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Chord of conics

Jifi Blazek, Pavel Pech

Abstract

The paper deals with locus of points related
to chords of conic sections. Firstly the locus
is explored wusing dynamic geometry
software  GeoGebra, secondly using
computer algebra system CoCoA by
elimination the locus equation is derived.
The locus is related to well-known theorems
and concepts, as Simson line and Frégier
point.

Keywords: conic sections, chord of conics,
dynamic geometry, elimination ideal, Frégier
point

1 Introduction

Abstrakt

Clanek se zabyva mnozinou bodd, které se
vztahuji k tétivam kuzeloseCek. Mnozina
bodii je nejprve vySetfovana pomoci
systému dynamické geometrie GeoGebra.
Pot¢ je spouzitim systému pocitatoveé
algebry CoCoA odvozena rovnice hledané
mnoziny. Mnozina je v uzkém vztahu ke
znamym vétam a pojmim, jako Simsonova
pfimka a Frégierav bod.

Kli¢ova slova: kuzelosecky, tétiva
kuzelosecek, dynamicka geometrie,
eliminacni ideal, Frégierav bod

By experimentation in dynamic geometry system we encountered the following problem:

Let UV be a chord of an ellipse centered at O such that OU 1 OV. Determine the locus of
the foot P of the perpendicular from O to the chord UV when U moves along the ellipse.

Using the command Locus in GeoGebra which works on numerical basis, it seems that the

locus is a circle, Fig. 1.

Fig. 1. Determine the locus of P when U moves along the ellipse

It turns out that the point O may not be at the center of a conic. This enables us to use this

construction for all conics, Fig. 2.
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Jifi Blazek, Pavel Pech

Moreover if the point O is inside a conic then we get a circle. If O is outside a conic, we get
only a part of the circle. To avoid it, we have to realize that there are two points VV, V" on the

conic such that OU L OV and OU L OV . This leads to two points P, P " together tracing
the locus, Fig. 2.

Fig. 2. The locus of P isacircle

These statements are proved in the following section.

2 Chord of conics

Based on previous constructions we formulate the following theorem:

Theorem 1. Given a conic «, a point U in x and an arbitrary point O. Let V € x besuch
that OV 1L OU. Then the locus of the foot P of the perpendicular from O to the line UV
when U moves along the conicis:

a) acircle if x is not an equilateral hyperbola or the pair of mutually orthogonal lines,
b) aline if x is an equilateral hyperbola or the pair of mutually orthogonal lines.

Proof. Consider a conic
K ax’+cy’+dx+cy+f =0, (1)

Choose a rectangular system of coordinates such that O =[r, s], U = [u1, u2], V = [vy, v2], and
P =[p, q], Fig. 3. Then:

U ex < h =au’+cu+du, +cu, + f =0,

6 G - slovensky casopis pre geometriu a grafiku, rocnik 18 (2021), Cislo 35, s. 5— 10



Chord of conics

Vex<h =av’+cov. +dv, +cv, + f =0,

OV LOU < h, = (u,—r)(v,—r)+(u,—-s)(v,—s)=0,
OP LUV < h,=(p-r)(u,—v,)+(q-s)u,—-v,)=0,
PeUV < h = pu, +u\V, +qv, —u,v, — pv, —qu, =0.

Elimination of uz, uz, vi, v2 inthe system h1 =0, h2=0, ... hs =0 yields zero

Use R::=Q[a,b,c,d,e, f,p,9,r,s,ull..2],v[1..2]];
I:=Ideal (hl,h2,h3,h4,h5);

Elim(ull]..v[2],1I);

Ideal (0);

elimination ideal, see [1]. Let us suppose, that U = O, i.e. ((u1 — r)?+(uz— s)’t — 1 =0,
where t is a slack variable. Adding this condition to the ideal | and eliminating variables uj,
Uz, V1, V2, t, one obtains

(a+c)(p®+q%)+(d —2cr)p+(e—2as)q+cr’ +as’+ f =0 2)

‘ O=[r,s]

Fig. 3. Determine the locus of P when U moves along the ellipse

In (2) we distinguish two cases:

a) If a+c=0then (2)isacircle.

b) If ¢ = —a, i.e. if x is an equilateral hyperbola or two orthogonal lines, then the locus
equation (2)

p(d —2cr)+q(e—2as)+cr’+as’+ f =0

represents a line, Fig. 4.
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Fig. 4. For equilateral hyperbola or two orthogonal lines the locus is a line

Remark. The case with two orthogonal lines can also be proved straightforwardly. Applying
the Simson—Wallace theorem on the triangle QUV and O on its circumcircle, the points P, S,
R are collinear (the Simson line), Fig. 4 right.

2.1 Connection to the Frégier’s theorem
About in 1815 M. Frégier published the following theorem [2], [3]:

Given a conic x and a point O on «, then the hypotenuses of right-angled triangles inscribed to
x and having common right-angle vertex O intersect at one point F, the Frégier point to O
with respect to «.

We will prove it using the Theorem 1 when the point O lies on the conic, Fig.5. The
hypotenuse UV of the right triangle UOV intersects the locus circle ¢ at the points P and F.

Fig. 5. The point F is fixed for all positions of U

To show that the point F is fixed for all positions of U, realize that since P lies on the circle ¢
and hence the segment OF must be its diameter. Since O and c are fixed the Frégier theorem
follows.
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Chord of conics

3 Generalization for two lines

In this case of two lines we can generalize the previous Theorem 1 regarding decomposition
of the conic into two mutually orthogonal lines:

Theorem 2. Given two lines p, q forming the angle «a, and containing point U on p and an
arbitrary point O. Let V € q be such a point that the lines OV and OU form the angle g. For U
moving along the conic the locus of the foot P of the perpendicular from O to the line UV is:

a) acircleif a+ 180",

b) alineif o+ =180".

Proof. First suppose that o + = 1807, see Fig. 6.

Fig. 6. If « + p = 180" we get a line

This case can be proved straightforward. Realize that the quadrilateral UOVQ is cyclic.
Then P lies on the Simson—-Wallace line R1R> related to the triangle VQU.

Now suppose « + 8 # 180°, see Fig. 7.

We will show that the angle R2PR1 is constant and equal « + . Realize that the points R1, R2
are fixed, depending only on p, g and O. We see that «R:PV = 2ROV = &, since the
quadrilateral POR»V is cyclic. Similarly

£R1PU = £R10U = ¢.
As OR:1QR: isa cyclic quadrilateral, one obtains

o+f+e+a=180".
Then
ZRiIPR2=180"-d—¢=a+p

which is the constant and therefore P lies on the circle.
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Question: Does the constructions described in Theorem 1 work also for an angle that is not
right? What do we obtain?

Fig. 7. If a + § #180° then the locus of P is the circle
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Counting perfect star drawings

Tomislav Dosli¢

Abstrakt

Diskutujeme o tom, ¢o robi n-cipu hviezdu
dokonalou, pre aky pocet bodov takéto hviezdy
existuju a kolko ich je.

KTFacové slova: dokonald hviezda, pravidelny
mnohouholnik, hviezdicovy mnohouholnik.

Abstract

We discuss what makes an n-pointed star
perfect, for which number of points such stars
exist, and how many of them there are.

Keywords: perfect star, regular polygon, star
polygon.

1 Introduction

One quiet evening during Christmas holidays my daughter Marija asked me: “Why can one
draw a five-pointed star without lifting pen from paper, while for the six-pointed star this is not
possible?” And before I could start answering, she added “That looks like something you are
usually playing with”. I understood the question, but pretended otherwise. The truth is, I was
stung by the remark about playing, so I decided to earn some dignity for my answer (and for the
things I usually play with) by pointing out that questions, even about not very serious things,
need to be not only well-thought but also well formulated. So, my immediate answer was, “Why,
but we can”! And I proceeded to draw a regular hexagon as in Fig. 1.

Fig. 1. A 6-pointed star? Or not?

“But this this ... this is not a star!” she protested.

“Why not? What is wrong with it?” T asked.

“Well, it is too blunt, it has no arms, it is simply a hexagon!” were her objections.

“OK, so for you a star must have distinct arms and the arms should have acute angles at the top?”
“Yes, a star must have acute angle at their arms”, she agreed.

G — slovensky Casopis pre geometriu a grafiku, rocnik 18 (2021), Cislo 35, s. 11 — 20 11
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Fig. 2. Another 6-pointed star? Or not?

“Well, there is one for you.” And I made a drawing, without lifting my pencil from the paper,
shown in Fig. 2.

“But you are cheating! This is not a proper star, it is just an outline. It has nothing inside! And
you are just zig-zagging around its perimeter!” were the objections raised.

“Hmmm. Just an outline, you say? And nothing inside? OK then, but how about this one?”
The next drawing I made is shown in Fig. 3. I started it at point P and proceeded by visiting in
turn A, C, and F, coming back to P and then visiting in turn B, D, and F', before returning to
P.

A

D

Fig. 3. What’s wrong with this one?

By now it became clear that I did not take the “playing” part lightly, so the protests were not
very vigorous: “Well, you started from inside the star, and you were changing directions too
many times, and the number of strokes is too big ...”

“Yeah, but I did not know you are so particular about your stars. You want them drawn in six
strokes, starting from one of the points and changing directions only at other points?”’
“Wee-ell, yes ...”

“Then you will love the next one.” And I produced the drawing of Fig. 4 by starting at A and
coming back to it by visiting C', F, B, F', and D, in this order.

“This one is really ugly” was the answer. “It has different angles at its points, different lengths,
it looks like it is falling to one side ...”

“But it satisfies all your requirements! And it can be drawn all in one piece, as you asked.”
“Yes, but the usual six-pointed star is beautiful. It is symmetric!”

12 G — slovensky Casopis pre geometriu a grafiku, ro¢nik 18 (2021), Cislo 35, s. 11 — 20



Counting perfect star drawings

D
Fig. 4. And with this one? What do you mean by “ugly”?

“This drawing also has some symmetry. For example, you can reflect it across the line passing
through its vertices F" and C'.”

“It might be symmetric, but it is not symmetric enough! I would like it to be as symmetric as
possible! For example, all strokes should be equally long, all angles should be equal, ...”
“Well, than you should have said so. If you want it with the maximum possible symmetry, [ am
sorry, it cannot be done.”

“Exactly as I claimed! But now tell me why?”

Having enjoyed our exchange so far, I tried to bring it to an end with an ofthand remark about
divisibility and prime numbers:

“I cannot go in too many details now, but it has something to do with five being prime. As you
know, six is not a prime number, and hence ... Note that you can also draw a seven-pointed star
without lifting your pencil. You see what [ mean?”

And she saw it all to well. The tone of her answer had a slightly triumphant note:

“And how do you then explain the fact that I can draw an eight-pointed star in the same way?
With all angles acute, with exactly eight strokes, with all symmetry needed to make it beautiful?
Eight is not a prime, or is it?”

And I was staring at a beautiful eight-point star drawn according to all her requirements, shown
in Fig. 5.

Fig. 5. Eight is not a prime, or is it?

It was clear that my answer would require some more thought and effort. So I conceded a

G — slovensky Casopis pre geometriu a grafiku, rocnik 18 (2021), Cislo 35, s. 11 — 20 13
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temporary defeat and withdrew to think about the problem. I started drawing stars, writing
down some numbers, crossing out some of them, underlining some others, ... In short, I started
playing with things hoping they would lead me to a better answer to my daughter’s question.

2 Perfect stars

Our first task is to specify what exactly we mean by a star and then, what kinds of stars satisfy
the additional requirements. We will call the stars satisfying all the requirements perfect stars.

Clearly, any polygon on n vertices could be considered as an n-pointed star, although some of
them only in a very broad sense. The requirement that all stroke lengths be of equal length
translates into equal side lengths, and taken together with the requirement of equal internal angles
it forces the n-gon to be regular. That also takes care of the symmetry requirement. However,
the aesthetic requirement on acute internal angles seems to be in conflict with regularity. Indeed,
the only regular polygon with acute internal angles at its vertices is the equilateral triangle. That
is, if we think in terms of convex or non-self-intersecting regular polygons. If we allow regular
polygons to self-intersect, we can also satisfy the aesthetic requirement of acute internal angles.

Hence, we define a star as a regular self-intersecting polygon. A perfect star is a star with an
acute inner angle at its vertices which can be drawn without lifting pencil from paper.

Stars themselves are nothing new; it is well known that there are infinitely many such polygons
(see, for example, [7], the corresponding Wikipedia entry). Our goal here is to investigate how
the additional aesthetic and connectivity requirements affect their existence for a given number
of vertices/points. The first questions is, are there any?

2.1 Are there any?

A quick look at the Wikipedia entry about star polygons reveals that there seem to be some
for (almost) any number of vertices. In fact, for a given number of vertices n, each number
1 < k < n/2 relatively prime with n gives rise to a star polygon on n vertices. (The case k = 1
results in a convex n-gon, so not a star in our sense.) Such polygons are denoted by their Schlifli
symbols {n/k} and they can be realized by concatenating n k-th diagonals of a regular convex
n-gon. Clearly, if n and k are not relatively prime, concatenating k-th diagonals will bring you
back to the starting vertex before visiting all n vertices. An easy way to prove it is to consider
addition modulo n. In order to see how the perfection requirements restrict the number of stars,
we need some number-theoretical terminology.

Two integers n and k are coprime (relatively prime, mutually prime) if the only positive integer
that is a divisor of both of them is 1. As mentioned above, an n-pointed star can be realized by
concatenation of n k-th diagonals of a regular n-gon if and only if n and £ are coprime.

A totative of a given positive integer n is an integer k such that 0 < k£ < n and k is coprime to
n. The Euler’s totient function ¢(n) counts the number of totatives of a positive integer 7.

Hence, a perfect star on n points exists if and only if there is at least one totative of n in the
interval H%J +1, ’—g-‘ — 1}. The upper bound is natural, since a totative k < n/2 gives rise to
the totative n — k > n/2 and both correspond to the same star. The lower bound takes care of
our aesthetic requirement of an acute internal angle. It turns out that, with only two exceptions,

14 G — slovensky Casopis pre geometriu a grafiku, ro¢nik 18 (2021), Cislo 35, s. 11 — 20
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we can always find a totative of n near the upper border of the considered interval. The following
Lemma can be proved by elementary means and we leave the proof to the reader.

Lemma 2.1. Let m > 2 be a positive integer. Then
(1) m is a totative of 2m + 1;

(i1) 2m — 1 1is a totative of 4m;

(i11) 2m — 1 is a totative of 4m + 2.

The above result can be rephrased in a more compact way as follows:

Lemma 2.2. Let n > 3 be a nonnegative integer, n # 4, 6. Then n is relatively prime with the
largest integer of the opposite parity which still remains smaller than n /2.

As a consequence, we have the existence of at least one perfect star for all n > 3 with only two
exceptions.

Corollary 2.1. A perfect n-pointed star exists for each n > 3 except for n = 4 and n = 6.

This results provides definitive answer to my daughter’s question: We cannot draw a nice 6-
pointed star without lifting pencil from paper because the number six has too few totatives.
In particular, its only totative smaller than 3 is one, giving rise to the convex regular hexagon
with Schlifli symbol {6}. The usual six-point star with Schlifli symbol {6/2} is a compound
polygon, made of two triangles, and hence cannot be drawn without lifting pencil from paper.

2.2 And how many?

In order to answer questions about the number of perfect stars for a given number of vertices,
we need information on both the number of totatives and on their distribution. We are interested
in lower bounds, since the upper bound p(n) < n — 1 is trivial and achieved for all primes. It
enables us to give an exact answer for primes, though. We state the prime case first.

Theorem 2.1. Let p be an odd prime. If p = 4m + 1, then there are exactly m different perfect
stars on p vertices; if p = 4m + 3, then there are exactly m + 1 different p-pointed perfect stars.

The proof follows readily by computing the difference [5] — 1 — | 2], since each number

belonging to [| 2] + 1, [2] — 1] gives rise to a perfect star on p vertices.
The prime case can be restated in alternative ways. The first one is more compact.

P42

Corollary 2.2. Let p € N be an odd prime. Then there are exactly LTJ different p-pointed

perfect stars.

The second form, emphasizing m instead of p, will be useful later.

Corollary 2.3. Let p € N be an odd prime. If p is of the form p = 4m — 1 or p = 4m + 1, then
there are exactly m different perfect stars on p vertices.

Let us now look at a non-prime number of vertices n. As mentioned above, we are interested in
lower bounds on ¢(n). There are several available in the literature. Some of them, for example,

n

p(n) = , ey

4Inn
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are easy to prove (see, for example, [1], p. 138), but turn out to be too weak. Stronger ones can
be obtained by starting from the following result:

Theorem 2.2. ([2], p. 267) For each 6 > 0,

lim #(n)

n—o00 nlf‘s

— 0. 2)

The idea is to choose a suitable small positive ¢ and find the integer that minimizes the expression
fl(f?;. Such an integer must exist, since the considered expression grows without bound. We
refer the reader to [5] for the proof of the following lower bound on (n).

Theorem 2.3.

w(n)28<

n )7/8' 3)

30
Our next task is to investigate how the totatives of n are distributed over [1,n — 1]. We know
that they are arranged symmetrically with respect ton/2 —if a k < n/2is a totative, then n — k
is also a totative. So, half of all totatives are in [1, [n/2]], but how are they distributed there?

One must be near the upper end, but can the rest of them be crowded, say, in the lowest quartile?
The answers can be found in an old paper by Lehmer [3].

Fork <nand 0 < g < k — 1 let p(k, g,n) denote the number of totatives in the (¢ + 1)-st
k-tile. The excess of the (¢ + 1)-st k-tile is defined as

If E(k,q,n) is positive, it means that the (¢ + 1)-st k-tile contains less than %") totatives. Hence

the excess measures how far the distribution of totatives deviates from the uniform one. The
following result shows that the distribution is symmetric also at finer scales.

Theorem 2.4. [3] Let n, k be positive integers, and n > k. Then
E(k,q,n) = E(k,k —q—1,n). (5)

A non-negative integer n is exceptional with respect to £ if it is divisible by k2 or by a prime
of the form kx 4 1. As we are interested in quartiles, £ = 4, in the rest of this paper exceptional
numbers will always be assumed with respect to 4. Hence, a non-negative integer is exceptional
if it is divisible by 16 or by a prime of the form 4x + 1.

Theorem 2 and Theorem 4 of reference [3] prove that the distribution of totatives of exceptional
numbers is uniform. For our problem, it means the following.

Theorem 2.5. Let n be a non-negative integer divisible by 16 or by a prime of the form 4x + 1.
Then there are at least 2 (%) /8 different perfect stars on n vertices.

This gives us a lower bound for exceptional integers. It remains to look at the non-exceptional
ones. We are interested in the number of totatives in the second quartile of [1, n—1]. Information
about that number can be extracted from information about the excess of the second quartile,
E(4,1,n). By combining the symmetry result of Theorem 2.4 with the fact that the sum of all
excesses must be zero, one concludes that £(4,1,n) = —E(4,0,n). Luckily, the right-hand
side, F(4,0,n), was determined in [3].

16 G — slovensky Casopis pre geometriu a grafiku, ro¢nik 18 (2021), Cislo 35, s. 11 — 20



Counting perfect star drawings

Theorem 2.6. [3] Let a positive integer n be non-exceptional with respect to 4. Then

—A(n)f(n) , n odd;
E(4,0,n) =< —iA(n)f(n) , n=2 (mod 4); (6)
0 ., 4ln.

Here A(n) denotes the Liouville function and 6(n) is the number of square-free divisors of n.
We refer the reader to any textbook of number theory for precise definitions. They are omitted
here since they are not too relevant for our purpose. What is relevant is the fact that A(n) 6(n)
can be expressed as

M) () = > AOk (5) - ™

dn

where the sum is taken over all divisors of n and p(n) is the Mobius function. Again, the
precise definition of 1(n) is not important; all we need is the fact that its absolute values cannot
exceed 1, |u(n)| < 1. Since the same is valid for A(n), we conclude that the product A(n) 6(n)
cannot exceed d(n), the number of divisors of 7.

A(n)0(n) < d(n). (®)

By combining this with Theorem 2.6, it follows that the absolute value of the excess E(4,0,n)
cannot exceed d(n), and hence also

|E(4,1,n)| < d(n). ®)

Now we have to find a good upper bound on the number of divisors of n (and hence on the excess
of the second quartile). One such bound, d(n) < 2/n, belongs to the folklore — it is reported,
for example, in the On-Line Encyclopedia of Integer Sequences [4], where the sequence d(n)
appears as A000005. With some care, better upper bounds of the type d(n) < C.n can be
obtained for various small positive values of €. Even keeping £ = 1/2 one can obtain a better
upper bound on the number of divisors. We refer the reader to [6] for a proof of the following
result.

Lemma 2.3. For all non-negative integers we have d(n) < v/3n.

This bound is attained for n = 12. Now we are ready for a non-exceptional number of vertices.

Theorem 2.7. Let n > 48 be a positive integer. Then there are at least

7/8  \/
(5) Tz

30 1 (10)

different perfect stars on n points.

Proof. The claim is clearly valid for exceptional integers n > 48. We know that, for the non-
exceptional ones, the excess of the second quartile is bounded from above by the number of
divisors of n and hence by v/3n,

|E(47 1?”)‘ = |90(n) - 490(47 1,71)‘ < d(n) < \/% (11)
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This is equivalent to

~[%
S

P o(4,1,m)] < (12)

That means that the actual number of totatives in the second quartile (i.e., between n/4 and n/2)
( ) by more than ‘/37” In particular, ¢(4,1,n) > # - @. But p(n)
is bounded from below by 8 (35 )7/ That means £ > 2 (2) "/8_ and since n7/® grows faster

than n'/2, the lower bound on ( will exceed \/2’7”
away from zero. By solving the equatlon

7/8 \/_x
<30) s

cannot deviate from £

for big enough n and hence drag ¢ (4, 1,n)

(13)

one readily obtains © = % V5 (%)2/ ® ~ 47.2648. Hence for all non-exceptional integers n > 48

there is at least one perfect star on n vertices. 0

For even integers we can do better than that. If they are divisible by 4, one can see from
Theorem 2.6 that they behave in the same way as the exceptional numbers, i.e., they have
uniform distribution of totatives.

Corollary 2.4. Let n be a positive integer divisible by 4 or by 5. Then there are exactly @

. . . 7/8
different n-pointed perfect stars. Moreover, their number grows faster than 2 (%) /

If an even integer n is not divisible by 4, we still can do better, since for such integers the upper
bound on |E'(4, 1,n)] is twice smaller than for the odd ones.

Corollary 2.5. Let n > 10 be an even integer not divisible by 4. Then there are at least

different perfect stars on n points.

One can see that the guaranteed number of perfect stars grows rather slowly with n. For example,
the above bounds for odd numbers yield at least two perfect stars for n > 87, at least three stars
for n > 121 and at least 20 perfect stars for n > 700. For even numbers the bounds are a bit
better, but still not very tight. Nevertheless, the above results imply that the number of perfect
stars on n vertices tends to infinity with n.

2.3 Inverse problems

At the end of this section we look at some inverse problems. Instead of asking how many perfect
stars there are for a given number of vertices, we ask, given a non-negative integer m, are there
any n such that there are exactly m different perfect n-pointed stars? More formally, we denote
by S,, the set of all positive integers n such that there are exactly m perfect stars on n points.
We have shown (Corollary 2.1) that

So = {4,6}, (15)
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and we know that there are no other elements in Sy. I wrote a small program in Sage computing
the number of perfect stars on n vertices for all n < 125. By looking at its results, I saw that
only seven values of n in the considered range belong to S;. By applying the bounds of the
previous subsection, one can verify that for all n > 86 there must be at least two perfect stars,
so the seven values listed below are indeed all elements of .S;:

S, = {3,5,8,9,10,12, 14} . (16)

There are several open questions about S,, for larger values of m. For example, is it true
that S,, # (0 for all m € N? Then, what can be said about their cardinality |S,,| if they are
non-empty? What are their minima and maxima and how large can be their span? Some partial
answers are listed below.

Lemma 2.4. Let m be a positive integer such that p = 4m — 1 and/or ¢ = 4m + 1 is a prime.
Then S, # () and min{p, ¢} = min S,,.

As there are infinitely many odd primes, and each of them is either of the form p = 4m — 1 or
q = 4m + 1, it follows that infinitely many sets S,,, are non-empty.

Corollary 2.6. S,, # () for infinitely many positive integers m.

Furthermore, as at least one of p = 4m — 1 or ¢ = 4m + 1 is prime for all positive integers less
than 14, we have another result.

Corollary 2.7. S,, # () for all m < 13.

The smallest m for which neither 4m — 1 nor 4m + 1 is prime is m = 14, and the next such
is 16. It turns out that both S}, and S;4 are non-empty; their respective minima are 77 and 99,
respectively, and they begin as

Spq = {77,87,116,118...},  Sig = {99, ...}. (17)

It is clear from the results in subsection 2.2. that all non-empty .S,,, will have a finite number of
elements. At the moment, we cannot say more on any of the questions raised above.

3 Concluding remarks

In this paper we have considered some problems about existence and number of various types
of star polygons. It might be interesting to investigate what, and how, changes if we consider the
same problem(s) on the sphere and/or on surfaces of higher genus.

We conclude by presenting a graph-theoretic aspect of some of our results. A k-circulant graph
G(n, k) is a graph on the vertex set {0,...,n — 1} in which two vertices ¢ and j are connected
by an edge if and only if |i — j| = k (mod n). G(n, 1) is the cycle graph C,,. Clearly, G(n, k)
and G(n,n — k) are isomorphic graphs. For each integer n > 3, let G(n) denote the family
of all k-circulant graphs on n vertices. Our perfect stars correspond to connected k-circulant
graphs and this leads us to the following result.

Corollary 3.1. Let G(n) be the family of all k-circulant graphs on n > 3 vertices. If the only
connected graph in G(n) is C,,, then n = 3,4, or 6.
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Geometria, kartografia a fyzika v novych kniznych
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Abstrakt Abstract

Informacie o troch zaujimavych kniznych | Information on three interesting new books
novinkach Vydavatel'stva SPEKTRUM STU | published by Publishing House
z roku 2021, ktoré sa venuju geometrii, jej | SPEKTRUM STU in the year 2021, which
aplikaciam Vv kartografickom zobrazovani | are dealing with geometry, its applications

a vo vysvetl'ovani fyzikalnych javov. in cartographic mappings and in explaining
physical phenomena.
KPicové slova: knizné novinky Keywords: new books

1 Daniela Velichova, 3D geometria

Vo vydavatel'stve SPEKTRUM STU vysla digitilna ucebnica geometrie s nazvom 3D
geometria, ktorej autorkou je doc. RNDr. Daniela Velichova, CSc., posobiaca na Ustave
matematiky a fyziky Strojnickej fakulty STU v Bratislave. Cielom predstavovanej ucebnice
geometrie, ktora je pre Studentov STU volne dostupna na internete, je pomdct’ Studentom
technickych univerzit rozvinat’ a prehibit’ svoje schopnosti priestorového myslenia a podporit’
ich matematickt tvorivost’ a kompetencie, ktoré su ¢asto pozadované pri rieSeni problémov
Z redlnej praxe. Spravne vnimanie priestorovych stvislosti a vztahov tiez prispeje k lepSiemu
porozumeniu suvislosti a aplikacii matematickych pojmov, relécii a vzt'ahov reprezentovanych
pomocou dvoch zékladnych interpretacii - syntetickej a analytickej aj v inych technickych
a vednych disciplinach, prostrednictvom aktivit ulah¢ujucich interpretaciu pojmov a nazorna
demonsStraciu spravnosti uvadzanych tvrdeni.

Jednym z mocnych nastrojov v kazdej tvorivej vedeckej alebo technickej inzinierskej
a dizajnérskej Cinnosti je geometria trojrozmerného priestoru, ktoré je dolezitou zlozkou Stidia
matematiky zastupenou v obsahu predmetov najmi technicky a prirodovedne zameranych
Studijnych programov univerzit. Zakladné geometrické stvislosti, klasifikacia geometrickych
objektov, ich vlastnosti a analytické vyjadrenie, zobrazovanie priestorovych objektov a rieSenie
rodznych priestorovych uloh st integralnou sucast’ou matematického vzdelavania. Geometria je
povazovana za jednu z najnaro¢nejSich Casti matematiky, priCom geometricka a priestorova
predstavivost’ st zakladnym predpokladom matematickej tvorivosti a imaginacie. Rozvijanie
priestorovej predstavivosti preto nesporne patri k dolezitym aspektom vzdelavacieho procesu,
najmi z dovodu praktickej aplikacie nadobudnutych kompetencii v readlnom zivote.

Pod priestorovou predstavivostou rozumieme intelektovli schopnost’ vybavovat’ si objekt
priestoru na zaklade jeho rovinného obrazu, alebo redlne neexistujuci objekt trojrozmerného
priestoru na zaklade jeho slovného ¢i symbolického matematického opisu — rovnicou, vzorcom,
vzt'ahom, a pod.
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Obr. 1. Uvodna stranka uéebnice 3D geometria

Geometrickd predstavivost’ sa vo vSeobecnosti povazuje za Sir§i pojem, ktory zahfiia aj
priestorovu predstavivost’, chapanu ako subor predstav o tvaroch a ttvaroch a o vzajomnych
vztahoch medzi geometrickymi Gtvarmi priestoru a subor schopnosti mentalne manipulovat’
s geometrickymi utvarmi a d’al$imi geometrickymi predstavami v mysli. Je to schopnost’ nielen
vidiet’ v priestore, ale aj vediet’ rekonStruovat’ priestorové objekty z ich rovinnych priemetov.
Této schopnost’ je ddlezitd rovnako profesionalne ako aj pre praktické potreby kazdodenného
zivota. D4 sa rozvijat’ rieSenim vhodnych tuloh, a to u kohokol'vek, bez rozdielu rodu ¢i trovne
vzdelania. MoZno ju nadobudnit’ aj Zzivotnymi skusenostami a praktickymi cviceniami,
a Vv kazdom veku.

Ucebnica 3D geometria obsahuje kapitoly venované axiomatike trojrozmerného priestoru (SO
strunym vysvetlenim rozdielu medzi euklidovskou a neeuklidovskou geometriou),
geometrickym transformécidm priestoru, ich vlastnostiam a analytickym maticovym zapisom
a predstavené su zakladné premietacie metody priestoru do roviny. Nasleduju kapitoly
opisujuce linearne Utvary priestoru, krivky a ich vlastnosti, a tiez rozsiahle kapitoly o plochach
a telesach euklidovského priestoru. 458 stran ucebnice je bohato naplnenych mnozstvom zivych
pohyblivych ilustrécii, ktoré sit cennym prostriedkom ulahcujicim interpretaciu opisovanych
objektov a umoznuju predstavit’ tieto 3D objekty v priestore, ¢o je vyznamny novy a nesporne
pozitivny fenomén digitalnej paradigmy naSej sicasnosti. V ucebnici je pouzitd aj metdda
zobrazenia priestoru a objektov priestoru pomocou stereoskopického zobrazenia, rozSirena
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realita (augmented reality). Prezentované stereoskopické dvojfarebné (Cervené a zelené)
priemety je potrebné ¢itat’ pomocou dvojfarebnych okuliarov, ¢im vznika iltizia trojrozmerného
priestoru (stereogram). Zobrazeny objekt vnimame ako jednofarebny (Cierny) trojrozmerny
objekt umiestneny v priestore pred priemetiiou reprezentovanou obrazovkou poéitaca. Citatelia
ucebnice tak mozu objavovat’ vo virtudlnom priestore krasy jeho geometrie ukrytej v tajomnych
dvojrozmernych priemetoch jeho objektov, ktoré magicky oziji a vystipia nam v tustrety do
priestoru, ¢im sa stanti odmenou za mentalne usilie, ktoré bolo potrebné vynalozit' k ich
porozumeniu.

Vysokoskolskti ucebnicu 3D geometria si Studenti Slovenskej technickej univerzity
V Bratislave m6zu stiahnut’ zdarma po prihldseni do Akademického informacného systému
STU. Interaktivnu ucebnicu si mozno objednat’ na DVD nosi¢i na strankach Vydavatel'stva
SPEKTRUM STU na adrese https://www.vydavatelstvo.stuba.sk/obchod/3d-geometria .

2 Margita Vajsablova, Matematické zaklady kartografie

Vysokoskolskd ucebnica Matematické zaklady kartografie je uréena pre Studentov
a odbornikov z oblasti geografie, geodézie, kartografie a katastra nehnutelnosti. Priamo
nadvizuje na knihu Matematicka kartografia, za ktoru autorka ziskala ocenenie Literarneho
fondu SR za rok 2013 v sekcii pre vedecku a odbornu literatiru a pocitatové programy
Vv katego6rii Prirodné a technické vedy. Nové poznatky a aktualizacie si vyziadali rozsirenie
a prepracovanie povodného obsahu. Autorka doc. RNDr. Margita Vajsablova, PhD. pdsobi na
Katedre matematiky a deskriptivnej geometrie Stavebnej fakulty Slovenskej technickej
univerzity v Bratislave.

Do tejto vysokoskolskej ucebnice som vlozila svoju matematicku logiku, geometrické oci
a kartografické srdce, preto verim, Ze to Ccitatelovi pomoze vniknut do problematiky
kartografického zobrazovania.” Tymito slovami autorka uviedla svoj pristup k tvorbe
ucebnice.

Text vysokoSkolskej ucebnice v rozsahu 443 stran Studentov oboznamuje s teodriou
kartografického zobrazovania, skresleniami mapovych prvkov a s aplikaciou v geodetickych
suradnicovych systémoch na tzemi Slovenska aj vo viacerych §tatoch Europy. Matematicka
a geometrickd podstata kartografického zobrazovania je zdoraziiovand v kaZdom pojme,
vztahoch a ich vysvetleni. Ucebnica obsahuje mnoZstvo nazornych obrazkov a odvodeni
matematickych vztahov. Z dovodu efektivnejSej orientdcie v texte je v zdvere uvedeny tieZ
register mien a pojmov. Viaceré poznatky uverejnené v tejto ucebnici st vedeckymi vysledkami
autorky publikované v ramci viacronych rieSeni grantovych projektov, ¢im svojou
odbornost’ou presahuje uroven beznych ucebnic.

Kapitoly prvej ¢asti ucebnice obsahuju teoretické zaklady, ako zakladné pojmy matematicke;j
kartografie, definovanie referencnych ploch, suradnicovych ststav, kriviek na tychto plochach
a vlastnosti ich obrazu, hlavne s ohl'adom na skreslenie v kartografickom zobrazeni, a tiez
kritéria hodnotenia kartografického zobrazenia. Klasifikacia kartografickych zobrazeni, ktora
je uvedena podla viacerych kritérii, je doplnend charakteristikou jednotlivych typov podla
skresleni, zvlast' vlastnosti obrazu v konformnych zobrazeniach. V d’alSich kapitolach ucebnice
st uvedené matematické a geometrické charakteristiky jednotlivych tried kartografickych
zobrazeni s ilustraciami obrazu zemepisnej siete. V jednoduchych valcovych, kuzelovych
a azimutalnych zobrazeniach st odvodenia vztahov pre zobrazovacie rovnice z kritérii na
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ekvidistan¢nost’, ekvivalentnost’ @ konformnost’ zobrazenia. V uvedenych typoch zobrazeni su
tieZ podrobne odvodené vztahy na vypocet ich parametrov, a to z kritérii na skreslenie
vybranych rovnobeziek. V konformnych zobrazeniach st uvedené tiez vypoCty parametrov
z kritéria na minimalizaciu strednej kvadratickej hodnoty dizkového skreslenia na ploche
zobrazovaného uzemia. Z vedeckého hladiska je zaujimavou témou tvorba konformného
varia¢ného a minimaximalneho zobrazenia, pri¢om tato ndro¢nd téma je v ucebnici vysvetlend
vel'mi zrozumitel'ne.

Taziskovou témou je podrobna charakteristika kartografickych zobrazeni aplikovanych
v geodetickych sturadnicovych systémoch na tzemi Slovenska v historickom aj aktudlnom
kontexte, a to v civilnom sektore: Faschingovo, Cassiniho-Soldnerovo zobrazenie,
stereograficka projekcia, Kfovakovo, a tiez Lambertovo zobrazenie pre Slovensku republiku.
V dalSich kapitolach je opisany vyvoj a charakteristika zobrazeni pouZitych na topografickych
mapach: Gaussovo-Kriigerovo a Mercatorovo transverzalne valcové zobrazenie, ktoré je
pouzivané vo viacerych Statoch, a tieZ na vojenskych mapéch vojenského zoskupenia NATO.
Z hladiska praktického vyuzitia st vel'mi logicky uvedené vzajomné transformacie suradnic
referenénych systémov (ETRS89, S-JTSK, UTM a i.) s uvazenim aktualnych realizacii tychto
systémov, kde su uvedené postupy, schémy a najaktudlnejSie parametre jednotlivych krokov
transformacie.

EDICIA VYSOKOSKOLSKYCH UCEBNIC

MATEMATICKE
ZAKLADY KARTOGRAFIE

Margita Vajsablova

SLOVENSKA TECHWICKA
UNIVERZITA ¥ BRATISLAVE
STAVEENA FAKULTA

~ SPEKTRUM
HISTU

Obr. 2. Obalka ucebnice Matematické zaklady kartografie
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V zéverecnej Casti ucebnice st uvedené kritérid volby kartografického zobrazenia pre geodéziu
¢1 kartografiu, odvodenie triedy zobrazeni metdédami vSeobecnej tedrie matematickej
kartografie. Kapitola o historickom vyvoji matematickej kartografie obsahuje jeho zakladné
momenty s pestrou ukazkou historickych map. V historii kartografie st vo velkej miere
zastipené aj vyznamné osobnosti matematiky a geometrie, ich vplyv na rozvoj kartografie
autorka zdodraznila a vystizne ukazala tento interdisciplinarny kontext.

Vysokoskolski uéebnicu Matematické zaklady kartografie si Studenti Slovenskej technickej
univerzity v Bratislave m6zu stiahnut’ zdarma po prihlaseni do Akademického informa¢ného
syst¢ému STU. Ostatni zdujemcovia si mozu knihu objednat na strankach Vydavatel'stva
SPEKTRUM STU na adrese
https://www.vydavatelstvo.stuba.sk/obchod/matematicke-zaklady-kartografie .

3 Isaac Newton, Matematické principy prirodnej filozofie

Slovenska verejnost’ ma po prvykrat moznost’ precitat’ si v slovenskom jazyku knihu lsaaca
Newtona s nazvom Matematické principy prirodnej filozofie povazovanu za "bibliu klasickej
fyziky". Jej slovensky preklad, na ktorom pracoval vyse roka doc. RNDr. Juraj Sebesta, PhD.
z Katedry teoretickej fyziky a didaktiky fyziky na Fakulte matematiky, fyziky a informatiky
Univerzity Komenského v Bratislave, vysiel vo Vydavatel'stve SPEKTRUM STU. Hodnotu
tejto vynimocnej publikacie umociuje aj jej vzhlad. Obalka knihy pripominajica platno
ajemne zIty papier jednotlivych stranok evokuji povodné historické spisy Sira Isaaca Newtona.
Vynimocénost'ou prvého slovenského vydania je aj skutocnost, ze sa nejedna iba o preklad
povodného diela, ktoré bolo uz v €ase svojho vzniku povazované za vynimo¢né a postupne
vyznamnym spdsobom ovplyvnilo vyvoj vedy. Pdvodny text je doplneny mnozstvom
poznamok a vysvetleni, ktoré Citatelom pomdZzu lepSie pochopit’ nielen samotny obsah diela,
ale aj dobu, v ktorej bolo toto mimoriadne dielo vytvorené.

Uvod knihy prin3a podrobny Newtonov Zivotopis s mnohymi poznamkami prekladatela, ktoré
st dostupné iba v tomto slovenskom vydani. Hlavnu Cast’ knihy tvoria Matematické principy
prirodnej filozofie — Definicie a Axidmy, €ize zakony pohybu. Pri kazdej definicii Newton
presne vysvetluje, ako k nej dospel, priCom vzdy argumentuje vlastnymi konkrétnymi
pozorovaniami. Ak argumentuje vypoctami alebo geometriou, s v texte zachované aj vSetky
kresby a vzorce. Slovenské vydanie obsahuje navySe mnozstvo poznadmok, ktoré priblizuju
vtedajSiu dobu a pomahajt lepSie pochopit’ Newtonove argumenty aj pre moderného Citatel’a.

Kniha I pojednava v Strnastich kapitolach v§eobecne 0 pohybe telies, o kvadratickych obeznych
drahach, o pohybe po zadanych povrchoch, o kmitavom pohybe zavesenych telies,
0 pritazlivych a dostredivych silach a 0 pohybe vel'mi malych telies pésobenim dostredivych
sil smerujucich k jednotlivym castiam vel'mi vel'kého telesa. Kniha Il v deviatich kapitolach
opisuje pohyb telies pri odpore, pohyb zavesenych telies a kruhovy pohyb telies,
pricom niekol'ko kapitol je venovanych hydrostatike, pojmom hustota a tlak tekutin, d’alej
pohybu tekutin a pohybu, ktory sa $iri tekutinami. Kniha III je roz€lenena na $tyri Casti: Pravidla
uvazovania vo filozofii, Javy, alebo tukazy, Vety, O pohybe uzlov mesiaca. Zavere¢nu cast’
knihy tvori Systém sveta. V fiom Newton predstavuje ¢itatelom vyvoj vedomosti o vesmire
a 0 planéte Zem, priblizuje ich vnimanie v staroveku a postupne prechadza k predkladaniu
vlastnych zaujimavych a objavnych argumentov.
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Kniha s rozsahom 472 stran je opatrena tiez vecnym a mennym registrom a obsahuje prilohu
Miery a vahy pouzité v principoch.

Slovensky preklad spisov Sira Issaca Newtona Matematické principy prirodnej filozofie sa da
zakupit na strankach Vydavatel'stva SPEKTRUM STU na adrese
https://www.vydavatelstvo.stuba.sk/obchod/matematicke-principy-prirodnej-filozofie .

Obr. 3. Kniha Matematické principy prirodnej filozofie Zdroj
https://www.facebook.com/vydavatelstvo.stuba
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Peanova a Hilbertova krivka

Jan Zeman
Abstrakt Abstract
V tomto clanku pfedstavime pojem | In this contribution, we present the concept
Peanovy kfivky, tj. prostor vypliujici | of the space-filling Peano curve which
kiivky, jeZz dokdzala moZnost spojitého | proved the possibility of continuous mapping
zobrazeni useCky na plochu. Uvadime | of a line to a part of plane. We
Hilbertovu interpretaci a jeho korespondenci | present Hilbert’s interpretation and his

s H. Minkowskim k tomuto tématu. Vyznam
kfivky nastinime v kontextu teorie mnoZin
a predchozich  nespojitych  zobrazeni,
objevenych G. Cantorem.

Kli¢ova slova: prostor vyplnujici kiivky;
Peano, Hilbert

correspondence with H. Minkowski on this
topic. We present the importance of the curve
in context of set theory and Cantor’s previous
non-continuous mappings.

Keywords: space-filling curves; Peano,
Hilbert

1 Uvod

Tento ¢lanek se tyka konceptu Peanovy krivky (téz prostor vyplitujici krivky), uvedené roku 1890.
Nejdiive ndzorné na obrézcich predstavime dva algoritmy pro konstrukci takové kiivky, kterd
vyplni cely ¢tverec — PEANUV puvodni algoritmus a algoritmus HILBERTUV. Potom komentujeme
vlastnosti této kiivky. Nakonec predstavime historicky predchdzejici CANTOROVA alternativni
zobrazeni, ktera uvedl v kontextu svého oboru teorie mnozin.

2 Jak krivky vypadaji?

Problém se tyka spojitého zobrazeni kiivky na ¢ast plochy (nebo obecné na jakykoliv n-rozmérny
utvar) a jeho nejndzornéjsi motivaci je otdzka:

Je mozZné spojité zobrazit kazdy bod kiivky na jisty bod Ctverce, a tak ziskat neptfedstavitelnou
kiivku, kterd prochdzi v§emi body ctverce?

Ano. GIUSEPPE PEANO (1858-1932) byl prvnim, kdo uvedl takové spojité zobrazeni, a celd
tiida kiivek s touto vlastnosti je po ném obecné pojmenovana jako Peanovy krivky. Existuji jiné
algoritmy nez PEANUV, které budou vytvéret jiny tvar vysledné kiivky, ale obecné je pouze
dilezité, Ze tato kiivka vyplni cely ¢tverec, a jeji presny tvar nehraje velkou roli. Pfedstavime
dva takové algoritmy.
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2.1 Peanuv puvodni algoritmus

PEANO v préci [8] popsal zobrazeni ve vzorcich, formou iterujicich funkci.! Zde projdeme tuto
metodu pouze ndzorné. PEANOVU kiivku samotnou dostdvdme pouze na samém konci v limitn{
iteraci.

Obr. 1. PEANOVA konstrukce — 1. iterace

Tento tvar (Obr. 1) je kiivou, kterd reprezentuje prvni iteraci v PEANOVE konstrukci. Necht
se Ctendf nenechd zmadst, Ze by §lo o spojnici levého dolniho vrcholu ¢tverce s pravym hornim,
ktera by protinala naklonény obdélnik. Na obrdzku je ve ¢tverci pouze jedind kiivka. Je vedena
jednim tahem, jehoZ priibéh je zfejméjsi z (Obr. 2).

0

Obr. 2. PEANOVA konstrukce — 1. iterace (viz [4, s. 1018])

Plvodni ¢tverec rozdélime na 9 mensich a spojime diagondlou vrcholy téchto malych ¢tverct
podle uvedeného ¢islovani. Ve druhé iteraci pak nahradime kazdy z onéch deviti mensich ¢tverct
zmenSenou podobou kfivky z prvni iterace (Obr. 3).

'Pro jejich konkrétni tvar viz [5, s. 95nn] a také [3, s. 235].
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Obr. 3. PEANOVA konstrukce — 2. iterace (vlevo konstrukce, vpravo vysledek)

A pokud opakujeme tento postup do nekonecna, obdrzime v limitni iteraci kfivku, kterd prochazi
kazdym bodem &tverce.

2.2 Hilbertova krivka

HILBERT uvedl v [2] tfi obrazky (Obr. 4) a sviij algoritmus vysvétlil ndzorné, geometricky:

p z 7 4 125 A T ~ i
+ " F 3 T | e e s o o e e e e e I e ey + —r ~—H
3 7 ¥4 r4 1 1.i]
|
» 2 | |
11
. ) 2 I/
& K |
¥ F | 1% 3
-
7 4 > 3!
¢ ¥ 2| & 0
FAlE A 6

Obr. 4. HILBERTOVA konstrukce (viz [2])

Kftivku, kterou mdme zobrazit, napiiklad dsecku délky 1, rozdélime nejdiive
na Ctyfi stejné ¢asti 1, 2, 3, 4 a urcity kousek plochy, kterou budeme predpokladat
v podobé ctverce o strané délky 1, rozdélime dvéma navzdjem kolmymi pfimkami
na Ctyfi stejné ¢tverce 1, 2, 3, 4 (Obr. 4 vlevo). Nasledné rozdélime kazdou z usecek
1, 2, 3, 4 zase na Ctyfi stejné Casti, takZe na plivodni usecce dostaneme Sestnict

usecek 1, 2, 3, ..., 16. Soucasné rozdélime kazdy ze Ctyf Ctvercu 1, 2, 3, 4 zase
na Ctyfi stejné Ctverce a takto vzniklych Sestnact ¢tvercli popiSeme néasledné Cisly
1, 2,3, ..., 16, pficemz je vSak nutno zvolit takové potadi Ctvercl, Ze se kazdy

ndsledujici ¢tverec bude jednou stranou dotykat ¢tverce pifedchézejiciho [2, p. 459].
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Zaméime se na substituce, provadéné na urcitém kousku kfivky mezi ndsledujicimi iteracemi.
Usek kfivky v levém dolnim ctverci, ktery je pifimy, substituujeme ve druhé iteraci lomenou
Carou (Obr. 5).

-

-
=

Obr. 5. Jeden typ substituce tseku kiivky pro ndsledujici iteraci
Oproti tomu v levém hornim ¢tverci substituujeme kiivku tvaru na Obr. 6.

7 2 I 4

1
L

i
¥

-+

Obr. 6. Jiny typ substituce

Tim jsou v§ak moZnosti pro rizné typy substituce prakticky vycerpany (Obr. 7).

Posledni dvé se lisi pouze v tom, kterou stranou Sipka do Ctverce vchéazi a kterou z néj vy-
chazi, minéno vzhledem k useku kiivky z pfedchazejici iterace. A znovu, pokud opakujeme
uvedeny postup do nekonec¢né iterace, ziskame HILBERTOVU kiivku, kterd vypliuje Ctverec.
Tvar HILBERTOVY kiivky je dnes rovnéZ nejlépe znamou podobou PEANOVY kfivky.

HILBERT neuvedl vzorce pro zobrazovaci funkce. Nakonec vSak v ¢ldnku poznamendva, Ze zo-
brazovaci funkce jsou v kazdém svém bod¢ spojité, a lze je tedy podle WEIERSTRASSOVY véty
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Obr. 7. VSechny moZné substituce

rozvinout do nekonecnych posloupnosti polynomidlnich funkci, které stejnomérné konverguji
na celém intervalu. Uvadi zaroven, Ze takto definovand limitni funkce, ackoliv vSude spojita,
nema nikde derivaci.

2.3 Inverzni zobrazeni

Nase zobrazeni pfitom nejsou bijektivni, a jsou proto viceznacnd. Byly podany dikazy toho,
Ze mezi jednorozmérnym a n-rozmérnym kontinuem neexistuje zobrazeni, které by bylo spojité
a bijektivni (tedy homeomorfismus). Nejndzornéjsim dikazem je:

B B

A

|
|
|
|
|
|
|
0 | | : 1 0
o

|:|

T

L
0 |k L1 0k

Obr. 8. Dilikaz, Ze jednorozmérna dseCka nemuze byt spojité a bijektivné
zobrazena na dvojrozmérny Ctverec

Doékaz. Uvazujme nyni opacny smér neZ dosud a zobrazujme body ctverce na tsecku. Bod
A ve Ctverci zobrazme na K na tseCce a bod B ve ¢tverci na bod L na tseéce. Poté spojité
zobrazme libovolnou kiivku AB, ktera lezi ve ¢tverci, na tsec¢ku K L na tsecce (Obr. 8 vlevo).
Nyni chceme zobrazit zbylé body ¢tverce na zbylé body nasi tsecky.

Af vSak vezmeme uZ jen libovolnou jinou kiivku, ktera spojuje body A a B (Obr. 8 vpravo), A
musi vzdy byt tak jako tak zobrazeno na K a B na L. Obraz této druhé kiivky AB na tsecku
proto musi prochdzet intervalem K L, coZ vSak neni moZné, nebof tento interval byl uz pfifazen
kfivce na obrazku vlevo. ]
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Pokud je fe¢ specidlné o HILBERTOVE kfivce, HILBERT tvrdi, Ze zobrazeni inverzni prifadi
kazdému bodu ¢tverce 1, 2 nebo 4 body usecky, tj. je nejvyse trojzna¢né. HILBERTUV pfitel HER-
MANN MINKOWSKI, ktery je dodnes pfedevsim znam v oboru fyziky pro definici MINKOWSKEHO
Casoprostoru (srov. [10] a [11]), vSak v dopise z 22. 12. 1890 vyjadiuje pochybnost a nevi, pro¢
by ur¢itym bodem c¢tverce mél pohybujici se bod projit vice nez dvakrat [6, s. 41n]. Pravdu mél
vSak HILBERT, jak dokdzal SIERPINSKI [9, s. 210]. Bod ve ¢tverci, kam se pohybujici se bod vrati
tiikrat, je presné uprostied Ctverce. Proto bude mit pii inverznim zobrazeni také tfi obrazy na
ptvodni dsecce (Obr. 9).

B

E
B

[ -1

Obr. 9. Jediny bod v celém ctverci, ktery mé 3 obrazy na tsecce

Jiné body o obou soufadnicich tvaru 53 < 1,(n,m € N), tj. body vrcholii mensich ¢tvercd,

budou mit na usecce Ctyfi obrazy (Obr. 10). Zbylé body budou mit obraz jeden nebo dva.

|
P

i} L ]
A\ 1/
\\ //

[ [-]

Obr. 10. Jeden z bodi, které maji 4 obrazy
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3.1 Zobrazeni pomoci desetinnych rozvoju

Peanova a Hilbertova krivka

MINKOWSKI na Hilbertovu kiivku vsak ve stejném dopise reaguje dale takto:

[...] Co vlastné méte proti onomu principidlné jednodussimu piikladu, kdy
je cas, jdouci od 0 do 1, vyjadfovan desetinnym rozvojem a pouze se ze sudych
a lichych pozic vytvoii dva dal$i desetinné rozvoje, které budou potom vyjadiovat
pravouhlé soutfadnice bodu v onen konkrétni ¢as? Spojitost pohybu je zde prece
zarucena ve zcela stejném smyslu [6, s. 41n].

Bod na tsecce:

Y2 =0, 70710678 ..
U

Bod ve ctverci:
x=0,7707...
y=0,0168...

MINKOWSKI neni autorem tohoto algoritmu, opakuje zde tedy
v podstaté CANTORUV diikaz z roku 1877, Ze ¢tverec, potazmo
libovolny n-rozmérny dtvar, mad mohutnost kontinua (CANTOR
se na rozdil od MINKOWSKEHO nevyjadiuje v ¢asovych a po-
hybovych analogiich). Takové pozadované zobrazeni je oproti
MINKOWSKEHO domnénce nutné nespojité.

Navic vSak zobrazeni nevykazuje ani vzdjemnou jednoznacnost, kterou poZadoval CANTOR sam.
Dokud je fe€ o iraciondlnich ¢islech, algoritmus funguje, protoZe maji nekone¢ny, neperiodicky
desetinny rozvoj. Raciondlni ¢isla s konenym desetinnym rozvojem vSak l1ze zapsat

1. bud s nekonecnym poctem nul na konci,

2. nebo se zmen3enou piedchozi &islici a periodou 9.

Pokud potom uvazujeme soufadnice vysledného bodu ve ¢tverci jako desetinné rozvoje, vytvo-
fené ze sudych a lichych pozic ptivodniho, dostaneme v obou piipadech odlisné vysledné body,

jako v nasledujicim ptiklad¢.

[0,699...; 0,999...]/= [0,7;11]

=

0,7=0,69

I3

1) 0,70000. ..

x=0,7 ,

y=0 :
i

2)0,69999...

xr=0,6999...=0,7 0

y=0,9999...=1

? 70

V tomto piipadé by feSenim bylo prosté pfijmout jeden zdpis a zamitnout druhy. Problém by
viak pretrval pro nékterd raciondlni &isla na dse&ce. Napf. ta s periodou Oc nebo 0, kde ¢ je
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Cislice, se potom zobrazi do bodu &tverce, jehoZ jedna soufadnice bude s periodou 0. To CANTOR
vylucuje i proto, Ze se do t€hoz bodu ¢tverce zobrazi i ¢islo se zmensenou Cislici pred periodou

9 nebo 9c. Jelikoz nemlizeme snadno zakdzat viechny takové moznosti, nelze cely problém
timto zplisobem fesit.

1
0, 2829 = 0, 28292929 . . . 2
U, 4 [0,222...;.0,9]
|
r=0,2222. .. i
y=0,8099...=0,9 h
i
0,2920 = 0, 29202020 . . . -
U -

o iy 1
x=0,2222... '
y=0,9 A

l! \f,292020..

0 0,282929...

3.2 Zobrazeni pomoci Fetézovych zlomki

CANTOR poté uvedl novy a zcela odlisSnym dikaz ekvivalence jednorozmérného a n-rozmérného
kontinua, vyuZivajici fetézové zlomky. MySlenka je vSak tatdz jako vySe: pouze se ze sudych

a lichych pozic v rozvoji fetézového zlomku vytvoii dva dalsi fetézové zlomky, které budou
vyjadfovat soufadnice.

1
V2-1=1[2,2,2272,..]=
B 1
_2 T
2+ 1 Yvz-vay
24+ 1 I
2+ : !
2+ |
2+ . : .
4 |
r=102,22...]=v2-1 ;
y=1[2,2,2..]=v2-1 °
0 V2 —1=0,4142135... 1

V tomto ptipadé jsou soufadnice stejné, coZ vSak nehraje roli. Abychom se vyjadfili ndzornéji,
uved'me jako jiny ptiklad fetézovy zlomek ¢isla % — v/2 a vysledek zobrazeni.
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3 - 1
5—\/5:[11,1,1,1,10]:
=[11,1,1,1,10,1,1,1,10,.. ]
1
— * G
T -
11+ - L=
1+ 1 ,'
1+ 1 :
1+1_+.. o !
Y i
z=[11,T,10] = 6 — /35 ol § 1
_ _ /61 o
y—[l,l,l, ]_ 2 g—ﬂ:o,(msmﬁ...

Oproti zobrazeni pomoci desetinnych rozvojil je pro iraciondlni ¢isla toto zobrazeni vza-
jemné jednoznacné. Ekvivalentnost jednorozmérného a n-rozmérného kontinua dokézal CAN-
TOR ve druhém kroku pomoci ekvivalentnosti mnoZziny iraciondlnich ¢isel a mnoziny redlnych

¢isel [1].

4 Zaver

PEANOVA kiivka je vysledkem jistého algoritmu pro spojité zobrazeni usecky na ctverec, které
vSak neni vzdjemné jednoznacné (viz Tabulka 1).

vzdjemné jednoznacné | spojité

zobrazeni pomoci desetinnych rozvoji

zobrazeni pomoci fetézovych zlomki X
PEANOVA a HILBERTOVA kiivka X

Tab. 1. Rozdily v zobrazenich

V oboru teorie mnoZzin byl PEANUV ¢lanek velmi vyznamny, nebof predevsim ukézal, Ze zobrazit
kfivku na plochu spojité je skute¢né mozné.

Poznamenejme, Ze algoritmy pro konstrukci PEANOVYCH kiivek jsou soucdsti vyuky programo-
véni na VS a demonstruje se na nich vyuZiti rekurze. A¢koliv PEANOVA kiivka nepatii do oboru
aplikované matematiky, své aplikace v informatice md — vSude tam, kde je nutno linearizovat
diskrétni n-rozmérny prostor alternativnim zpiisobem vici ziejmému usporadani bodu nejdiive
pomoci soufadnice x, poté podle soufadnice v, . . . To nastdva v aplikacich, které renderuji obraz,
v geografickych informacnich systémech nebo v multimedialnich serverech (viz [7]).
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