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Asymptoty elipsy? ... globalna a lokalna zaujimavost’
vo vyucovani nielen geometrie

Zuzana Berger Haladova, Martina Batorova, Andrej Ferko

Abstrakt

Cielom tohto textu je pokus navrhnit
objasnenia zaujimavych komunika¢nych
situacii pomocou tedrie 1 skisenosti
z virtudlneho kulturneho dedi¢stva. Vyklad
ilustrujeme na vybranych témach geometrie
a rozSirenej reality (AR).

Kriacové slova: vyucovanie geometrie,
roz$irena realita

Abstract

Our goal is an attempt to explain selected
interesting communication situations using
theory and experience from the virtual
cultural heritage. We illustrate the approach
on selected topics of geometry and
augmented reality (AR).

Keywords: geometry education,
augmented reality

1 Uvod

»Prvni pravidlo objevovani je mit mozek a $tésti. Druhé... napnuté sedét a cekat, dokud véas
nenapadne chytra myslenka” [33, s. 172]. ,,KdyZ jsem jako mladik slySel o genidlnich objevech
ve védé, snazil jsem se je objevit sam, dokonce bez sezndmeni se s dilem piivodniho autora. Pti
této ¢innosti jsem postupné pocitoval, ze pouzivam urcitych pravidel” (Descartes) [33, s. 94].
,»Nejlepsi zpiisob, jak fesit dilema mezi pfili§ t€Zkymi diikazy a Grovni kuchatské knihy, mlize
byt rozumné vyuziti netiplnych dikazu ... dostacujici k tomu, aby ji dodaly jistou zajimavost
a vérohodnost — a zafixovaly ji v myslich zaku, coz je to hlavni.“ (ji, ji ... o zdkladnej vete
algebry) [33, s. 221].

Vo viacgeneracnej, uz 60-ro¢nej tradicii vyucovania na Katedre, resp. Oddeleni geometrie na
Komenského matfyze vyvolava kontroverzie tiloha doc. Valenta Zat'ka najst’ asymptoty elipsy,
lebo je zaujimava. Povedané s Ivanom Vyskoc¢ilom, pojem zaujimavosti pouzivame casto tak,
ako keby sme mu rozumeli ... Otazky klasifikuje Ivan Vysko€il do dvoch z ceStiny
neprelozitel'nych kategorii: vitacky a vytacky, otazky vitané a nevitané. ,,vtipy maji zapojeny
byti ve Skolach ... (vtipy) jasné, mistné, Clenité¢ jako prsty u rukou ...“ radi ucitel’ narodov
Komensky ihned’ na s. 7 Orbis pictus (Svet v obrazoch) [25]. Odhadujeme, Ze Komensky mohol
mat’ na mysli nielen smiechovu, ale hned’ tri reakcie, tvorivé bisocicie s citoslovcami HAHA!
AH! AHAL! [24].

Umnych 38 otdzok na rozvoj matematickej tvorivosti pri rieSeni daného problému zhrnul Polya
v roku 1945 v bestselleri Jak to Fesit [33]. Kultarne dedi¢stvo umenia pytat’ sa i rétoricky
tvorivo dnes ovplyviiuje rozvoj rozsirenej reality. Pre autorov AR aplikédcii vo vyucbe
geometrie i rozsirenej reality vznika dvojotazka o zaujimavosti a moznosti ju merat’. Ciastoéné
dvojodpovede ponuka teoria digitalneho kultirneho dedi¢stva ... [11], kde na vysvetlenie
kombinuju rétoriku a appraisal theory, aby potom merali oi. ¢as zaujatia danym komunikatom.

G - slovensky Casopis pre geometriu a grafiku, rocnik 17 (2020), Cislo 34, s. 5 — 18 5



Zuzana Berger Haladova, Martina Batorova, Andrej Ferko

V Casti 2 rozli§ime globalnu a lokalnu zaujimavost’. Cast’ 3 uvadza potrebné pojmy z oblasti
rozSirenej reality. V castiach 4 a 5 predstavujeme dve pripadové sStadie s rozdielnymi
,,chytdkmi”.

2 Polyova ,,definicia zaujimavosti*

Dag Hruby [17] vita Kowalského preklad Poélyu do Cestiny. ,,V pfedmluvé Johna H. Conwaye
se do¢teme, Ze kniha polozila pro matematické vzdélavani a svét feSeni tiloh demarkacni linii
mezi dvéma epochami. Epochou feSeni matematickych uloh ptfed Polyou a tou po ném.” ...
,Autor se vénuje nejen logické strukture danych problému, ale zabyva se i mentalnimi kroky,
které feseni danych problémi doprovazi.” Ak rozliSujeme Styri presnosti myslenia (mytické
(dzavot/bl'abot/skat (dzezova verbalna improvizacia)), rychle, pomalé a silné), tak Polya nas
vedie k silnému mysleniu, k remeslu tvorivosti, kK umeniu klast’ otazky, ba dokonca aj
pribliZzne v akom poradi. ,,Vel'ky objav riesi vel’ky problém, ale v rieSeni kazdého problému
sa objavi zrnko objavu. Vas problém méze byt skromnucky; no ak podpichne vasu zvedavost’
a rozohra vasu vynaliezavost’ a ak ho vyrieSite vlastnymi napadmi (vtipmi), mozete zazit’
napdtie i triumf objavu (endorfin). Prave takéto blaho sktsenosti vo vnimavom veku mézu
podnietit’ chut’ na tvoriva pracu a vpecatit’ tu radost’ v mysli i povahe na cely zivot. Ucitel
matematiky tak ma prelomovu prilezitost’. Ak premrha vyhradeny ¢as drilom svojich Studentov
v ri$i rutinnych operacii, zabije ich zaujem, zbrzdi ich intelektualny rozvoj a svoju Sancu
zneuzije. Ak v8ak vyzve do utoku zvedavost’ svojich Studentov, ak problémy prispdsobi ich
vedomostiam a pomdze objavit’ rieSenia stimulujucimi otazkami, moze im darovat chut
a prostriedky na slobodné, nezévislé myslenie” [33].

V zmysle Polyovho citatu ,,v rieSeni kazdého problému” uvazujme globalnu zaujimavost’
akéhokol'vek aktiva z nehmotného kultirneho dedicstva: téma, ktorej venujeme cas, pamat’
a komunikéciu. To sa deje v Sirokom rozsahu od kaZzdodennych situdcii rieSenia problémov az
po katalégy hviezd a suhvezdi, rozsahom najvacsiu okom viditelnu polozku kultirneho
dedicstva z hl'adiska Casu, priestoru a komunikacie, Studovant i budovanu po mnohé generécie.
Kazdy z desiatok milionov patentov, kazda matematicka veta a kazda téma uciva su globalne
zaujimavé po isty ¢as, ¢as prvotného objavu, ¢as neskorSej prezentacie, po okamih prepnutia na
ind tému alebo zabudnutia. Polya ostane pravdepodobne prvym autorom, ktory sa podujal
vysvetlit kreativitu v matematike systematicky. Dalsie hviezdy v tejto konstelacii su napr.
Apolonius, Bolzano, Hadamard, Halmos, Kim, Raskar... Polyov model tvorivého rieSenia
problémov zaradili dokonca psycholégovia do zoznamu siedmich reprezentativnych (Wallas,
Dewey, Rossman, Bransford & Stein, Vaigiu, Osborne, Pdlya). Lokalna zaujimavost’
podporuje odpovedanie na globalne zaujimava otazku, udrzanie pozornosti otazkami,
zamlkami, ilustraciami, ozvu¢enim, zakontextovanim, rétorikou... Jim Blinn ich nazyva finty
na ziskanie pozornosti (attention getting tricks).

Ako vyriesit problém ,,Ako mdze ucitel matematiky podnietit’ zvedavost’ svojich Studentov?*?
Vidime tu dva otdzniky. (V Sachovej notéacii to znamena slaby t'ah.) VSeobecna odpoved’ na
tuto vnorenu otazku by znela, Ze ucitel’ by mal zdmerne vytvarat’ u€enie tvorivé, globalne
i lokalne zaujimavé. O dva riadky vySsie dva priklady lokalnej zaujimavosti: vnorena otazka
a parované ?*? tvoria naviac vizualny rym. Globélne zaujimavy algoritmus (ako stcet dvoch
¢isel) sa da naucit’ jednosmernym dogmatickym vysvetlenim a ostane zapamétany, pochopeny,
zabudnuty alebo zautomatizovany. Jednosmerné vysvetlenie mozno lokéalne vylepsit’ vloZenim
otazok, analogii, metafor, slepych uli¢iek (ako povySe odbocka k Sachovej notacii), aby sa
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zvysila ,,pouzivatel’ska skisenost™ (user experience, engagement, enchantement), ocarujucost’,
podmanivost’, uchvatenie. PrinajlepSom S$tudenti rieSenie objavia! Ahal!l! Rozdiel v sposobe
zapamdtania je ten, ze prvy komunikacny proces sa deje len (opakovanim) v talame, zatial’ ¢o
druhy aktivuje viac Casti mozgu a dosiahne vnatorni odmenu (endorfin). U¢ime sa celkovo
tromi cestami: jednorazovo bolestou cez amygdalu, opakovanim cez thalamus a vlastnym
objavom s prijemnym endorfinovym ¢&i dopaminovym pocitom. Styri myslenia s tromi cestami
ucenia mozno vizualizovat’ v 12-polickovej morfologickej tabulke. Viac o Styroch mysleniach
sa piSe v Cesko-slovenskej literatire v populariza¢nych prekladoch ako Dobelli: Umenie
jasného myslenia, Kahneman: MysSleni rychlé a pomalé [21], AltSuller: A co na to
vynalezce? [3]. Za silné myslenie oznacuju Altshullerov algoritmus systematického
vynaliezania ARIZ v ramci teorie technickej tvorivosti TRIZ, ktora ovplyvnil aj Polya. Dobelli
pise o chybach myslenia, vratane tarania (twaddle tendency). O troch cestach ucCenia sa pise v
knihe Vitejte ve svém mozku [1]. V praxi Casto prevlada ucenie pomalého myslenia
opakovanim, idealom by bolo objavitel'ské ucenie sa objavovanim.

Ako vyriesit problém ,,Ako moze ucitel matematiky podnietit’ zvedavost’ svojich Studentov?*?
Jedno riesenie pontka Pélyov zoznam 38 odporucanych otazok a d’alsich pokynov (oznacime,
nakreslime ...) pri rieSeni kazdého problému. Kazdého. Polya pontika aj viaceré nematematické
priklady ... ,,v jednej z najuspesnejSich matematickych knih v§ech dob” (Conway). ,,Pti feSeni
uloh jsou doporuceny Ctyfti faze postupu. Za prvé: musime porozumét tiloze, védét, co se od nas
zada. Za druhé: musime vidét, jak jsou rizné prvky ulohy propojeny, jak je nezndma spojena
s udaji. A abychom nalezli zplsob feSeni, musime mit plan. Za tieti: realizujeme nas plan. Za
¢tvrté: podivame se znovu na ukoncené feseni a provedeme jeho kontrolu a rozbor. [17]”. Polya
pontka 38 otdzok a dalSie pokyny na zlplnenie rieSenia dané¢ho (globalne zaujimavého)
problému, ale aj na udrzanie pozornosti (lokdlne zaujimavymi) otdzkami.

Globalna a lokdlna zaujimavost’, téma a finty, problém a kroky rieSenia sa pouZivaji na
rozpravanie pribehov, hranie hier, individualne alebo skupinovo, s pocitacom alebo bez neho.
Glassner [16] si v§imol tychto 16 moznosti, vratane moznosti skupinovej komunikacie v triede
alebo vo vnoreni vo virtudlnom muzeu. Vyucovanie matematiky je Specifickym druhom
rozpravania pribehov a/alebo hrania hier a kazdy pribeh/hru mozno chéapat ako
fenomenologicky dokaz existencie dané¢ho pribehu/hry a ¢asto ako obranu danej pravdy. Pri
vyucbe musime budovat’ pojmy a formovat’ krivku u€enia podporujicu pozornost’ obrazmi,
otazkami, analdgiami, metaforami... NaSa pamét pre viaceré inteligencie mé dve Casti: otazky
a odpovede [10]. M6Zeme ucit’ bez otazok, no mozno Studujucich uputat’ tak, Ze sa pytame, a ze
sa pytaju aj sami od seba. Najjednoduchsi ,,vtip”, ako zvysit pozornost’, pozname uz tisicrocia
od Aristotelovej rétoriky: polozit’ otazku. Alebo neodpovedat presne, zakotvit' pozornost
najprv analogiou alebo metaforou. ,,Nejlepsi zptsob, jak teSit dilema mezi pfili§ tézkymi
dikazy a Grovni kuchatské knihy, mizZe byt rozumné vyuZiti netplnych dikazi... dostacujici
Kk tomu, aby ji dodaly jistou zajimavost a vérohodnost — a zafixovaly ji v myslich zaku, coz je
to hlavni.“ (ji, ji ... o zakladnej vete algebry, Cast’ ktorej sa dokaze I'ahko) [33, s. 221). Vo
virtudlnych muzeach sa v stcasnosti pouziva kombinéacia dvojtedrie hodnotenia (appraisal)
a rétoriky na vysvetlenie angazovanosti. Metafora vo vyucbe matematiky je Casto nepresna
odpoved,, ktoru treba upresnit’, vzorové dielo Explaining Algorithms Using Metaphors [15].
Pokusime sa v d’alSom diskutovat’ aj o otdznych otazkach, nespravnych metaforach a autorske;j
praci v rozsirenej realite. Na to budtcich autorov prezentacii geometrie pomocou rozsirenej
reality informativne prevedieme referenénym modelom a moznostami merania kvality,
postupmi kladenia vitanych aj nevitanych otazok, vyuZzitim chybnej metafory a vybranymi
inSpirativnymi projektami, najma Videoplace a Construct3D.
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3 Augmented Reality, virtudalne mizeum a meranie kvality

P6vod moderného vykladu nachadzame u Komenského [25]. J. A. Komensky (Comenius) pre
vzdelavaci projekt Orbis pictus v roku 1658 objavil navrhovy vzor multimedidlnej prezentacie
s poukazom na vSetky 4 ucebné Styly (VARK, visual, audio, read, kinesthetic), naviac
vizualizacia s anotaciami v obrazkoch, ba dokonca aj CRM (conceptual reference model), teda
subor pojmov, ktoré ma ucitel’ dieta naucit’ o svete v rodnej reci a po latinsky. V predobraze
stru¢nej, viackanalovej a Strukturovanej prezentacie (Powerpoint, webstranka) pojmy autor
zretazil do mikropribehov (use case). Knihu ako médium dnes obohacuje AR.

REAL CAMERA
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VIRTUAL OBJECT \ ‘—\/‘
Align graphics

- pen -~
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-~ ‘.
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'
. o8 l
e — ‘ *
'
'
'
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/ video
REAL OBJECT

COMPUTER

pIsPLAY (2°)

Obr. 1. Schéma systému AR

Na obr. 1 vidno systém s kamerou, pocitatom a obrazovkou. Vnimame stcasne redlny aj
virtualny svet. Zakladnym principom rozSirenej reality (AR) je naniest’ digitalne informacie
priamo na pouZzivatel'ovo zmyslové vnimanie, namiesto nahrady syntetickym prostredim, ako
to robia systémy VR. ,,AR ma potencidl stat’ sa vediicou metaforou pouzivatel'ského rozhrania
pre situované vypoCty (ubiquitous computing)“ [40]. Vyskum vo VR a AR optimalizuje
kazdodenni komunikac¢nu skusenost’, filtrovanie informa¢ného znecistenia, obohacovanie
a Setrenie Casu l'udského Zivota pre kazdého pouzivatela. Inymi slovami, tento smer vyskumu
ma zédsadny civilizaény vyznam (ako kedysi jazyk, pismo, knihtla¢). Kym dne$na Virtualna
realita (VR) ponuka 3I (imagination, immersion, interaction): predstavivost, vnorenie
a interakciu, roz§irena realita (AR) ,,poskytuje jednoduché a okamzité pouzivatel'ské rozhranie
pre elektronicky vylepseny fyzicky svet™ [40].

Rozsirena realita rozsiruje funk¢nost’ nastroja GeoGebra (https://www.geogebra.org/ar). Ide
0 milnik v roku 2018. V rdmci viacerych kapitol v knihe [34], najma. ([4], [8], [9], [26], [28],)
sa skiimaju myslienky i prinosy AR, sltiziace na podporu modernej didaktiky, predstavivosti,
interakcie a vnorenia. Myron Krueger pomenoval novu technologiu ponajprv Umela realita
(Artificial Reality) v polovici 70-tych rokov, ale zvit'azil pojem Jarona Laniera virtualna realita.
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V roku 2016 Dieter Schmalstieg a Tobias Holerer predpovedajt, Ze prave vnorenie sa stane
doélezitou mierou kvality systémov AR [40].

Umeleckym cielom Kruegerovho projektu Videoplace (1975) bolo vytvorit nové umenie
interakcie [29]. Premietali farebné siluety pouzivatel'ov na stenu v realnom cCase, kde posobili
a napriek 2D vizualizacii jednoduchého virtualneho sveta dosiahli silné skusenosti (user
experience, UX, engagement) z pocitu ,,byt’ tam* (being there). Dych bertci vzdelavaci ciel’
Videoplace nebol nikdy dosiahnuty. Myron Krueger spritomnil fantastick¢ 2D vytvory pre
skupiny deti. Od nich sa oc¢akavalo, ze budi pozorovat’ umelu realitu, pomenuji nemenované
objekty, zorganizuji seminare, aby si naplanovali d’alsi vyskum, rozdelili pracovné zat’azenie
a pripadne objavili pre dospelych nové metody vyskumu. Autor predpokladal, ze existuju
vyskumné metddy, ktoré nespozorovali alebo zabudli ,,vedy dospelych® a spolichal sa na
tvorivost’ Skolou nepokazenych deti ... Vizudlni umelci museli vytvarat’ viditené objekty a ich
spravanie, aby sa diametralne odliSovalo od vSetkého zndmeho, aby mali deti ¢o objavovat.
Kruegerovu umelecko-didakticku viziu Videoplace povazujeme za vzorovy priklad globalne;j
zaujimavosti.

Umela realita zmieSand, redlna 1 virtudlna podnecuje aj pozyva na imaginativne, interaktivne
a pohlcujice objavovanie. Redlny problém matematicky modelujeme, informaticky
reprezentujeme a konkrétne implementujeme. Obr. 2 ilustruje stavebné bloky: registraciu,
obrazovku, vykresl'ovanie, autorskl, prezenta¢nl a interaktivnu vrstvu aplikécie, vystupy
vnima pouzivatel’. Po spritomneni postupne pixle, objekty, ich semiotické a rétorické kontexty,
az vyznam, ktory ho moze aktivizovat’ na dialdég alebo ponechat’ vo vnimani monolégu. Na
porozumenie pritom vplyva neuréitost’ i hibka vnorenia [16].

Meaning > Meaning )

Association ntersecllon'? E. g e Interact >
Unlon° Cyllnder
Object Cyllnder "Click"
[j JAN

User

Presentation
\
Application
g
=3
Interaction Devices and Techniques Presentation Authoring > E-
3
Tracking and Registration Display Technology Rendering
J

Obr. 2. Stavebné bloky AR [6] a priklad Girovni odoziev, rozpoznané objekty,
generované asociacie, urcenie vyznamu a pripadna interakcia

G - slovensky Casopis pre geometriu a grafiku, rocnik 17 (2020), Cislo 34, s. 5 — 18 9



Zuzana Berger Haladova, Martina Batorova, Andrej Ferko

Virtudlny priestor umoziiuje redlnu komunikaciu, v ktorej komunikujeme prostrednictvom
radovo desiatok semiotickych systémov. Virtudlne mizeum sa definuje ako multimedialna
kolekcia telematicky dostupnych digitalnych dat i kognitivny priestor s nekonecnou kapacitou
na rozsSirovanie, kombindciu, kompoziciu a rekompoziciu [36]. Alternativne, virtudlne miuzeum
rozumieme ako multimedidlny semioticky systém, ponukajici stibor mikropribehov alebo
hernych tahov na komunikaciu danej vypovede, hlavného pribehu, casti metapribehu. Delime
ich na vizualizacné, aktivizaéné a hermeneutické (spritomiujuce neviditeIné). Sucasna
progndza autorom zdoéraziuje [32] "Storytelling, presence, and gamification are three basic
fields that need to be taken into account when developing novel mixed reality applications for
cultural heritage ...", v preklade storytelling, vnorenie a gamifikacia (pridanie hravosti).

Maximalny jednorazovy u¢inok vo virtualnom muzeu sa oznacuje aristotelovskym pojmom
entymémé a vnorenie trvajuce v ¢ase hoci v pocitacovej hre novodobym pojmom flow.
(Zriedka sa da merat’ komicky ucinok, napr. Huron [19] klasifikoval radovo stovky smiechov,
aby nasiel 9 typov hudobnych vtipov.) Aristoteles v Rétorike hodnoti entymémé ako najsilne;jsi
z dokazov. Autorsky upravime sylogizmus vynechanim premisy. Napr. trojica ,,VSetci l'udia su
smrtel'ni. Sokrates je l'udska bytost’. Sokrates je smrtel'ny.* sa skrati na dvojicu "Vsetci l'udia
st smrtel'ni. Sokrates je smrtelny.“ Auditorium sa stane spoluautorom, lebo si chybajice
doplni. Entyméma intuitivne zjednoti reénika s obecenstvom, ktoré samo pomaha zostrojit’
dokaz, ktorym sa samo presvedci. Tento efektivny postup sa mnohorako vyuziva v redlnom
I virtudlnom priestore. Meranie kvality zaujatia (engagement factor) [11, p. 276] sa pocita
z poétu navstev Visits, poétu jedineénych navitevikov Visitors a dizky navstev Duration danej
Casti virtualneho muzea. Lyn Elliot Sherwood navrhla vzorec: Visits/Visitors*Duration. Na
kvalitu vplyva obsah, architektira i vizudlny dizajn. Danou mierou sa napr. ohodnocuju
jednotlive Casti Virtual Museum of Canada, za hranicami kvantitatinej i kvalitativnej metody.

Ciastoény uzaver by znel, ze do rétoriky patriaci vrcholny verbalny argument entymémé,
multimedializovane prevzaty do virtudlneho muzejnictva, poukazuje na uZzito¢nost' radovo
desiatok inych rétorickych figar, ktoré prispievaju k lokélnej zaujimavosti a daji sa analogicky
ako entymémé v mnohorakych multimedidlnych realizaciach zaradit' do nasho autorského
inStrumentaria s vyuzitim AR. Presko¢ime oi. analogiu, parabolu, hyperbolu a pristavime sa
Vv dvoch pripadovych Stadiach blizsie pri metafore a otdzke, pri ich neStandardnom az vedome
chybnom pouziti.

4 Chybné metafory — pripadova Studia 1

Polya v roku 1940, ked’ pisal prva verziu svojho diela v nemcine, si uz bol vedomy, ze zostavil
zoznam otazok, historicky prvy, a za kazdym névrhom otazky alebo pokynu treba vidiet
,mentalni operace bézné uzivané pro feSeni uloh™ s. 4 Kowalského prekladu, ,,sefazeny
v potadi, ve kterém se nejpravdépodobnéji objevuji“. V roku 2013 vysSlo pozoruhodné
didaktické dielo zamerané nie na otdzky, ale na iné mentalne operacie, na prirovnania, na
metafory, Explaining Algorithms Using Metaphors [15]. Metafory sa technicky vyuzivaja
asponl v d’alsich troch oblastiach, metafory pamiti [12], metafory interakcie [41] i metafory
vizualizacie. Porovname korektnu metaforizaciu s chybnymi. Autori spomenutej knihy i ¢lanku
On the Role of Kinesthetic Thinking in Computational Geometry v ¢lanku [38] uvazuja oi.
problém triangulacie jednoduchého mnohouholnika. Na tomto probléme sme zalozili herna
Cast’ vykladu o globalnej a lokalnej zaujimavosti, ktory odznel na r6znych forach pre publikum
od 11-ro¢nych bratislavskych gymnazistov po medzinarodne renomovanych matematikov [13],
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[14]. Metaforicka faza vykladu nuka lokdlne zaujimavt alternativu k tomu, ¢o Pélya formuluje
ako ,.dilema mezi pfili§ t¢Zkymi dikazy a trovni kuchaiské knihy“, tvoriac metaforu sa
priblizujeme k detskému jazyku za cenu znepresiujlicej vizualizacie.

Lakoff a Johnson [31] definuju metaforu a analogiu. ,,(Koncepéna) metafora je kognitivny
proces, ktory nastdva, ked sa subjekt snazi pochopit’ jednu myslienku (cielovi doménu)
z hladiska inej, uz znamej myslienky (zdrojovej domény). Predmet vytvara koncepcné
mapovanie medzi vlastnostami zdroja a ciel’a, ¢im ziskava nové porozumenie o cieli.” ...
»Analogia je kognitivny proces, v ktorom subjekt prendsa informécie z jedného konkrétneho
objektu na druhy. Slovo analégia modze byt tiez pouzité ako podstatné meno opisujice
podobnost’ medzi dvoma konkrétnymi objektmi.” Podl'a ich definicii je kazdd metafora
analogiou, ale nie naopak. Metaforu mozno poskodit’. V rétorickej literatire sa chybné spojenie
dvoch metafor oznacuje ako katachréza, napr. ,,marne na nas zraloci imperializmu nadrapuju
svoje pazury“. Katachrézu na vyucovanie geometrie sme doposial nenasli. Existuju aj problémy
(napr. Euclidean Minimum Matching), ktoré metaforizacii odolavaju.

Tit1

Obr. 3. Tri chybné metafory [38]. Z najlavsieho vrchola jednoduchého mnohouholnika X;
hladame diagonalu do najblizsieho bodu u, v, w pomocou $kalovania, posunutia
a otogenia. Skalujeme kruh C, postivame v smere X zametaciu priamku L a otadame
polpriamku R. Ak by trojuholnik Xi1 Xi Xi+1 neobsahoval d’al$i hrani¢ny bod,
hl'adanou diagonalou by bola strana Xi-1 Xi+1.

Na obr. 3 hl'adame z najlavsieho bodu jednoduchého mnohouholnika spojnicu s inym bodom
»haproti“. Tym rozdelime problém na dva mensSie podproblémy toho istého typu. Algoritmicka
stratégia je teda Divide & Conquer, rozdel'uj a panuj. Rozumnym sa zda, Ze h'adame iny bod
¢o najblizie podl'a vzdialenosti, uhla alebo stradnice. Kinestetické myslenie (direct cognitive
operations on tactile kinesthetic sense experiences), ako ho nazyvaju a charakterizuja autori
¢lanku [38], navadza publikum na Skalovanie, otoCenie a posunutie (ktorému vo vypoctovej
geometrii hovorime zametanie, sweeping). Na tomto mieste sa dari aktivizovat' deti,
Studujtcich ¢i uditelov v publiku, aby tri zjavné, ponukajuce sa postupy objavili alebo
spoluobjavili.
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V uvedenej casti vykladu vSak metafora poSkodzuje predstavu, sposobuje kognitivnu
disonanciu, epistemologicku prekazku. (Trojnasobnym opakovanim vyuzivame inu rétoricka
figaru, opakovanie.) Vyklad s chybnou metaforou a odhalenie chyby kontraprikladom (Obr. 4a)
vedie k spolo¢nej vyhre so Studujucimi a adekvatnou metaforou, ¢ize spravnym dokazom.
V texte [38] chybnt predstavu nazyvaju kinestetic thinking, nie metaforou a vzapéti opravuju.
Chybnt metaforu uvadzaji aj [15] a potom predstavia fyzikdlne motivovany postup. Spustia
Z konkévneho vrcholu na pomyselnej gumicke olovenu gulku, ktora spadne na vrchol alebo
hranu ,,naproti”. Ak na hranu, tak sa eSte skottl'a do vrchola, pricom gumicka moze zasiahnut’
aj d’alsi vrchol (Obr. 4b). V oboch pripadoch autori uvadzaji aj napravu chybnej trojice metafor
a korektna implementaciu fyzikalnej metafory.

Do omylu uvadzajuci obrazok vidno aj v znamej knihe Preparata-Shamos Computational
Geometry na s. 188, kde pri izotonickej regresii si ¢lovek (aj (pod)vedeny danym obrazkom)
predstavi neklesajiicu spojitu funkciu, hoci optimum sa dosiahne funkciou po castiach
konsStantnou, nespojitou. Pri vysvetleni, preco sa kosinus hodi na empiricky vypocet lokalneho
osvetlenia bodu difizneho povrchu li¢om s danou intenzitou, treba tiez po zdovodneni vzorca
upresnit, ze zmysel dosiahneme, az ked lu¢ pokladdme za valec, Cize ho v predstave
Studujtcich z polpriamky prinafikneme na valec, lebo obrazovy bod reprezentuje jasovy
integral na kruhu resp. elipse. T4 epistemologicka prekazka sa v prvej triede isty ¢as udrzuje aj
pri vysvetleni s¢itania a nasobenia ako operacii zvacSujucich. Midra chyba podl'a Salamona
& podla Sklovského knihy Energia omylu, nas vsak nebadane uéi. Tri horeuvedené chybné
postupy ndm objasnili problém a tri algoritmické stratégie, inde nazyvané metafory a u Descarta
,Hurcité pravidla”. Po odstupe od vyrieSenia triangulacie jednoduchého Polygonu sa hodi uviest’
metakontext. Iterdcia, rozdel'uj a panuj, odsekni a hl'adaj, triedenie, geometrické miesto bodov
¢1 zametanie ponukaju ,kinestetické myslenie” pre mnohé dalSie rieSenia geometrickych
problémov [20].

Obr. 4. (a) Kontrapriklad, bod v nemusi byt’ platnym koncovym bodom vnutornej diagonaly.
(b) Fyzikalna metafora s gravitaciou, gumic¢kou a gul’kou zachovava diagonalu resp.
diagonaly ,,vnutri” [15].

5 Energia omylu — pripadova Stadia 2

Hlavnou myslienkou a cielom pristupu ,, Energia omylu* je pristupovat’ k vzdeldvaniu (vo
vSeobecnosti) ako k spdsobu myslenia a vyhodnocovania faktov a ich stvislosti, a nie ako
k obmedzenému obdobiu zivota venovanému osvojovaniu vVopred uréenej mnoziny udajov
a postupov a zvladnutiu predpisanych zrucnosti, technik a metéd. Vzdelavanie ako také
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vnimame ako sposob pokracujiceho a neustaleho napredovania, rastu a zmeny myslenia; je pre
nas neoddelitelnou sucastou svetonazoru a myslienkového nastavenia, kde je zmena
bezprostredna a nevyhnutnd. Tato zmena prichddzajuca napr. vo forme neznama, problému
alebo ulohy, ktora je pred nami, nie je vnimana ako hrozba, ale ako vyzva a prilezitost’ prist’
S tvorivymi a inovativnymi napadmi a postupmi.

Takyto pristup k rieSeniu problémov si vyzaduje odvahu a ochotu riskovat' — a mozno aj —urobit’
chybu. Verime, ze skutocna tvorivost’ a inovacia buduje na a umoziuje vznik chyby ako
fenoménu rastu, alebo presnejSie povedané, skutocna kreativita a inovacie st casto vysledkom
uspesne zvladnutych a uchopenych chyb a omylov.

Nasledujuca pripadova studia prebieha kontinudlne od akademického roka 2015-2016 v ramci
predmetu Elementarna tedria kvadratickych utvarov na FMFI UK s Casovou dotaciou 3h
tyZdenne pocas trindstich tyZdinov zimného semestra. Obsahom predmetu je elementarnu tedria
kvadratickych foriem, najmé kuzel'oseciek v euklidovskej rovine a kvadrik v euklidovskom
trojrozmernom priestore, do informac¢ného listu predmetu je mozné nahliadnut’ na
https://sluzby.fmph.uniba.sk/infolist/sk/2-UMA-207 15.html. Predmet patri medzi povinné
predmety ucitel'ského $tudia matematiky v kombindcii s inym aprobacnym predmetom. Skuska
Z pedmetu pozostava z pisomnej a Ustnej ¢asti. Prave pri Gstnom skisani sme najprv pokusne
a potom nastalo zaviedli nasledujuci model vyhodnocovania vedomosti a pochopenia
prebraného uciva.

5.1 Vybrané otazky a ich zamysPany ciel’

Nasledujtice otdzky zoskupujeme ich podl'a ciela resp. typu, uvddzame iba typické priklady.
St zvycajne formulované ako ulohy 0 pravdivosti, ¢ize Student mé najprv rozhodnut’ a potom
svoje rozhodnutie zddvodnit. Usporiadavame ich podla nami vnimanej narocnosti, zo
skusenosti nam vel'mi dobre umoziuji rozvrstvit’ Studentov podl'a pochopenia a 0svojenia
prebraného uciva.

Typ 1: Otazky faktografické

Hlavnym ciel'om je zistit’, ¢i sa Student vobec pripravoval na skusku. Otazky su zamerané na
faktografické osvojenie zakladnych definicii. Namiesto zadania Definujte pojem vSak
nechavame Studenta rozhodnut o pravdivosti jednoduchych tvrdeni, ktoré¢ moézu viest
K priamoc¢iaremu sporu s definiciou. Pri neuspokojivom zodpovedani takto polozenych otazok
je jasné, ze u Studenta absentuje zakladné pojmoslovie, a teda klast’ zlozitejSie otazky nie je
ucelné a efektivne.
e Existuje regularna kuzel'osecka, ktorej osi nie st na seba kolmé. (spor s definiciou osi)
e Asymptota hyperboly je jej se¢nicou. (spor s definiciou asymptoty)
e Existuje kuzel'osecka, ktora je stiCasne singularna a regularna (definicia singularnej
a regularnej kuzel'osecky je vzajomne sa vylucujica — Reguldrna kuzel'osecka je taka,
ktora nie je singularna).

V tejto Casti niekedy kladieme neStandardne formulované otazky, kedy sa priamo pytame na
definiciu, ale inym spésobom, neZ bola uvedend na hodine, napr. na vSeobecne platné tvrdenie
sa pytame existencne:

e Existujte kuzel'osecka, ktorej os zviera so smerom s fiou zdruzenym uhol 90 stupiiov.

o Existuje regularna kuzel'osecka, ktorej osi nie st na seba kolmé.
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Na otdzky je mozné odpovedat’ aj kontraprikladom, ktory na vyvratenie nepravdivého tvrdenia
uplne staci:
e Kazda regularna bodovo redlna kuzelosecka mé asponi dva vrcholy (nie, napr. parabola)
e Kuzel'osecka hyperbolického typu je za kazdych okolnosti hyperbola (nie, tvrdenia plati,
iba ak ide o regularne kuzel'osecky, prikladom singularnej kuzel'osecky hyperbolického
typu je dvojica roznobeziek).

Typ 2: Otazky zamerané na nutné a postacujuce podmienky, modalne otazky
(,,smie/nesmie/musi/moze*)

U Studenta sa vyzaduje hlbSie pochopenie stvislosti zndmych pojmov, kedy okrem
memorovania tvrdeni a viet zistujeme, ¢i Student ziskal cit pre vyznam a dolezitost
predpokladov a ¢i st mu jasné dosledky tvrdeni.
e Ak ma kuzelosecka asymptoticky smer, ma aj asymptotu (nie, definicia asymptoty
vyzaduje nielen asymptoticky smer, ale aj prazdny prienik s kuzel'oseckou)
e Ak je osou paraboly os X, tak vrchol paraboly vzdy lezi v zaciatku stradnicovej ststavy
(nie, vrchol je iba bodom osi, nie nutne musi lezat’ v zaciatku suradnicovej sustavy)
e Imaginarna regularna kuzelosecka nemoédze mat stred s realnymi stradnicami (nie,
prikladom je imaginérna elipsa).
e Kuzel'osecka parabolického typu je za kazdych okolnosti parabola (nie, pre singularne
kuzel'osecky mézeme uvazovat’ dvojicu totoznych priamok).
e Ohnisko regularnej kuzelosecky mdze byt jej vonkaj$im bodom (nie, rozborom moznosti
pre elipsu, hyperbolu a parabolu uvidime, Ze to nie je pravda).
e Singularna kuzel'ose¢ka moze/musi/nesmie obsahovat’ singularny bod.

Typ 3: Neuplné otazky

Ide 0 otazky, kedy imyselne zaml¢ime nejaku Cast’ predpokladu resp. konvencie, a potom sa
pytame na platnost’ takto upraveného tvrdenia. Studenta to v idealnom pripade vedie k tomu,
aby si uvedomil, Ze Standardne sa matematické tvrdenia formuluju najstru¢nejsie, ako sa da,
¢ize neobsahuju nadbytoéné poziadavky a udaje, ale zaroven je nutné ziaden z predpokladov
nevynechat’, inak sa tvrdenie stane nepravdivym.
e Kartezianska sturadnicova ststava v rovine je ur¢ena bodom a dvoma smermi, ktoré su
navzajom kolmé (chyba poziadavka na dizku vektorov s.s.).
e Stred kuzeloseCky musi lezat’ na kuZel'oseCke (tvrdenie je pravdivé iba pre singuldrne
kuzel'osecky)
e Nech priamka p: so smerovym vektorom S1 je polarne zdruzena so smerom Sz. Potom
priamka p2 so smerovym vektorom Sy je polarne zdruzena so smerom S1. (Ide zdanlivo
0 vetu o polarnej zdruzenosti, ale chyba predpoklad, Ze zdruzujeme vzhl'adom na jednu
kuzel'osecku.)

Samotné dvojhodnotové rozhodnutie pravdiva/nepravdivd moze byt takto spravne aj nespravne
zaroven. Ked'ze niektoré predpoklady, suvislosti, fakty st zaml¢ané, v pripade, Ze si ich Student
uvedomi, mdze sa zmenit’ jeho odpoved’. Tento typ otdzok je vel'mi uzitoény pri nadanych
Studentoch, ktorym déva priestor na uvazovanie a umoZziuje im napr. uvidiet' zavaznost
a potrebu predpokladov vo vetach a tvrdeniach. Rovnako maji moznost’ si uvedomit’ vplyv
a ulohu zaml¢anych predpokladov, napr. informaciu o tom, ¢i pracujeme v euklidovskom resp.
rozsirenom euklidovskom priestore atd. Takto kladené otazky casto vedi k podnetnej
a uzito¢nej diskusii pre obe strany.
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Typ 4: ,Non-sense* otazky

Niektoré z predchadzajucich otdzok sa daju preformulovat do zdanlivo absurdnych zadani,
ktoré overia, ¢i Student méa nadhl'ad nad problematikou:
e Uved'te priklad kuzelosecky, ktora je sucasne regularna aj singularna.
e SkonStruujte regularnu kuzel'osecku, elipsu, ktorej asymptota je doty¢nicou v niektorom
jej vrchole.
e SkonStruujte aspon jednu asymptotu elipsy.

5.2 Vyhodnotenie a zavery

Jednou z vyhod uvedeného sposobu skusania a celkovo pristupu k osvojovaniu vedomosti je,
ze umoznuje alebo priamo vyzaduje divergentné sposoby rozmyslania, ktoré su potrebné pre
rozvijanie kreativity a problem-solving kompetencii. Bezne tiez pri rieSeni problémovych tloh
nemame k dispozicii vSetky udaje (zadanie je netiplné), resp. si nemusime uvedomit’, Ze rieSenie
je zname (zadanie je preformulované resp. neintuitivne formulované). TaktieZ podl'a nds meni
zauzivany pristup k omylu a chybe ako k nieCcomu neziadicemu, ¢omu sa je za kazdu cenu
potrebné vyhnut a ukazuje, Ze ak tloha nie je za kazdu cenu deterministicka a nevieme ju ihned’
riesit, tak to neznamenad, ze sa mame hned’ vzdat’. Ak pouzivame iba zndme postupy na rieSenie
znamych tloh, iba tazko prideme s nie¢im novym. Rovnako, neochota mylit’ sa a robit’ chyby
vedie K uzavretiu sa vo¢i novému a brani inovacii a pokroku — ved’ predsa pokus o riesenie,
ktory nikam nevedie, je iba pokusom o rieSenie, ktory nikam nevedie, a nie hned’ zlyhanim.
Zasadnou vlastnostou novych veci predsa je, Ze s nové, a teda nie je k nim navod, a uz vobec
nie optimalizovany, ani nie je k dispozicii presny postup prace. Je vel'mi dolezité dat’ sdm sebe
aj druhym slobodu mylit’ sa, aby sme popri vSetkych omyloch mali Sancu raz za ¢as urobit’
nieco spravne.

6 Zaver

Metodika SAMR ([35] klasifikuje nasadenie AR do vyucby v dvoch fazach, transformécia
klasickej vyucby a jej vylepSenie. Objavitel'ské dielo, s ktorym priSiel Polya [33], ovplyvnilo
Altshullerovu tedriu TRIZ [2]. Na budtcnost’ vyuCovania zacina posobit’ aj hnutie MOOC,
najmd najpopuldrnejsi s online kurzov, Learning How to Learn, ktory do vyucby integruje
najnovsie zistenia v oblasti Deep Learning.

Zaviedli sme globalnu a lokalnu zaujimavost’ a v dvoch pripadovych stidiach sme nad ramec
Standardného kladenia otazok a vysvetlujucej metaforizacie poukdzali na moznost’ narabania s
neurcitostou, chybnou metaforizaciou a otdznymi otdzkami, ¢im poukazujeme na implikacie
pre plodné prepojenie tedrie digitdlneho dedicstva (rétorika, engagement) s vyucovanim
pomocou rozsirenej reality. Podrobnejsi vyklad s rozsiahlou bibliografiou vysiel knizne v
slovencine [27].

W.P.Thurston vo vyznamne;j eseji Mathematical Education [42] v Polyovom duchu komentuje
zaujimavost’: ,,Vo vyuc¢be matematiky je prirodzend tendencia pouzivat logické poradie a
vysvetlit' vSetky techniky a odpovede pred uvedenim prikladov a otazky za predpokladu, Ze
Studenti st vybaveni vSetkym technikaliami potrebnymi na ich zodpovedanie ... Je lepSie
ponechat’ zaujimavé nezodpovedané otazky a nevysvetlené priklady ,,vo vzduchu®, ¢i uz su
alebo nie su Studenti, ucitelia alebo ktokol'vek pripraveni odpovedat’. Najlepsi psychologicky

G - slovensky Casopis pre geometriu a grafiku, rocnik 17 (2020), Cislo 34, s. 5 — 18 15



Zuzana Berger Haladova, Martina Batorova, Andrej Ferko

poriadok pre dany predmet v matematike je Casto Uplne odlisny od najefektivnejsieho logického
poradia. Ako matematici vieme, ze nezodpovedanych otazok nikdy nebude malo. Naproti tomu
Studenti vSeobecne vnimaji matematiku ako nieco, uz nakrajané a vysusené — len sa nedostali
prili§ d’aleko pri traveni. Matematiku by sme mali prezentovat’ naSim Studentom spdsobom,
ktory je sucasne zaujimavy a ponésa sa na skutocné situdcie, s akymi sa Studenti stretnt1 v Zivote
— bez zarucenej odpovede.*
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Equidistant sets

Daniela Velichova

Abstract

Basic concept of an equidistant set to
a manifold reveals a bundle of problems
connected to intrinsic geometric properties
of the resulting geometric figure. Interesting
problems of classical differential geometry
are tasks to find a set of points equidistant to
another set, curves equidistant to given curve
in plane or on a surface, or to find surfaces
equidistant to a given sets of points. A large
variety of equidistancy definition novelty
forms were introduced recently in different
applications. Some of these issues are
discussed in this paper, and few open
questions are addressed, while possible
approach ideas how to find their answers are
suggested and shortly analysed.

Keywords: equidistant set of points, locus

of points, offset, medial axis, median curve,
mediatrix curve, almost equidistant set

Abstrakt

Zékladny pojem ekvidiStanta  variety
odhal'uje mnoho problémov suvisiacich
S vnutornymi geomerickymi vlastnostami
vysledného geometrického utvaru. Klasicka
diferencidlna geometria rieSi zaujimaveé
problémy, ako wur¢it mnozinu bodov
v rovnakej vzdialenosti od inej mnoziny,
najst’ krivky ekvidistantné s danou krivkou
v rovine alebo na ploche, ¢i ndjst’ plochy
ekvidistantné k danej mnozine bodov. Dnes
sa objavuje tiez mnoho novych foriem
definicie ekvidiStantnej mnoziny v stuvislosti
S roznymi aplikdciami. Niektoré z nich s
spomenuté v tomto ¢anku, kde tiez uvedieme
zopar otvorenych otazok a struénu analyzu
moznych pristupov k ich rieSeniu.

KPacové slova: ekvidiStantnd mnozina
bodov, miesto bodov, ofset, medialna os,
stredna, takmer ekvidiStantna mnozina

1 Basic meaning of equidistancy concept

The adjective “equidistant” originated from Late Latin word aequidistantem (aequi = equal +
distantem = distant) and Middle French word équidistant. In general, “equidistant” means
equally distant from one or more objects, or located at the same distance, occupying a position
in equal distance between several objects. An equidistant set (also called midset, or a bisector)
is a set each of whose elements has the same distance (measured using some appropriate

distance function) from two or more sets.

Distance of point x from the set A is defined as follows

d(xA) = inf{d(x,a):a € A}

where d(x, a) is value of a positive real function determining distance of two points.

Let Z ¢ R? be a compact set. For any d > 0 we can define d-border Dy of the set Z as

D, = {x:dist(x,Z) = d}

For all, up to countably many d, any component of Dq is a point, regular simple curve arc or
a simple closed curve. It was proved that Dq is a one-dimensional manifold for almost all d.
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The serious study of the properties of equidistant sets as mathematical objects was initiated only
quite recently, in 1970°s, see [1, 2]. Set of points equidistant to each other depends on the space
dimension, as there are 2 such points on a line, 3 points in a plane, then 4 points in a space, and
SO on.

Let A and B be two non-empty subsets of the metric space (X, d). Set of all points x € X such
that dist(x, A) = dist(x, B) is the equidistant set of A and B determined by

{A=B}={x € X:d(xA) = d(xB)}

It was proved that if A and B are continuous subsets of the metric space X that is n-dimensional
Euclidean space E™, then equidistant set of A and B is also a continuous set, [3].

Some authors studied the function that defines distance, d4: E* — R, in order to investigate
when does its level set define a manifolds of dimension n — 1. If A and B are disjoint closed
connected subsets of E2, then {4 = B} is a one-dimensional manifold. Analogous result is false
in E3, see [4, 5]. These topological manifolds in E™ are semi-concave surfaces, because function
for calculation of distances d(x) = dist(x, F) is a difference of two convex functions and it
has no stationary points in E™ \ F, for closed subsets F < E", according to [6].

One of the results that appeared quite recently is the proof of the statement that d-boundary
D, = {x:dist(x,Z) = d} of acompact set Z c R? are closed absolutely continuous curves for
d greater than a specific constant depending on the set Z. It has been also proved in [7] that D,
is the trajectory of solution to the Cauchy problem of a differential equation with
a discontinuous right-hand side.

To find a locus of points equidistant to a fixed geometric figure (line, curve, surface or discrete
set of points) is a geometric construction technique frequently used in many applications.
Median axis (or Bloom topological skeleton) of and object (whose closure is also reffered to as
the cut locus) is a particular example used in shape analysis.

Basic concept of an equidistant to a manifold reveals a bundle of problems related to intrinsic
geometric properties of resulting geometric figure. The study of equidistant sets could be even
more interesting in the case of the background metric space as a non-Euclidean space with non-
Euclidean metric. To find a curve equidistant to a given curve on a general surface seems to be
an interesting problem of classical differential geometry with left open questions. Some of these
issues will be addressed in the paper, while possible geometric approach to find answers will
be presented with a short analysis of arising theoretical and calculation problems.

Generalisation of the concept of equidistancy has been introduced recently, with some new
results concerning almost-equidistant sets of points and their cardinality.

2 Equidistant curves in the plane

Conic sections can be defined as equidistant curves to two circles, Fig. 1. Assuming that these
circles could be also regarded as degenerated to points or lines, parabola is defined
straightforwardly. Equidistant sets (central) can be regarded as a natural generalisation of conic
sections, considering multifocal sets instead of circles. Approximative versions of equidistant
sets were lately introduced that are of interest for computer simulations, Fig. 2, from [8].
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Fig. 2. Generalised conic sections

It was proved that any convex closed planar curve can be given as an equidistant set, i.e. the set
of equidistant curves contains the entire class of convex closed planar curves, as published with
detailed proofs in [9]. In this sense, the equidistancy is a certain generalization of the convexity.

Nice results have been approached in [10], where authors strive to find equidistant curves to
particular types of conic sections and a straight line. Full classification with respect to the
mutual position of respective conic sections and lines in varius positions is presented, and
analytic representations of the resulting equidistant curves are derived based on the coordinate
geometry methods. Interesting forms of equidistant curves are determined, while some original
examples from the paper are presented in Fig. 3. These examples are in coordinance with the
theoretical proofs declared in [6, 7]. They are confirming the fact that equidistant set of points
{A = B} is a one-dimensional manifold for disjoint closed connected subsets of E2. The other
fact about d-boundary of a compact set Z ¢ R?, declaring that this is a closed absolutely
continuous curve for certain values of d depending on the set Z, can be illustrated here too, for
special position of sets — circle A and line B e being a tanget to the circle A.
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Fig. 3. Figures from the paper published in [9]

Gottfried Leibniz in 1692 considered the curves at a distance k > 0 from curve C to be parallel
to C. These curves had to be costructed as follows:

- for each point P on C, let n be line perpendicular to tangent t to C at P
- there are 2 points P* and P’on n whose distance from P is k

- the set of all points constructed in this way forms the 2 parallel curves.

/
% P

0 N (]
D N\

Fig. 4. Parallel curves to spiral

\

(C

A parallel of a curve is the envelope of a family of congruent circles centered on the curve.

This definition of parallel curve is not entirely equivalent to the first one, stating that it is “curve
whose points are at a fixed normal distance from a given curve®, as the latter one assumes
smoothness, which the former one does not.
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Intrinsic geometric properties of parallel - equidistant curves can be studied by means of

differential geometry.

0<k<

Equidistants are regular curves for distance

1
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where K4, 1S the maximal first curvature

Kmin 1S the minimal first curvature.
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Fig. 5. Equidistant (parallel) curves to ellipse in distance determind as radius of the pink disc

3 Equidistant c

urves in space and on surfaces

Suppose Leibniz construction be applied to curves in 3-space. Two possible resulting curves
parallel to a helix and constructed with respect to Leibniz algorithm are depicted in Fig. 6.

Fig. 6. Curves parallel to cylindrical helix in specific distances
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For a smooth parametric curve r = r(t) with the regular parameter t € (0,1), its parallel curve
rr(t) in the given distance k > 0 is defined by equation

rp(t) =r(t) + k.n(t), t €(0,1).

Equidistant set to a space curve C for a given distance d is a tubular surface that is an envelope
surface with generating curve C determined by one-parametric set of congruent spheres of radii
equal to given distance d and centred on C.

Fig. 7. Point in the minimal distance dag from the helix and straight line

How can be defined an equidistant set determined by two curves A and B in E3?

Is this set {A = B} necceserily a connected surface for connected space curves A and B?
How to construct set {A = B}?
The following two steps can be applied:
1. Find the point x in E3which is at the minimal distance to both curves A and B
dag = min { d(x): inf {d(xa): a € A} =inf {d(xb): b € B} }
2. For any other real positive d > dag find such points x in E3, which are in the distance d
from both curves A and B. All these points are points of the intersection curve of two
tubular surfaces with radius d that are equidistant sets to the space curves A and B.

Intersection curve for a specific value of d is a d-level curve, Fig. 8.

3. All d-level curves from the point 2. form one system of curves on the resulting surface
that contains the equidistant set of points determined by two curves A and B in E2.
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Fig. 8. Point at the distance d greater then minimal distance dag

It can be a relatively easy task to find equidistant curves to special curves on elementary
surfaces such as quadratic surfaces, surfaces of revolution or helicoids. Often these curves
belong to one parametric system of curves on the respective surface, see specific examples of
surfaces with the net of paranetric curves in Fig. 9. However, this could be a complex problem
on general 2-manifolds in E2 with many open questions. Some results can be seen in Fig. 10.

&Y

Fig. 9. Parallel circles on sphere, parallel ellipses on elliptic paraboloid,
and parallel helices on helicoid.

Fig. 10. Systems of parallel curves on general surfaces
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4 Other definitions of equidistant sets

Meditrix curve of two sets is the set of points at equal distance from the two sets, while the
distance of a point to a set is defined as above, being the infimum of the distances to points in
said set. In case of two curves the mediatrix curve is in general incuded in the equidistant curve.
Mediatrix curve is a basic concept in the mediatrix filamentation method, which is an iterative
procedure that decomposes image shapes in filaments over their intensity ridgeline along their
main direction using perpendicular bisectors. From this decomposition several morphological
features can be derived, such as the length along the main direction and thickness of the object
and, for curved objects, estimates of its center of curvature and curvature radius, [11].

Medial axis (or Harry Blum topological skeleton) of an object (whose closure is also reffered
to as the cut locus) is an important tool for many applications including shape detection and
analysis, domain decomposition, geometric compression and point cloud modeling with the
Medial Axis Transform. It is a set of points equidistant from the object boundaries, few
examples can be seen in Fig. 11.

SSWNTA
et

Fig. 11. Various medial axes — source
http://pages.cs.wisc.edu/~csverma/CS558 11/Medial Axis.html

The median curve (diametral) of two curves My and M2 with a pole P is the locus of the middle
of points My and M2, while M1M; passes by P, and M1 € M1, M2 € Ma.

The median curve (diametral) of two curves M1 and M2 along a line d is the locus of the middle
of points My and M2, while M1M> remains parallel to d.

Median curve along x-axis of semicircle

r(t) = (—atanht,a/cosht),t € (—m,m),a €ER
and tractrix

r(t) = (a(t —tanht),a/cosht),t € (—m,m),a € R

is a part of curve called syntractrix, which is parametrically determined by vector equation

r(t) = (a (% — tanh t) ,a/ cosh t) ,t € (—m,m).

26 G — slovensky Casopis pre geometriu a grafiku, rocnik 17 (2020), Cislo 34, s. 19 — 30



Equidistant sets

Syntraktrix was firstly considered by Giovanni Poleni in 1729, then named by Ricatti in 1755
(while i tis also known as Poleni curve or convict’s curve), see in Fig. 12, on the right.

Fig. 12. Median of semicircle and traktrix with pole P (on left), along axis x (on right)

Tractrix is a curve considered by Claude Perrault in 1670, later studied by Newton in 1676,
Huygens in 1692 and Leibniz in 1693. It is also called equitangential curve, due to the fact, that
a specific line segment on its tangents is constant along the curve. Traktrix can be therefore
defined also as tractory C travelled along by a point M of a base curve Co (line) travelled along
point Mo, while the line segment MM, remains constant and the line MMo remains tangent to
C, several examples see in Fig. 13. Shape of traktrix can be illustrated as be a part of the
trajectory of the back wheels of a vehicle the front wheels of which describe a line, Fig. 13.

Fig. 13. Nefroid as tractory of Pascal’s limagon (in the first row),
tractories of circle (in the middle row), traktrix as tractory of line
(in the last row) — source with animated figures
https://mathcurve.com/.
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Fig. 14. Median of circle and parabola with pole P

Sets defined as locus of the points which are at constant distance along the normal vector from
the generator curves/surfaces are called offsets. In the field of computer aided geometric design,
offset curves and surfaces have got considerable attention since they are widely used in various
practical applications such as tolerance analysis, geometric optics, robot path-planning, and
others. More specific data on determination and application of offsets can be found in [12, 13].

One possible extension of the basic concept of offset curve is the so called generalized offset

determined by a variable offset distance and direction. For a planar ccase, smooth parametric

curve r = r(t) with the regular parameter t € (0,1), its generalized offset curve ro(t) with the

offset distance and direction depending on functions d, (t) and d,(t) is defined by equation
r'(6)

ro(t) = r(t) + dq(t) ol + d,(O)n(t).

The generalized offset direction depends on vectors d, (t) % and d, (t)n(t), while the offset

distance equals to +/d2(t) + d3(t) . Properties of generalized offset curves are described in
[14], some examples are presented in Fig. 15.

Fig. 15. Generalised offsets of a circle
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Equidistant sets

Extended concept of equidistant set is the almost-equidistant set. A finite set of points in RY is
called almost-equidistant if among any three distinct points in the set, some two of them are at
unit distance. It was proved that an almost-equidistant set in R has cardinality at most 5d**°.
This novelty results are described in papers [15, 16], while almost-equidistant set of points is
the structure presented in Fig. 16, called Moser spindle.

e

e

Fig. 16. Moser spindle Fig. 17. Generalized offset of an ellipse

5 Summary

The adjective “equidistant” is widely used in geomety and in many related subjects. Original
meaning has acquired many variations resulting in numerous interesting applications. On the
other hand, some of the easily articulated tasks are leading to complex problems with unforseen
solutions. Concept of equidistancy provides a wide field for further investigation and theoretical
research, in adition to numerous practial applications. Among other, the concept of generalized
offset curve in particular, as it serves as an extremely flexible modelling tool for curve shaping
in computer art and design, see example in Fig. 17.

Note

This article is updated and extended version of the paper published in Slovak language in
Proceeding of the Czech-Slovak Conference on Geometry and Graphics 2020, [17]. Video
recording of the paper contents was part of the on-line presentations at the conference organized
in Czech Republic, Pardubice, September 7 — 10, 2020 before its publication in the proceedings.

References

[1] BROWN, M. Sets of constant distance from a planar set. In Michigan Mathematical
Journal. Vol. 19 (1972), pp. 321-323.

[2] GARIEPY, R., PEPE, W. D. On the level sets of a distance function in a Minkowski
space. In Proceedings of the American Mathematical Society, Vol. 31 (1972),
pp. 255-259.

G - slovensky Casopis pre geometriu a grafiku, ro¢nik 17 (2020), Cislo 34, s. 19 — 30 29



Daniela Velichova

[3]
[4]
[5]
[6]
[7]

[8]
[9]

[10]

[11]

[12]
[13]

[14]

[15]

[16]

[17]

30

WILKER, J. B. Equidistant sets and their connectivity properties, In Proceedings of the
American Mathematical Society, VVol. 47, No. 2 (1975), pp. 446-452.

FERRY, S. When ¢-boundaries are manifolds. In Fund. Math. Vol. 90 (1976),
pp.199-210.

LOVELAND, L. D. When midsets are manifolds. In Proceedings of the American
Mathematical Society, Vol. 61 (1976), pp. 353-360.

FU, J. H. G. Tubular neighborhoods in Euclidean spaces. In Duke Mathematical
Journal, Vol. 52 (1985), pp. 1025-1046.
PIKUTA, P. On sets of constant distance from a planar set. In Topological Methods in
Nonlinear Analysis — Journal of the Juliusz Schauder Center, Vol. 21 (2003),
pp 369-374.
PONCE, M., SANTIBANEZ, P. On equidistant sets and generalized conics: the old and
the new. In The American Mathematical Monthly. 121 (1), 2014, 18-32.
VINCZE, C. On convex closed planar curves as equidistant sets. In Metric Geometry
(2017), n. pag.
ZLEPALO KATIC, M., JURKIN, E. Equidistant sets og conic and line. In ICGG 2018
— Procedings of the 18th International Conference on Geometry and Graphics, Milan,
Italy. Advances in Intelligent systems and Computing, Springer. VVol. 809, n. pag.
BOM, C. R., MAKLER, M., de ALBUQUERQUE, M. P. Mediatrix method for
filamentation of objects in images. In Instrumentation and methods for Astrophysics.
arXiv:1212.1799 [astro-ph.IM].
KRASAUSKAS, R., PETERNELL, M. Rational offset surfaces and their modeling
applications. In Nonlinear Computational Geometry. Vol. 151 (2010), pp. 109-135.
BRECHNER, E. General tool offset curves and surfaces. In Geometry Processing for
Design and Manufacturing, SIAM, 1992.
CHEN, X., LIN, Q. Properties of generalised offset curves and surfaces. In Journal of

Applied Mathematics. VVol. 2014, Article ID 124240. available on-line at the address
http://dx.doi.org/10.1155/2014/124240

BALKO, M., POR, A., SCHEUCHER, M., SWANEPOEL, K., VALTR. P. Almost
equidistant sets. In Graphs and Combinatorics 36 (2020), pp. 729-754. available on-line
at the address https:// doi.org/10.1007/s00373-020-02149-w

POLYANSKII, A. On almost equidistant sets. In Linear Algebra and its Applications,
563 (2019), pp. 220-230.

VELICHOVA, D. Ekvidistanty. In Proceedings of the Czech - Slovak Conference on
Geometry and Graphics 2020, Pardubice, CR, pp. 187-194.

doc. RNDr. Daniela Velichova, CSc.

Slovak University of Technology in Bratislava
Faculty of Mechnical Engineering

Institute of Mathematics and Physics

Namestie slobody 17, 812 31 Bratislava, Slovakia
e-mail: daniela.velichova@stuba.sk

G - slovensky Casopis pre geometriu a grafiku, rocnik 17 (2020), Cislo 34, s. 19 — 30



On Reconstructions of Durer’s Polyhedron

Laszlo Voros

Abstract

In Albrecht Diirer’s engraving Melencolia I,
a solid carved from stone is depicted, often
called polyhedron by the several authors
who have been dealt with possible
reconstructions of this form based on
supposed parameters and measurements in
the picture. Most of the results cannot be
justified satisfactorily or are not complete.
The paper introduces some applicable
geometric constructions and examinations
in order to the verification of different
reconstructions and the results of
experiments based on new parameters or
prescriptions.

Keywords: reconstruction, carved solid,
Melencolia I, geometry and art

1 Introduction

Abstrakt

V medyritine Albrechta Diirera Melencolia I
je zobrazené teleso vytesané z kamena,
dasto oznaCované za mnohosten autormi,
ktori sa zaoberali jeho rekonStrukciou.
Vécsina autorov sa venovala rekonstrukeii
tohto geometrick¢ho utvaru so zamerom
zistitt jeho pravdepodobné rozmery na
zaklade parametrov ziskanych meranim
v obraze. Vaigsinu tychto uvah vSak
nemozno dostato¢ne odovodnit’, a niektoré
su neuplné. V cClanok uvadzame niekolko
pouzitelnych geometrickych konstrukeii
a vysledky experimentov pouzitim novych
parametrov alebo postupov.

KPuacdové slova: rekonstrukcia, vytesané
teleso, Melencolia I, geometria a umenie

A solid carved from stone can be seen in Albrecht Diirer’s engraving Melencolia I from the
year 1514 (Fig. 1) [1]. It has two triangular and six pentagonal faces as it is depicted also in
a preparatory sketch drawn by Diirer (Figure 2) [2]. It is generally accepted to regard it as
acut rhombohedron, i.e. a polyhedron with six congruent rhombic faces (rhombic
hexahedron) cut by two planes perpendicular to the rotational axis of this shape. The
congruent regular triangles are rotated around the axis in 180°, the congruent pentagons have
a symmetry axis, one of the diagonals of the initial rhombus, usually the longer one. The
reconstructions of the solid or polygon depicted in the engraving take in consideration
different parameters, one of them is the acute angle of the pentagons used generally for
characterization of the results advised up to now by several contributions. Summarises can be
read in [3], [4] and [5]. This paper deals not detailed with these reconstructions but introduces
some applicable geometric constructions in order to find or examine different solutions.
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Fig. 1. Albrecht Diirer’s engraving Melencolia I and the studied solid
with additional editing lines according to the perspective depiction

Fig. 2. Preparatory sketch drawn by Diirer to the solid depicted in the engraving
and additional examination lines to the approximately perspective depiction

2 Geometric Constructions

Fig. 3 shows the geometric construction of a rhombic hexahedron (green coloured) based on
a given rhombic face (black coloured and characterized by a) or on the angle g of an upper or
bottom edge related to a plane perpendicular to the rotation axis of the polyhedron (blue
construction lines).
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Fig. 3. Geometric constructions of truncated rhombic hexahedrons according to different
parameters in front and top views as well as in orthogonal axonometric projection

Some authors suppose that Diirer tried to fine a polyhedron inscribed in a sphere. The
intersection point of two diagonals of the rhombohedron is the centre of the sphere. This and
a not cut vertex define the radius. The plane of this vertex and of the rotation axis cuts out
from the sphere a main circle (yellow). The circle and edges joining the former plane intersect
each other in two vertex points of the triangular faces drawn with yellow lines. The red lines
show the construction based on a pentagonal face cut out from the given rhombus and
inscribed in a circle since its plane has to cut out this circle from the sphere joining the
vertices of the polyhedron. It follows from the former constructions that a vertex of
a triangular face replaced in this special way can be defined also as the intersection point of
the following two elements. One of them is the circular path (blue arc) of the rotated vertex of
the given rhombus, the other one is the polygon edge joining the plane of the path. Purple
lines shows how to construct the pentagon if the three short sides have to have the same
length. The bisector of the angle between the diagonal and the side of the rhombus has the
same angle y related to the diagonal of the rhombus and to the short sides of the pentagon.

In Fig. 4 can be followed a construction usable for some reconstruction experiments. It is
possible to model a cut rhombic hexahedron, specified in the introduction, with two
Archimedean truncated tetrahedrons if these touch each other at hexagonal faces. All vertices
of the combined solid join a rotation ellipsoid. This can be noticed easier and it helps to
follow further constructions if the copy of this solid is rotated with 180° around the axis
connecting the midpoints of the upper and bottom regular triangles. There are three planar
sections consisting of the above axis and the vertices. If one of them is parallel to the image
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plane of afront view then an axial orthogonal affinity can be followed. That means, the
ellipsoid is pressed together with the solid along its major axis and it can become a sphere.
The axis of the affinity is line a. Line f, connecting the common centre point and the midpoint
of edge e has to be perpendicular to the line of e. It can be obtained using the Thales circle t.
The major axis of the rotated ellipse can be constructed by application of the affinity in
opposite direction. In similar way can be pressed a rhombohedron into a cube.

8

Fig. 4. How to get a cut rhombohedron inscribed in a sphere based on a general one which is
modelled here with two Archimedean truncated tetrahedrons
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3 Experiment for a New Reconstruction

Hans Weitzel deals detailed with Diirer’s sketches found in the library of city Niirnberg [3],
[4]. One of them can be seen in Fig. 5(a) as well as in Fig. 5(b) with annotations.

%.95 +0.83+0.88)/3=089

(@) (b) (c) (d)

Fig. 5. An early sketch from Diirer dealing presumably also with the pentagonal face of the
polyhedron (a) the original figure, (b) additional annotations,
(c) the reedited shape, (d) examined result

The vertices are numbered by Diirer as if it would be the figure of a truncated tetrahedron but
the circle cannot be neither the contour of the circumscribed sphere nor the circumscribed
circle of the view if the depicted object is an Archimedean solid. The line erased by Diirer
with crossing short lines should be the common edge of the triangular and hexagonal faces
according to a real view but this segment would not have the same length with the parallel
size of the hexagon in the given sketch. The improved other line want to fulfil this parameter.
The vertices of the regular hexagon are only marked. Weitzel suppose that the figure shows
the pentagonal face of Diirer’s cut rhombohedron and accepts, based on the measured
approximately 79° of the acute angle, a former reconstruction. Although the depicted
pentagon cannot be completed to a rhombus. Fig. 5(c) shows an edited pentagon that try to
save the parameters of the original picture, supposed that Diirer wanted to find the equal
length of the three short sides by iteration. Fig. 5(d) shows a pentagon with the acute angle
based on the examination described in the last section.

It can be seen that the depicted pentagons with short sides of the same length cannot be
inscribed in a circle if its acute angel is fixed accidently and had to be cut out from a rhombus.

Related to a cut rhombic hexahedron, a new pair of parameters, i.e. prescriptions can be if the
short sides of the pentagonal faces have the same length, equal to this one of the triangular
faces and the vertices of the polyhedron join a sphere. The geometric model needed to the
computations is depicted in Fig. 6 in axonometric projection as well as in front and top views.
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Fig. 6. The axonometric projection as well as the front and top views
of the experimental model.

Explanations based on the front view in Fig. 6:

t
coso. =—— >t = cosa(c+ 1);
c+1 ( )

e
tgazzf—b—)f: tga 2b; sina=I—>e= sin; h=d+e+f

The explanation of tgf is possible in two different ways:

_b__t  bRh-e—f)
R Ty

After substitutions according to the above explanations:

= cosa (c+1)

b(2h — sina — tga 2b)
tga 2b

= cosa (c + 1) » 2h — sina — tga 2b

= 2sina(c+ 1)
Explanations based on the front view in Fig. 6:

c+ 0.5 c+0.5 2b 2b
- h=— ;oS =— > C=——
h sina c cosa

sina =

The former equation after substitutions according to the above explanations:

4b

cosa

] sina sina ]
: —sina — 2b =4p + 2sina
sina cosa cosa
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Multiplied by sina then by cosa:

4b - sin?a sin?a
——+ 1 —sin“a —2b = 4p
cosa cosa cosa

+ 2sin«a

4b + cosa — sin®a cosa — 2bsin?a = 4bsin?a + 2sin®a cosa
3sin?a cosa + 6bsin®a — cosa — 4b = 0

The explanation of b based on the top view in Fig. 6:

b=—
6

So the former equation is:

3sin?a cosa + 1.732sina — cosa — 1.155 = 0

3cosa(1l — cos?a) + 1.732(1 — cos?a) — cosa — 1.155 = 0
3cosa — 3cos3a + 1.732 — 1.732cos?a — cosa — 1.155 = 0
—3cos3a — 1.732cos?a + 2cosa + 0.577 = 0 - cosa = 0.72
- a=43.95°

The third order equation shows that the geometric construction would need iteration.

4 Geometric Examinations

Fig. 1 shows the engraving Melencolia | and the studied solid with additional editing lines
according to the perspective depiction. An upper and a bottom edge are perpendicular to the
horizon and the planar section of the solid (yellow lines) is parallel to the image plane and
perpendicular to these edges. So it should have real shape. The images of parallel straight
lines have to be parallel or intersect each other on the horizon. The segment between the focal
point and the right vanishing point of the triangle sides have to be seen in 60 degrees. So the
centre point of the perspective can be found with help of the purple coloured circle of 60°
angle of vision in the horizon plane rotated here into the image plane. The complex redrawing
of the editing lines of the perspective shows that the image of the upper part of the solid is
depicted with very good approximation. Even the angle a between the directional line of the
left vanishing point of the triangle sides and the segment of points C* and F is 63° near to the
exact 60°, despite the fact that the lines defining the remote vanishing point intersect each
other in quite acute angle. It can be seen that the perspective construction of the sketch in
Fig. 2 is not exact enough for a spatial reconstruction. The image of the solid in the engraving
is the mirrored pair of those in the sketch and it is remarkable that two faults (?) are repeated.
The upper and bottom vertices are not on the same vertical line as well as the images of a base
edge and the diagonal of the cut rhombus parallel to this edge had to intersect each other in
a vanishing point on the horizon line but these converge to each other in the opposite direction
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(! signs in the figures). However the vanishing point of the diagonal can be reconstructed
almost exactly in the engraving, the angle B is 60.6° in Fig. 1. The upper edge of the solid
parallel to the image plane has the real angle 40° in the sketch and 41° in the engraving
related to the horizontal line of the planar section. The question arises if this angle was fixed
based on former results. The same angle of the bottom edge is 44.56° in the engraving. Could
have the above torsions the goal to mark this dissonant parameter as a reference of another
experiment? Without examination, the torsion is not noticeable easily because the habitual
view of the right bottom sloped edge shows very great perspective shortening, related to the
other ones, looking the solid in this direction. Based on the angle 41° between the upper
rhombus edge and the horizontal side of the planar section of the solid, the construction
showed in Fig. 3 results in 81.6° for the acute angle of the pentagonal faces. The ratio of the
axial orthogonal affinity, transforming the cube to the rhombic hexahedron, having this
parameter, is 1.23. The ratio of the truncation can be given by the lengths of the remaining
and cut off segments of the initial rhombus side. It is 4:5 and 4.2:5 regarding the upper and
bottom parts of the image of the solid based on Fig. 1. The lengths of the remaining segment
and of the side of the triangular face have the ratio 0.61. May be only here can loom the
golden mean. The vertices of this solid do not join the surface of a sphere. The last step is the
geometric examination of the existing reconstructions giving some parameters similar to the
above ones.

Hideko Ishizu deduces also with historical documents and based on construction methods
used by Diirer as well that the polyhedron in the engraving can be obtained by vertical
enlargement of a truncated cube and the ratio of this affinity corresponds to the solution of the
Delian problem [5]. Cube root 2 is 1.26 near to the value 1.23 based on the construction in
Fig. 1. This stretching would result in 80.57° related to the acute angle of the rhombic faces.
Ishizu does not deal with the ratio of the truncation.

According to Eberhard Schrdoder’s analysis [6], [7] the acute angle of the initial rhombus is
81.8°, near to the above 81.6°. If the image plane of the front view is parallel to this one of
Diirer’s perspective pictures then the vertices of the side view of the solid, constructed with
this parameter, join the intersection points of the net of a magic square like the depicted one in
the engraving. The oblique segments of this view have the angle 45° related to the horizontal
ones. It is near to the above 44.56° but in the front view. The angle 41° results here in 40.9°,
however the ratio of the truncation should be 1:1 instead of the above got 4:5.

Franz Deckwitz finds the value 76° for the acute angle of the pentagonal faces by models as
well as nets and measurements extended to the whole engraving [5], [8]. Constructing the
solid with this parameter, the angle of the bottom oblique edges related to the ground plane is
44.7° near to this angle in Fig. 1. But the ratio of the truncation is approximately 1:1 and the
vertices can almost join a sphere according to the pentagon depicted by Deckwitz.

The attempt for a new reconstruction described in this paper resulted in the angle 43.95°,
angle a in Fig. 6. It is comparable with the angle 44.56° marked in Fig. 1. The ratio of the
truncation is 5:4 reverse of 4:5 and the solid is inscribed in a sphere.

Diirer’s sketches can refer to his intent to construct his polyhedron that way that it could be
inscribed in a sphere and he studied especially the Archimedean truncated tetrahedron [3], [4].
Based on the above examinations, it can be regarded also as a new reconstruction experiment
if the truncated rhombic hexa-hedron is modelled with two Archimedean solids (3;6;6) and it
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Is pressed into its affine pair inscribed in a sphere (Fig. 4). The angle a of the short edges of
the pentagonal faces related to the horizontal lines of the planar sections is 45° near to 44.56°.
The acute angle of the pentagonal faces is 75.5° near to 76.2° according to the reconstruction
based on the angle 44.56°. The ratio of the truncation is 1:1.
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