vt Asster e Kootes O Pt e kRt
SuF levits sibet hirrids Kels Rosd. Vil Ko St g,
a) b)

Obr. 10. Mapa Bohemiae Rosa (a) [16] a kresba rozmberskej ruze (b) [6].
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Na mape najdeme aj prvky typické pre modernt kartografiu, a to v lavom hornom rohu dizkové
meritko vo vtedajSich nemeckych milach a orienta¢nu ruzicu, pod obrazom ruze Vv lavej
a pravej Casti mapy najdeme zoznam spravnych celkov Bohémie, 14 krajov a 4 mestské oblasti:
Praha, Loket, Cheb a Kladsko. V préci [5] je uvedené, ze geografické umiestnenie jednotlivych
casti Ciech nie je v stlade s realitou, teda nie je moZné vykonavat’ na mape Bohemiae Rosa
kartometrické analyzy.

Obr. 11. Geometricky princip tvorby epicykloidy.

Obsah mapy je opisany vo viacerych pracach, ale v ziadnej nie je venovana pozornost jej
geometrickym pricipom. Mapa posobi len ako vytvarné dielo, av§ak po hlbsej geometrickej
analyze znazornenej na obr. 12 najdeme viaceré geometrické prvky a zakonitosti:

30

Praha a jej okolie sa nachadzaju v kruhu, z ktorého sa zaéinaju rozvijat’ listky ruze, pricom
pohybom po Spirale sa listky postupne zvacSuju. Spirdla vSak nie je exaktne matematicka,
jej uloha je symbolizovat’ rozvoj krajiny zo stredu Bohémie.

Tieto okvetné listky su vrstvené po piatich kusoch okolo, a spojenim bodov, v ktorych sa
stretdvajl, dostaneme nie Uplne pravidelné péatuholniky. Od najvacSieho po najmensi ich
budeme oznacovat’ ¢islami od 1 do 4.

Kazda priamka, ktord spaja vrchol 1. patuholnika s vrcholom 3. pdtuholnika v smere do
stredu mapy, potom prechddza aj cez jeden z vrcholov 4. pat'uholnika, a tiez 2. patuholnika,
a to v uvedenom poradi. VSetky tieto priamky sa pretinaju v jednom bode a zvieraju
navzajom uhly od 71° do 73°. Z tejto charakteristiky sa ndm ponuka hypotéza, Ze vzdjomna
poloha péatuholnikov nie je nahodna, da sa predpokladat’, ze uvedené priamky v autorovej
kompozicii obrazu ruze na mape tvorili zvazok piatich priamok v pravidelnych uhlovych
intervaloch, a teda vzajomne zvierali uhol 72°.

Okvetné listky sa zvacsuji v smere od stredu mapy a ich obrysy priblizne kopiruji tvar
epicykloid, ktorych parametrické rovnice su:
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X

y

r+r

(r'+r)cosp—d cos——¢,

(r+r)sing—d sinr—:rgo,

(4)

kde r je polomer tvoriacej (pohybujucej sa) kruznice, 7 je polomer pevnej (zakladnej) kruznice,
d je vzdialenost’ tvoriaceho bodu A od stredu tvoriacej kruznice [18]. Princip tvorby epicykloidy
ako kinetickej krivky uvadzame na obr. 11.

Epicyklody ukazané na mape Bohemiae Rosa st normélne (d = r) alebo predizené (d > r). Bod
Anaobr. 11 generuje predizenii epicykloidu. Epicykloidy okvetnych listkov na Bohemiae Rosa
su rozne, preto ich parametre uvadzame v Tabul'kach 1 az 4, a to vo forme ich vzajomnych
pomerov. Ciselné oznaéenie okruhov je od okraja do stredu mapy a oznaéenie epicykloid za¢ina
hore a pokracuje v smere pohybu hodinovych ruciéiek.

1. epicykloida | 2. epicykloida | 3.epicykloida | 4.epicykloida | 5. epicykloida
r 1 73 61 19 59
r’ 5 360 360 90 360
d
r 15 1 1 1 1
Tab. 1. Parametre 1. okruhu epicycloid.
1. epicykloida | 2. epicykloida | 3.epicykloida | 4.epicykloida | 5. epicykloida
r 19 1 31 19 1
r’ 90 5 120 72 5
d
r 15 1 1.25 15 1
Tab. 2. Parametre 2. okruhu epicycloid.
1. epicykloida | 2. epicykloida | 3.epicykloida | 4.epicykloida | 5. epicykloida
T 1 5 1 5 1
r’ 5 24 4 24 5
d
r 15 15 15 15 15
Tab. 3. Parametre 3. okruhu epicycloid.
1. epicykloida | 2. epicykloida | 3.epicykloida | 4. epicykloida | 5. epicykloida
r 1 11 1 5 1
r’ 2 36 2 12 2
d
r 1 1.5 1 1 1
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Tab. 4. Parametre 4. okruhu epicycloid.
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Obr. 12. Geometricka analyza mapy Bohemiae Rosa.

Velkosti uvedenych parametrov epicykloid sa nemenia pravidelne, avSak pomer polomerov
tvoriacej a zakladnej kruznice narasta smerom do stredu ruze. Pouzitie epicykloid na mapach
nebyva obvyklé, preto nemdzeme potvrdit, ze Vetter ich zjavne nepouzil zdmerne, avSak
napriek tomu jeho okvetné listky svojim tvarom skuto¢ne epicykloidy kopiruju. Cielené
pouzitie epicykloid na mapach 19. storoCia ukazeme v nasledujucej kapitole.

4 Pouzitie epicykloidy a evolventy kruznice v Augustovom zobrazeni

S pouzitim epicykloid v kartografii sa stretivame neskor, a to napr. v konformnom zobrazeni
Friedricha W. O. Augusta (1874), ktoré sa zarad'uje medzi neklasifikované zobrazenia.
Friedrich W. O. August bol nemecky profesor matematiky rovnako ako jeho otec. Friedrich W.
O. August publikoval v oblasti geometrie a konformnych zobrazeni. Augustovo epicykloidalne
zobrazenie (obr. 12) je konformné zobrazenie, v ktorom sa zemepisna siet’ zobrazuje do
epicykloid a evolvent. Obraz referen¢nej plochy je ohrani¢eny epicykloidou, ktora sa nazyva
nefroida, nakol’ko jej tvar pripomina obli¢ku. Geometricky princip obrysovej epicykloidy je
rovnaky ako epicykloidy na obr. 11, pricom polomer " pevnej kruznice sa rovna dvojnasobku
polomeru r tvoriacej kruznice a tvoriaci bod A na nej lezi. Analyticky je mozné obraz
obrysového poludnika vyjadrit’ z rovnic epicykloidy (nefroidy):

x:grcosu —lrcos3U,
2 2

y:§rsinU—1rsin3U, kde rzzR, (5)
2 2 2

kde Ue(-90°, 90°) je zemepisna Sirka na referencnej sfére s polomerom R. Zobrazovacie
rovnice Augustovho zobrazenia su [7]:

x=”TRf(u,V)(3+ F(UV) —3g(UV)?),
y=ZRgUV)E+3TUNY -gUVY) (©)

f(U,V) a g(U,V) st nasledujice funkcie zemepisnej $irky U a zemepisnej dizky V bodov
referencnej sféry:

V
SIn—
f(UV)= 2 ,

U
Intg| 45° - —
g( 2)
2

cosh

Vv
+ COS—
2
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U
Intg| 45° - —
g( 2)

2

Intg (45° - Uj

sinh

guVv)=

cosh

\Y
+C0S—
2

Obraz zemepisnej siete v Augustovom zobrazeni je na obr. 13.

X
£ ;i
. g:‘ - ?
e b
3
% e
g
i\
{ 5
¢ K]
o
[]
i\'_ﬁ..
) . o
y
&
! 3
L3 o

(7)

Obr. 13. Obraz zemepisnej siete v Augustovom konformnom epicykloidalnom zobrazeni.

Ako je uvedené v [7], Augustovo zobrazenie patri medzi konformné zobrazenia rovnako ako
stereografické zobrazenie, ktoré bolo charakterizované v kapitole 2.2 a pouzité na Blacuovej
mape Europy. Uvedieme konStrukciu obrazu TI'ubovolného bodu P v Augustovom
epicykloiddlnom zobrazeni, a to z obrazu pomocného bodu Q Vv stereografickej azimutalne;

projekcii v rovnikovej polohe. Nech jeho zemepisna §irka je U a zemepisna dizka V, potom

postup konstrukcie jeho obrazu je (obr. 14):
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Obr. 14. Konstrukcia obrazu bodu v Augustovom konformnom epicykloiddlnom zobrazeni.

1. Zostrojime kruznicu k so stredom O a polomerom R, pri¢om krajné body zvislého
priemeru su obrazmi severného a juzného polu Ps a P v stereografickom konformnom
zobrazeni a krajné body A a B vodorovného priemeru st na obraze rovnika. Kruznica k je
stereografickym obrazom poludnika leziaceho v rovine rovnobeznej s priemetiou.

2. Na kruznici k zostrojime bod C tak, Ze uhol PsOC je rovny zemepisnej dizke V.
3. Priese¢nik tetivy PsC s priemerom AB je bod D.

4. Zostrojime kruznicu £ so stredom D prechadzajucu polmi Ps a Py, ¢o je obraz poludnika
so sférickou $irkou V/2 v stereografickom zobrazeni a na iom bude lezat' Q°, ¢o je obraz
bodu Q v stereografickom zobrazeni.

5. Na kruznici k zostrojime bod E tak, ze velkost’ uhla ZAOE je rovnaka ako zemepisna
Sirka U.

6. Priesecnik priamky AE a PsP; je bod F, z ktorého zostrojime doty¢nice t a ¢” ku kruznici
k s dotykovymi bodmi T a 7"

7. Bodmi T a T’ zostrojime kruznicu k’” so stredom E, ¢o v stereografickom zobrazeni je
obraz rovnobezky so sférickou Sirkou U*, pre ktoru plati:

- * U
sinU =tg—.
gz

8. Obraz bodu Q v stereografickom zobrazeni je priesecnikom kruznic £ a £”". Bod Q na
referen¢nej sfére ma zemepisné suradnice U* a V/2.

©

Na priamke OQ’ zostrojime bod K, pre ktory plati, ze |OK|=3/00"|.
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10. Bodom K zostrojime priamku p, ktora zviera s priamkou OQ " uhol a. =2/ NOQ".
11. Na priamke PsP; zostrojime bod L tak, ze |OL|=|00"].

12. Na priamke AB zostrojime bod M tak, ze ML L BL.

13.  Na priamke PsP; zostrojime bod N tak, ze MN_L ML.

14. Na priamke p zostrojime bod P’, ktory je obrazom bodu P v Augustovom
epicykloidalnom zobrazeni tak, ze | KP'|=|ON].

Augustovo zobrazenie ukazuje charakteristiku jedného z pristupov k tvorbe map 19. storocia.
Augustovo kartografické zobrazenie je len jedno z mnohych konformnych kartografickych
zobrazeni tej doby, ktoré je postavené na exaktnych matematickych zakladoch, avsak nie je
mozné ur€it, aka zobrazovacia plocha je pouzitd, a preto hovorime o neklasifikovanom
zobrazeni. Napriek tomu autori neklasifikovanych zobrazeni vel'mi rozmanite pouzivaju na
mapach geometrické prvky.

5 Zaver

Uskuto¢nend geometricka analyza historickych map ndm umoZnila nahliadnut’ do atmosféry
kreativity danej doby. Na analyzovanych mapach si bohato zastipené geografia, umenie,
matematika a geometria. Kazda z map Willema a Joana Blacu si vyZaduje $pecialny pristup
k analyze, avSak na kazdej z nich je mozné urcit’ ich matematicky zaklad, teda kartografické
zobrazenie, jeho parametre a skreslenie zobrazovanych prvkov. Matematickd a geometricka
analyza bola vykonana v prostredi softvérov AutoCAD 2019 a Wolfram Mathematica 11.

Vysledky geometrickej analyzy Vetterove] mapy Bohemiae Rosa povazujeme za zvlast
dolezité, nakol'ko tato analyza ndm pomohla vniknit do geometrického myslenia autora
V procese tvorby kompozicie tejto unikatnej mapovej kuriozity. Ako sme ukazali v zaverecne]
kapitole, tvorba mép neskor v 19. storo¢i bola postavena na deduktivhom matematickom
zaklade. Priklad formulécie kartografického zobrazenia Friedrichom Augustom sa striktne
odliSovala od obdobia holandskych vydavatelov méap v 16. a 17. storoci, a hlavne od tvorby
Vetterovej kartografickej kuriozity Bohemiae Rosa, a to aj napriek tomu, ze na oboch mapach
si pouzité podobné geometrické prvky.
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C. Candito, A. Meloni: Hexagons and squares as bidimensional representations
of a cube

This contribution examines examples of the plane representation of a series of cubes and the
strategies used by some artists to work between the plane and the space. We analyse the
recurrence in graphic language of some configurations, which have a two-dimensional and
three-dimensional meaning, such as the hexagonal tessellation that can be assimilated to
isometric orthogonal axonometry. Known since ancient times, its suggestive effects were
used in a series of artistic expressions in the twentieth century as well as in the graphic
language of today’s music videos.

A. Ferko: Prof. Jan Cizmar awarded The Big medal of st. Gorazd for his lifelong
unique contribution to the theory of teaching mathematics and
mathematics history

Award to prof. RNDr. Jan Cizmar, CSc. for his lifelong work in mathematics.

M. Vajsablova: Geometric and mathematical analysis of map Bohemiae Rosa,
Blaeu's historical map from the 17" century and August’s
projection

Historical maps present not only factual but also artistic value. Their mathematical and
geometric fundamentals show a great diversity. The paper deals with geometric analysis of
the cartographic projection on three maps from the 17t century mapping the world, Europe
and Bohemia, whose authors are Willem Blaeu with his son Joan. Analyzing the map curiosity
of Bohemiae Rosa by Christoph Vetter we have showed the geometrical objects (pentagons,
epicycloids) and properties of the map composition in conjunction with the author's
message. The final chapter presents mathematical and geometric characteristics of August's
cartographic projection, where epicycloids are also used.

D. Velichova: A tribute to Maryam Mirzakhani

The paper outlines the life and work of Maryam Mirzakhani (1977 - 2017) — the first and the
only female winner of the Fields Medal since its inception in 1936. Mirzakhani is an
inspiration to young women around the world, to believe in their own abilities and to pursue
their academic dreams changing them to reality.
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