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On homogeneous 3-geometries, balls and their optimal
arrangements, especially in Nil and Sol spaces

Emil Molnar, Jen6 Szirmai

Abstrakt

Janos Bolyai a — nezavisle v tom istom
Case (v rokoch 1823-1840) — Nikolaj I
Lobacevskij objavili hyperbolicki geometriu,
ktord umoZznila rozvoj mnohych oblasti
matematiky, fyziky a celej vedy. Dnes
pozndme 8 homogénnych geometrii priestoru
(nazyvanych aj Thurstonove geometrie, pozri
Tab. 1) vhodné tieZ na opis nasho priestoru
a materidlnych Struktdr. V zmysle tedrie
Felixa Kleina, projektivna geometria ndm
poskytuje jednotiacu metédu na modelovanie
a vizualizdciu tychto geometrii, ktord
rozpracoval prvy autor ¢lanku. Druhy autor
tieto Uvahy rozsiril na opis extremalnych

problémov  tkzv. diskrétnych  geometrii
v zmysle Laszla Fejestho Toétha. Ako
ilustrdciu v tomto c¢ldnku rozoberieme

detailne Nil a Sol geometrie. Prvd ma
blizko k euklidovskému priestoru, druha
zvlaStna geometria Sol priestoru ma isté
analégie s  Lorentzovym-Minkowského
casopriestorom.

KFiacové slova: Thurstonova geometria,
Nil geometria, Sol geometria, optimalne
rozmiestnenie gul

Abstract
Janos BOLYAI and - independently, in
the same time (about 1823-1840) -

Nikolay 1. LOBACHEVSKY discovered the so-
called hyperbolic geometry that opened new
developement in many fields of Mathematics,
Physics and the whole science. Nowadays we
know 8 homogeneous 3-geometries (called
also THURSTON geometries, see Table 1)
applicable also for describing our surrounding
space and material structures. In the sense
of Felix KLEIN, projective geometry provides
us with a unified method to model and
visualize these geometries, initiated by the
first author. The second author extended
these for describing extremal problems of
so-called discrete geometry in the sense of
Laszl6 FEJES TOTH. As illustration we discuss
here Nil and Sol geometry in more details.
The first one is near the Euclidean space, the
second strange Sol space has some analogies
with the LORENTZ-MINKOWSKI space-time.

Keywords: Thurston geometries, Nil
geometry, Sol geometry, optimal ball packing

Dedicated to Memory of Janos Bolyai
on the 220th Anniversary of His Birth

1 The projective sphere and plane modelled in Euclidean 3-space

All the Thurston 3-geometries will be uniformly modelled in the projective spherical space
PS?3 that can be embedded into the affine so into the Euclidean 4-space. Our main tool will be
a 4-dimensional vector space V* over the real numbers R with basis {eg, e, €5, e3}, which is

not assumed to be orthonormal.
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Our goal will be to introduce convenient additional structures on V* and on its dual V 4.

The method will be illustrated and visualized first in dimensions 2 (Fig. 1) where V3 is the
embedding real vector space with its affine picture A(O, V3, V3), soin E3. Let {O; e, e;, es},
be a coordinate system in the affine 3-space A = E3 with origin O and a vector basis {eg, €1, s},
for V?, where our affine model plane A* = E* C P? = A U (4) is placed to the point Fy(eo)
with equation 2z° = 1. Here any non-zero vector x = z'e; + z'e; + z%e, + z3e3 =: 2'e; (the
index convention of Einstein-Schouten will be used) represents a point X (x) of .A?, but also a
point of the projective sphere PS? after having introduced the following positive equivalence.
For non-zero vectors

X ~ cxwith0 < ¢ € R represent the same point X = (x ~ c¢x) of PS?;
z ~ 0ey+ 2'e; + 2z%e, will be an ideal point (z) of PS* to A”.
(1.1)

We write: (z) € (4), where () is the ideal line (circle) to A2, extending the affine plane .A? into
the projective sphere PS?. Here (z) and (—z), and in general (x) and (—x), are opposite points
of PS2. Then identification of the opposite point pairs of PS? leads to the projective plane P2,
Thus the embedding A? = E* C P? C PS? can be formulated in the vector space V? in a
unified way. We can present PS? in Fig. 1 also as a usual sphere (of arbitrary radius) and think
of the celestial sphere as the map of stars of the Universe. The equator (z° = 0) represents
the ideal points to A2, as ideal line (circle). The upper half-sphere describes A% = E? with
2% = 1. We also see how the double affine plane describes PS?, as the opposite direction in the
abstraction (see also the lower plane 2° = —1 in Fig. 1).

Remark 1.1. The above 3-dimensional embedding of the Euclidean, or the more general affine
plane, to characterize the ideal (infinite) points as well, comes from the previous practical
perspective. But there are some surprising facts in the history of projective geometry which
show that a 2-dimensional plane cannot always embed into a 3-dimensional space. This topic, on
the role of Desargues theorem (axiom) in the 2-dimensional affine-projective geometry, illustrate
also the barrier of visuality in geometry and in mathematics, in general. We do not mention
more details in this paper.

The dual (form) space V'3 to V3 is defined as the set of real valued linear functionals or forms
on V3. That means that we pose the following requirements for any form u € V5

u : V® 3 x+— xu € R with linearity (12)

(ax + by)u = a(xu) + b(yu) for any x, y € V* and for any a,b € R. '
We emphasize our convention. The vector coeficients are written from the left, then linear
forms act on vectors on the right (as an easy associativity law, analogous conventions will be
applied also later on).

This ”built in” linear structure allows us to define the addition w + v of two linear forms wu, v,
and the multiplication uc of a linear form w by a real factor ¢, both resulting in linear forms
of V5. Moreover,we can define for any basis {e;} in V? the dual basis {e’} in V3 by the
Kronecker symbol &/

: ; 1 ifi=35 .
ol — 851 — _
e e’ = 0; { 0 ifit] 1,7=0,1,2. (1.3)
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Fig. 1. Our scene for dimensions 2 with projective sphere PS? embedded into
the real vector space V2 and its dual V'3

Furthermore, we see that the general linear form u := e%ug + e'u; + e*u, := €’ u; takes on the
vector x := 2'ey + x'ey + z%e, := z'e; the real value

(2'e;)(eu;) = ' (e )u; = 2'6)u; = x'u; := 2%ug + ' uy + 2%uy. (1.4)
Thus, a linear form w € V'3 describes a 2-dimensional subspace u, i.e. a vector plane of V3
through the origin. Moreover, forms

u ~ uk with 0 < k € R describe the same oriented plane of V3. (1.5

As in Fig.1 a positive equivalence class of forms (u) gives an open half-space (u)™ of V3, i.e.
the vector classes (x) for which

(w)™ : {(x) : xu >0} (1.6)

This gives also a corresponding half-sphere of PS?, and a corresponding half-plane of A%, Note
that this is not so for the projective plane P? which is not orientable, because the equivalence
mapping x — —x has negative determinant in V3!

In order to concentrate on our main goal, we introduce a bijective linear mapping T of V? onto
itself, i.e.
T : V3> x+— xT =y € V* with requirements

: A : . . 1.7
r'e; — (z'e;)T = 2'(e;T) = x'tle; =: y;e;, det(t]) # 0. (7

Assume that T has the above matrix () with respect to basis {e;} of V3 (i,j = 0, 1,2). Then
T defines a projective point transformation 7(T) of PS? onto itself, which preserves all the
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incidences of subspaces of V? and so incidences of points and lines of PS?, respectively. The
matrix (t/) and its positive multiples (ct/) = (£/¢) with 0 < ¢ € R (and only these mappings)
define the same point transformation 7(T ~ Tc) of PS? by the above requirements.

We also mention that the inverse matrix class of above (), now denoted by (TF) ~ TF, with
tf Tf = OF induces the corresponding linear transform T of the dual V 3 (i.e. for lines) onto
itself, and its inverse T, i.e. in steps

T : Vssv—Tv=:u€ V3 sothat

yv = (xT)v = x(Twv) = xu, especially

0=xu=xT)(T 'u) =yv, s00=yv = (yT ') (Tv) = xu
XIu+Y :=X7Iv:=7uhold

(1.8)

for the 7-images of points and lines, respectively. We can see that the induced action on the
dual V3 is a left action and so is the induced action on the lines of PS?. This is according to
our conventions, may be strange a little bit at the first glance, but we will utilize some benefits
in the next sections.

1.1 Line — point polarity describing orthogonality of lines for S2, E2, M?, G? and H?
geometries

Till now we have not considered metric (distance, angle) problems of our model plane in PS2.
As we shall see, this will be related to the additional structure of the vector space V? and that
of its dual V'3 (see e.g. in [1], [12]).

In our suggested interpretation the concept of polarity /7(,) has some advantages, considered
as a linear symmetric mapping of the dual (form) space V'3 into the starting vector space V3.
Thus we associate with any (polar) line u(w) its (pole) point U (u) of PS? as follows

I,):Vzsu—u,=uecV’ (1.9)
by the matrix 7/ to the dual basis pair {e'}, {e;}; e;e’ = 0! (i,j = 0,1,2,), according to

e' — e. =: e’ = e, with symmetry requirement 7/ = 77", (L10)

thus u = e'u; — (e'u;), = e’ = umijej =: ujej. '
At the same time, we can introduce a symmetric bilinear scalar product by this polarity (and
vice versa, equivalently):

(,):V3xV3—=R, (u,v) = (u,)v=uv eR
‘ ‘ o o . 1.11
(u,v) = (e'u;, €'v;) = (wel)(e’v;) = " dlv; = umv;. (L1

This shows the usual computations and the symmetry (u, v) = (v, u) as well.

Now we say that the line u(w) is perpendicular or orthogonal to line v(v), if the pole (u,) =
(u) = U is incident to line v(v). Then 0 = w,v = (u,v) = (v,u) = v,u, so the pole V(v)
of v(v) is also incident to u(w), showing the symmetry of orthogonality as well.

Now we can define the classical plane geometries S?, E?, H? in our “model plane” PS>
according to Fig.1 and Fig. 2.

8 G - slovensky Casopis pre geometriu a grafiku, rocnik 19 (2022), Cislo 37, s. 5 — 32
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First, we geometrize the dual basis pair {e;}, {€’} with e;e/ = ¢/ by introducing a coordinate
triangle (simplex, in more general) with vertices Ey(eo), £1(e1), Ea(eq), and sides

e’(e’) = B\ By, e'(e') = EyEy, e*(e*) = EyEL. (1.12)

Because of the positive equivalence, we also introduce the so-called unit point E(e ~ ey +e' +
e?) and unit line e(e ~ ey + e' + €?) to fix the representative basis vectors {e;} and basis forms
{€’} up to a common positive constant factor, say ¢ to {e;} and + to {e’}; (i, j = 0,1,2). This
projective freedom provides benefits for later simplifications.

Now by symmetry of the polarity matrix 7% above, it is well known (Inertia law of Sylvester),
that 7%/ has a so called diagonal form 7"/’ to an appropriate dual basis pair {e; }, {e’'}, (7', 7' =
0’,1’,2") Here primes refer to a linear basis change (Schouten’s primed index conventions). That
means e e’ = &', (Kronecker) and

el e’ =n'eysothat 77 = 0ifi’ # 7 and 7" = 1or0, —1. (1.13)

Moreover, although the basis change is not uniquely determined, the so-called signature, i.e. the
range (sign) of diagonal elements is unique, up to permutation. Namely,

S?(1,1,1), E*(0,1,1), H*(—1,1,1), M?(0,—1,1), G*(0,0,1) (1.14)
hold for S? (spherical plane), E? (Euclidean plane), H? (hyperbolic or Bolyai-Lobachevsky
plane), M? (Minkowski or pseudo-Euclidean plane), G2 (Galilei or isotropic plane), respectively.

Multiplication by (—1) provides equivalences

S?(—1,-1,-1), E*(0, -1, 1), H*(1,—1,—1), M?(0,1,-1), G*(0,0, —1).

Our Fig. 1 also illustrates the possible S?-structure if PS?(V3, V'3) is specified by polarity

e' - e =e; (i=0,1,2) also by conventional matrix form

e’ 1 00 e
(eo,el,e2)7> ell=1010]| (e (1.15)
e’ 0 01 e,

(by usual row-column multiplication). That means that the basis {e’} is orthonormal and our
model plane PS? becomes indeed to a metric sphere S2. The polarity orders to any line (equator
circle) its usual pole.

The angle of lines (angular domain) of «(w) and v(v) is usually defined by

—(u,v) (u,v)

1
cos(u,v) = . While cos ;(U, V) = (1.16)

(u,u)(v,v) (u,u)(v,v)

leads to the (angular) distance or length of segment (U, ') between their poles U(u) and V (v),
r denotes the radius of the sphere. This is natural, since the above polarity I7(,) with matrix

G - slovensky Casopis pre geometriu a grafiku, rocnik 19 (2022), Cislo 37, s. 5 — 32 9
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7% is invertible. In our Fig. 1 there is indicated also the plane E?, i.e. the Euclidean structure
of PS? if our polarity is degenerate by

0 0 0 0 €
(€%, e, e?) - ell=(01 0] e (1.17)
e? 0 01 e,

That means that our ideal line (i) = (€”) = E{°(e;)E5°(e,) is considered to be orthogonal to
any line (to itself as well). Parallel lines to line u(u) have common orthogonal lines through the
pole U (u) at infinity, etc. Angles and distances can be defined according to usual conventions

(see [11, [7], [10]).

We only remark that degenerate polarities by

0 0 0 € 000 €
(e’ e'e’)— [0 —1 0| [e | and (e’,e',€e*)— |0 0 O (e
00 1) \e N0 0 1) \e

(1.18)

in Fig. 1 define Minkowski plane M? (of special relativity) and Galilei plane G? (for Newton
mechanics), respectively [1].

The Bolyai-Lobachevsky hyperbolic plane H? deserves special interest (Fig. 2). Here the
polarity is defined by

-1 0 0 €y
(60,61,62)? 0 1 0] [e]. (1.19)
0 0 1/ \e,

Now Fig. 2 has to be considered as extension of Fig. 1, i.e. PS? with polarity given by (1.11),
where the absolute cone (and conic section) is indicated (Beltrami-Cayley-Klein model). This
is first the set of 2-subspaces of V3, described by the forms (a) in V3, i.e. by lines a(a) of PS>
which are incident to their poles A(a). Thus for

a=€eay +e'a; +e’ay, a,=ao(—1)ey+ai(l)e; +ax(l)e; =
=a=a"ey+a'e; +a’ey, ie. a’ = (—1)ag, a' = a,, a*> = a, follow, and hold

0 = —agag + aja; + asas = —a’a’ + atat + a®a®

the quadratic equations of conics as line set and point set, respectively. That means, our polarity
can be derived by conics, as it is pointed by

u— U and p— P
k *

in Fig. 2. We refer to [1], [7] for other details.

After having introduced a polarity or scalar product in PS? to get the above metric geometries,
we can define their groups of transforms, first uniformly as similarities. These are special
projective transforms, induced by linear transforms (T, T"") of (V3 V'3) by (1.8) up to certain
equivalence, preserving the given polarity, as the following diagram obviously sketches

x(@) 7 X(x)
Vs TV | . TV
yy) T Y(y) (1.20)

. i i,_Ts1]
re.m’ ~t. ot

10 G - slovensky Casopis pre geometriu a grafiku, rocnik 19 (2022), Cislo 37, s. 5 — 32
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We only mention our — seemingly new — initiative to diagram (1.20): To some linear transforms
T Ty T (g =1,2,3,...) (left bottom index) “small number” of generators, for a group G
with certain relations with free parameters), we can look for all possible polarities () with (7%)
which can be invariant under ,7, so under the group G. Thus e.g., to G we look for possible
geometries where G will be (may be) a discrete group of isometries (see e.g. [9], [10] for
crystallographic applications and a possibility to attack Thurston’s geometrization conjecture,
in general, first for dimensions three, [9], [12], [15], [23]), [30].

We remark that in planes S, H?, where the polarity is invertible, such transforms constitute
the isometry group of S? and H?, respectively, since in these cases distance between points will
also be preserved. For the other geometries such a statement does not hold. Then the preserved
(invariant) properties need some further characterizations. E.g. the concept of line reflection
seems to be very natural to define isometries of the corresponding geometries. Line reflection
is an involutive (involutory) transform, i.e. equal to its inverse, in an axis line u(w) with its non
incident pole U (u) as centre. Namely, any isometry would be defined as composition or product
of finitely many line reflections, as it is usual in Euclidean geometry E? as well as also in M?
and G? (as so-called affine metric geometries). However, we shall see in dimensions three, such

Fig. 2. The hyperbolic plane H?, embedded into P? C PS? by a conic
polarity u(u) — U(u), p — P, a — A. This figure models also
H? xR [19]

a plane reflection does not exist in some 3-geometries (e.g. in Nil and SLoR).

We do not discuss here the differential geometry of the above 2-geometries, in general. We
know that S2, E2, H? are Riemann spaces with infinitesimal arc-length, vectors as differential
operators, of constant curvature and other invariants, etc. The standard method will be illustrated
in the next sections for Nil and Sol geometry in some details, as examples.

1.2 Projective method for 3-dimensional spaces

The machinery can be applied to model the classical 3-spaces S3, E?, H? on the projective
3-sphere PS?*(V*, V) (and for E* H? in P? C PS®) in the same way with less visuality,

G - slovensky Casopis pre geometriu a grafiku, rocnik 19 (2022), Cislo 37, s. 5 — 32 11
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but analogies and matrix (index) conventions can help. Let us introduce again the positive
equivalence in V* for non-zero vectors

X ~ cx with 0 < ¢ € R defines the same point X (x) of PS? : (1.21)

whose coordinates in x = x’e;, with respect to basis {e;} (i = 0,1,2,3), can be written in
matrix form

€0 U
1
e u
x = (2%2"2%2%) | ,|. Aform u= (" e' e €°)| ' (1.22)
e U2
€3 us3

in the dual space V4, again up to positive equivalence, describes an oriented plane (2-sphere) of
PS? with the dual basis {e’}, e;e! = §! (the Kronecker symbol) (i, j = 0,1, 2, 3). Equalities

0= (xiei)(ejuj) = xi(eiej)uj = xiéfuj = 2, (1.23)

express the incidence X T u. Formula (1.23) describes the set of varying points X (x) on the
fixed plane u(u), and at the same time, the set of planes u(w) incident to the fixed point X (x).
The projective transform 7 (T, T~ ") with inverse matrix pair (/) to T of V*and (/)1 ~ (1))
to T' of V4 — with respect to the dual basis pair {e;}, {e’}, as in formulas (1.8) — can be
described in matrix form. First for points it is:

t§ té t§ t§ e €y
ty t;y ty t e e
0,1 .2 .3 1 Y 1 ~ (20 21 .2 3 1 1.24
(% 2z, 2%, x7) R e W, v,y,9°) ey (1.24)
9 3 13 t3) \es €3

and for planes briefly €'7u;, ~ e'v;. This 7(T,T') preserves the incidence by 0 = (xu) =
(yv). These are, again up to positive equivalence, related to a coordinate simplex EyFE; FyEs
with the unit point F(e = ey + e; + e; + e3 and to e’e'e?e® with the unit plane e(e =
e’ + e + e’ + €3, where ¢! = (E;ELE;) with {0,1,2,3} = {i, j, k, [}, etc.

Spherical space geometry S will be defined with the additional polarity I7(,) or scalar product
(, ) in V4, with positive diagonal (7/) matrix, and we have e’ = €' = 7'/e;,

e’ 1 000 e
1

0 1 .2 .3 e | (0100 e

(eheehe) el =lo o1 0]|e (1.25)
83 00 01 €3

For Euclidean E? geometry and hyperbolic H? (Bolyai-Lobachevsky) geometry we indicate
only the corresponding 7/ matrices (i, j € {0, 1,2, 3}), respectively:

0000 -1 0 0 0
0100 0 100

3. 3.

B 00 10| H 0 010 (1.26)
0001 0 001

To other Thurston geometries we attach here Table 1 by [10], where additional and modified
information for transform groups are also indicated.
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Signature of

The group G = Isom X as

Space polarity I7(,) Domain of proper points a special collineation
X or scalar prod- of X in PS? (VA(R), V) group of PS?
uct (, yin Vy
S? (++ ++) PS? Coll PS? preserving I1(,)
H? (—+++) {(x) e P?: (x,x) <0} Coll P? preserving I1(,)
(——++) Universal covering of H := Coll PS? preserving 11(,)
SL:R with skew = {[x] € PS&? : (x,x) <0} and fibres with 4 parameters.
line fibering by fibering transformations
E’ 0+ ++) A3 = P3\ {w>} where Coll P2 preserving I1(,),
w® = (b"), b? =0 generated by plane reflections
0+ ++) G is generated by plane reflec-
S?xR with O-line A3\ {0} tions and sphere inversions,
bundle O is a fixed origin leaving invariant the O-
fibering concentric 2-spheres of I1(,)
0 —++) G is generated by plane reflec-
with O-line Ct={XeA: tions and hyperboloid inver-
H>xR bundle <04X> , OX ) < 0, half cone} sions, leaving invariant the
fibering by fibering O-concentric half-hyperboloids (Fig. 2)
in the half-cone C* by II(,)
(0 —++) AP =P3\ ¢ Coll. of A? preserving
Sol and parallel I1(,) and the
plane fibering fibering with 3 parameters
with an ideal plane ¢
Null-polarity I7(,) A3 =P3\ ¢ Coll. of A? preserving

Nil

with parallel
line bundle fibering
F with its polar
ideal plane ¢

II(,) with
4 parameters

Table 1. Thurston geometries each modelled on PS? by specified polarity
or scalar product and isometry group

2 Classical and linear model of Nil geometry, geodesic and translation

ball packings

2.1 On Classical model of Nil geometry

In this Section, as illustration, we summarize some significant notions and denotations (see e.g.
[2], [10], [11], [23], [25], [30], [31]).

Nil geometry is a homogeneous 3-space derived originally from the famous real matrix group
L(R), used by W. Heisenberg in his electro-magnetic studies. The Lie group theory with the
methods of projective geometry will describe this topic. Here we concentrate on geodesic curves
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and balls comparing with so-called translation curves and balls. The latter ones deserve special

interest also in SLoR and Sol geometry see [10], [12], [16] and the next Section 3.

The left (row-column) multiplication of Heisenberg matrices

1 =z =z 1 a ¢ 1 a+2 c+ab+z
01 y 01 b]=160 1 b+y (2.1
0 0 1 0 0 1 0 0 1

defines "translations” L(R) = {(z,y,z2) : z, y, z € R} on the points of Nil = {(a,b,¢) :
a, b, ¢ € R}. These translations are not commutative, in general. The matrices K(z) < L of
the form

K(z) >

o O =
O = O

z
0]+ (0,0,2) (2.2)
1

constitute the one parametric centre, i.e. each of its elements commutes with all elements of L.
The elements of K are called fibre translations. Nil geometry of the Heisenberg group can be
projectively (affinely) interpreted by the right translations™ on points as the matrix formula

1z y =z
01 00

(1;a,b,¢) = (1;a,b,¢) 00 1 z =(Lzx+a,y+bz+br+c) (2.3)
00 01

shows, according to (2.1). Here we consider L as projective collineation group with right actions
in homogeneous coordinates. We will use the Cartesian homogeneous coordinate simplex
Eo(eo), E°(e1), Es°(es), Es°(es), ({e;} € V* with the unit point E(e = ey +e; + e, +e3))
which is distinguished by an origin F and by the ideal points of coordinate axes, respectively.
Moreover, y = ¢x with 0 < ¢ € R (or ¢ € R\ {0}) defines a point (x) = (y) of the
projective 3-sphere PS? (or that of the projective space P* where opposite rays (x) and (—x)
are identified). The dual system {(e’)}, ({e'} C V) describes the simplex planes, especially
the plane at infinity (e°) = E°E°ES°. In general, v = u: defines a plane (u) = (v) of
PS3 (or that of P3). Thus 0 = xu = ywv defines the incidence of point (x) = (y) and plane
(u) = (v). Thus Nil can be visualized in the affine 3-space A? (so in E?) as well.

In this context E. Molnér [11] has derived by so-called pull back transform the well-known
infinitesimal arc-length-square, invariant under translations L at any point of Nil as follows

(dz)? + (dy)* + (—xdy + dz)? =

(do)” + (14 2)(dy)? — 2u(dy)(dz) + (d=)* =: (ds)? (24)

Hence we get the symmetric metric tensor field g on Nil by components g;;, furthermore its
inverse:

1 0 0 B 10 0
gj =0 1+2* —x|, ¢g7:=10 1 x
0 -z 1 0 z 1+2a? (2.5)
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The translation group L defined by formula (2.3) can be extended to a larger group G of
collineations, preserving the fibering, that will be equivalent to the (orientation preserving)
isometry group of Nil. In [11] E. Molnar has shown that a rotation trough angle w about the
z-axis at the origin, as isometry of Nil, keeping invariant the Riemann metric everywhere, will
be a quadratic mapping in x, y to z-image Z as follows:

r(O,w): (L;z,y,2) = (L,T,7,%);

T =1xcosw—ysinw, Yy = rsinw + Yy cosw, (2.6)

1 1
Z=z— éa:y + Z(xQ — y%) sin 2w + 5:53/ cos 2w.

This rotation formula, however, is conjugate by the quadratic mapping

1
M:ox—=2 =z y—y =y, z—>z':z—§xy to

1 0 0 0
0 cosw sinw 0
0 —sinw cosw 0
0 0 0 1

(]‘;'%./7y,7 Z/) —> (1;x/7y/7’z/> = (]‘;'I.”?y””z”)7 (2'7)

. 1
Wlth x?? _> I — 1,77’ y77 _> y — y”, 277 _) E — Z” _I_ 5'1"7 y”’
i.e. to the linear rotation formula. This quadratic conjugacy modifies the Nil translations in
(2.3), as well. This can also be characterized by the following important classification theorem.

Theorem 2.1 (E. Molnar [11] modified).

1. Any group of Nil isometries, containing a 3-dimensional translation lattice, is conjugate
by the quadratic mapping in (2.7) to an affine group of the affine (or Euclidean) space
A3 = E3 whose projection onto the (x,y) plane is an isometry group of E2. Such an affine
group preserves a plane — point null-polarity.

2. Of course, the involutive line reflection about the y axis
(L z, Yy, Z) — (17 —T,Y, _Z)a

preserving the Riemann metric, and its conjugates by the above isometries in 1 (those of
the identity component) are also Nil-isometries. There does not exist orientation reversing
Nil-isometry.

2.2 Geodesic curves

The geodesic curves of the Nil geometry are generally defined as having locally minimal arc
length between their any two (near enough) points. The equation systems of the parametrized
geodesic curves g(z(t),y(t), z(t)) in our model (now by (2.4)) can be determined by the Levy-
Civita theory of Riemann geometry. We can assume, that the starting point of a geodesic curve

is the origin because we can transform a curve into an arbitrary starting point by translation
2.1);

z(0) = y(0) =
2(0) = w; —

I

(0) =0; 2(0) =ccosa, y(0) =csina,
.

3
IN

«

IN
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The arc length parameter s is introduced by

T
s =V +w?-t, where w =sinf, ¢ = cosf, —— <0 < 5

ro | 3

i.e. unit velocity can be assumed. We get the equation system of a helix-like geodesic curve
g9(@(t), y(t), 2(t)) if 0 < |w| < 1:

x(t) = — Sl —- COS (— +a>, y(t) = — SIn — sin (— +Oz>,
w

w 2 2 2 2
z(t):wt-{1+ ? [<1_sin(2wt+2a)—sin2a)+
2w? 2wt 2.8)
sin(2wt) sin(wt 4+ 2a) —sin 2« '
(- I}
wt 2wt
c? sin(wt) 1 — cos(2wt)\ .
:wt.{1+2_w2[<1_ wt >+< wt )sm(wt+2a)}}.
In case w = 0 the geodesic curve is the following:
. 1 2 2 .
x(t) =c-tcosa, y(t) =c-tsina, z(t) = 3¢ t* cos asin a. (2.9)

The case |w| = 1is trivial: (x,y) = (0,0), z = w - t.

Definition 2.1. The distance d(P;, P») between points P, and P, is defined by the arc length of
geodesic curve from P; to P».

2.3 On linear model of Nil geometry

Now we equivalently and more briefly introduce Nil (see [2], [11]) by the help of null-polarity
I1(,) in A3 C P3. Here a distinguished point F' and its line bundle provide the fibre structure.
The polar plane ¢ I F' will be the ideal plane of A* = P3\ ¢. This structure will be the scene of
Nil geometry. The isometry group G of Nil consist of collineations of A?® preserving the null
polarity I1(,) given say, by

ei = Wijej with /% = —
e’ 0 0 0 1\ /e
1
01 .2 3 e.!] [0 0 =20 e (2.10)
(*) (8,6,6,6) *9 ez - 0 2 O O ey .
e’ -1 0 0 0/ \es

This antisymmetric matrix 7% of I1(,) guarantees that any pole u, = u = (u°

= ug, ut = —2uy,
u? = 2up,u® = —uy) is incident with its polar plane w(uq, u;,us, uz)?, as any circle plane

coincides with the centre of a circle.

The translations, rotations about the z-axis, and the horizontal line reflection in the z-axis

1 2y =z 1 0 0 0 1 0 O 0
_1 < -
010 12y , 0 cosa  sina 0 ’ 01 0 O 7 @2.11)
0 0 1 3T 0 —sina cosa 0 00 —1 0
0 0 O 1 0 0 0 1 00 0 -1
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respectively, are typical isometries of Nil. These preserve the null-polarity by the scheme (1.20).
Thus, they generate the complete isometry group of 4 parameters in Nil as specific collineations
of P3\ ¢ = A3. Here ¢ = (1,0,0,0)7 is the invariant ideal plane, whose pole F'(0, 0,0, 1) just
defines the fibre line bundle parallel to the z axis, as in the former classical interpretation.

As a benefit to the former interpretation, now it is more clear the role of the commutator
translation of 7y (1, y1, 21) and 75 (2, Yo, 22) as the following matrix product shows,

“1_—1
T 7y T172(0,0, 2192 — T2y1)

is a fibre translation, indeed.

The pull back of a the coordinate differentials (0, dz, dy, dz) at point (1, z, y, z) into the origin
(1,0,0,0)

1 —x —y -z
0 1 0 Iy 1
(0, dx,dy, dz) 2 = (0,dz,dy, =(dz -y — dy - ) + dz)
0 0 1 —iz 2
0 0 0 1

(2.12)

provides the arc-length-square, as the standard Riemann metric, invariant under all transforms
of (2.11):

(ds)? = (dr)? + (d9)* + [5(dz -y —dy 1) +dz] =

1 2
= (dr)* + (d0)*r? + |(dz — =r?d9)| =
2 (2.13)
1 0 0 dr
_ 2, 1.4 1.2
= (dr,df,dz) {0 7%+ ;7 5T do |,
0 —%7’2 1 dz

if we prefer cylinder coordinates (r, 6, z) by x = rcos 6, y = rsinf, z.

These lead, with a standard method, to a second order differential equation system. Our new
solution is copied here from [6] (improved).

r(s) = 2cot (v) sin(% sinv), 6(s) = %s sin (v) + u,

1
z(s) = ssin (v) — 5 cot? (v)(ssinv — sin(ssinv)), with initial conditions
r(0) =0, A(0) = 0, 2(0) = 0, #(0) = cosv, 6(0) =0, % = sinwv,

e T
where—7r<u<7rand—§§v§§.

(2.14)

This is much simpler than (2.8). Substituting into s the radius R, we get the equation of
geodesic sphere with longitude v and altitude v. As a benefit of this new interpretation we
discuss the so-called translation curves, which will be straight lines in this model of Nil, the
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curve [z(t),y(t), z(t)] whose tangent [Z(t),y(t), 2(¢)] will be translation of the starting tangent
(0) = u, y(0) = v, 2(0) = w in the origin x(0) = y(0) = z(0) = 0. In the matrix form

Lat) o) ()
(0.(0).9(0).(0) = Ouvw) [0 o] _ﬁg) , (2.15)
0 0 0 1

ie. #(t) = u, y(t) = v, 2(t) = w, yield x(t) = ut, y(t) = vt, z(t) = wt as desired, where the
unit velocity u? + v? + w? = 1 leads to arc-length parameter t = s.

The publications, [2], [11], [25], [26], [28], [31] contain surprising results in Nil geometry,
whose new visualization we are working on.

In the new linear model of Nil, translation ball (see next subsection) will be the same as the
Euclidean one, but only at the origin. The metric will be deformed in other points, so a unit

ball can be touched by 14 disjoint other unit balls (see [25] and [28], and Fig. 4). In E? this
’kissing” number is 12, only.

s /
- i/

- -f s
5 5

Fig. 3. Geodesic spheres in our original old model

2.4 Translation curves and balls in old model

We consider a Nil curve (1,x(t),y(t), z(t)) with a given starting tangent vector at the origin
O = Ey = (1,0,0,0)

u=x(0), v =1y(0), w= 2(0). (2.16)

For a translation curve let its tangent vector at the point (1, z(t), y(t), z(¢)) be defined by the
following equation:

z(t) y(t) =(t)

(0,4, v, w) A B CEON O (2.17)
0 1

o O O =

1
0
0
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Fig. 4. The densest lattice-like geodesic ball packing in Nil and its
Dirichlet-Voronoi cell in the linear model (with new congruent
geodesic balls) The density of the packing: §(R,p;) ~ 0.78084501

Thus, the translation curves in old Nil model (see [12], [16]) are defined by the above first order
differential equation system #(t) = wu, y(t) = v, 2(t) = v - z(t) + w, whose solution is the
following:

1
x(t) = ut, y(t) = vt, z(t) = §uvt2 + wt. (2.18)

We assume that the starting point of a translation curve is the origin, because we can transform a
curve into an arbitrary starting point by translation (2.3), moreover, unit initial velocity translation
can be assumed by the usual ’geographic” parameters ¢ and 6:

2(0) = y(0) = 2(0) = 0;
u=x(0) = cosfcosp, v=y(0)=cosbfsing, w=2(0)=sinb; (2.19)

T T
—mT < o< —— < h < =
T<gsm —5sPsg
Definition 2.2. The translation distance d'( Py, P») between points P, and P; is defined by the
arc length of the above translation curve from P; to P.

Definition 2.3. The sphere of radius > 0 with centre at the origin, (denoted by S5 (r)), with
the usual longitude and altitude parameters ¢ and 6, respectively by (2.11), is specified by the
following equations:

x(p,0) = rcos b cos ¢,
So(r) = 4 y(,0) = rcosfsing, (2.20)
z(¢,0) = = cos® 6 cos ¢ sin ¢ + rsin 0.

Definition 2.4. The body of the translation sphere of centre O and of radius 7 in the Nil space
is called translation ball, denoted by B (r), i.e. Q € B (r) iff 0 < d'(0,Q) < r.
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Remark 2.1. The translation sphere is a simply connected surface without selfintersection in
Nil space for any radius 0 < r € R.

We obtained in [28] the volume formula of the translation ball B}, (r) of radius r by (2.13) and
(2.21):

Theorem 2.2. The volume of a translation ball of radius r is the same as that of an Euclidean
one:

Vol(BY(r)) = %r?’w. (2.21)

The convexity of the translation ball play an important role in the discussion of the ball covering
therefore we recall the following Theorem from paper [28].

Theorem 2.3. A translation Nil ball B*(S*(r)) is convex in the affine-Euclidean sense in our
model if and only if € [0, 2].

2.5 The discrete translation group L(Z, k)

We consider the Nil translations defined in (2.1) and choose first two non-commuting translations

1t ¢ 6 1t 2
01 0 0 01 0 0

n=lg o 1 ¢ andmy = | o il (2.22)
00 0 1 00 0 1

now with upper indices for the coordinate variables. Second, we define the translation (73)*, (k
€ N k is fixed natural exponent), by the following commutator:

—th2 12\ "

, andsoTy (k=1) (2.23)

is also defined. If we take integers as coefficients for 71, 75, 73, then we generate the discrete
group (71, T2, 73), denoted by L(7y, 72, k) or by L(Z, k). Here Z refers to the integers.

We know (see e.g. [23] and [25]) that the orbit space Nil/L(Z, k) is a compact manifold, i.e. a
Nil space form.

Definition 2.5. The Nil point lattice I'p (71, 72, k) is a discrete orbit of point P in the Nil space
under group L(7y, 72, k)= L(Z, k) with an arbitrary starting point P for every fixed k& € N.

Remark 2.2. For simplicity we have chosen the origin as starting point, by the homogeneity of
Nil.

Remark 2.3. We may assume in the following that t? = 0, i.e. the image of the origin by the
translation 7, lies on the plane [z, z].
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z

Fig. 5. The Nil parallelepipeds 5-:(1/) (left) and ]/-:(_2/) (right)

We consider by (2.22-24) a fundamental “parallelepiped complex™

—_~—

F(k) = OTNToT5T15T5 To3To13T 3, (see Fig. 5 for k € N also later on)

in the Euclidean sense, which is determined by translations 7y, 75, 73. The images of ]/-"?k/)
under L(Z, k) fill Nil without gap. Overlaps occur only on the boundary. Analogously to the

Euclidean integer lattice and parallelepiped, F (k) (k € N) can be called a Nil parallelepiped,
endowed by face pairing, as the upper ~ hints to it.

F(k) is a fundamental domain of L(Z, k). We need its volume. The homogeneous coordinates

of the vertices of (k) can be determined in our affine model by the translations (2.22-24) with
parameters ¢/, i € {1,2}, j € {1,2,3} (see (2.25) and Fig. 5).

tit3
T (1 t%vo t3) (]‘ t27t§7t3) T3(1 O O L )
1 tth 3 1 1 42 43 3
it '
T21(]-7 t% + t;7t37 t%t% + tzls +1 ) T23(1 t27 t%a tg + T)
tty
Toiz = Tz (1,11 + ty, 3, (k + 1)12 2 + t3 +t3).

In [25] we standardly determined the volume of the Nil parallelepiped f(\l/) Analogously we
get the volume formula of F (k) (k € IN) by the usual method:

/ 12 (t1-8)° tZ)
det(g;;) dedydz = Vol |t 5| dedy = )

(2.25)

If parameter k is given, from this formula it can be seen that the volume of a Nil parallelepiped
depends on two parameters, i.e. on its projection into the [z, y| plane.
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2.6 Translation-like bisector surfaces

Our further goals are to examine and visualize the Dirichlet-Voronoi cells and the packing and
covering problems of Nil geometry. In order to study the above questions we have to determine
the “faces” of the D — V' cells that are parts of bisector (or equidistant) surfaces of given point
pairs. The definition below comes naturally:

Definition 2.6. The equidistant surface Sp, p, of two arbitrary points P, P, € Nil consists of
all points P’ € Nil, for which d*(Py, P') = d'(P', P,).

It can be assumed by the homogeneity of INil that the starting point of a given translation curve
segment is £y = P; = (1,0,0,0) and the other endpoint will be given by its homogeneous
coordinates P, = (1, a, b, c). We consider the translation curve segment ¢ p, p, and determine its
parameters (¢, 0, ) expressed by the real coordinates a, b, c of P, (see [28] and [31]).

In order to determine the translation-like bisector surface Sp p,(r,y,z) of two given point
Ey = P, = (1,0,0,0) and P, = (1,a,b,c) we define the translation T'p, as elements of the
isometry group of Nil, that maps the origin E, onto P (see Fig. 6.).

This isometrie T p, and its inverse (up to a positive determinant factor) can be given by:

1 a b c 1 —a —b ab—c
lo1o0o0 I R S
Tn=loo1al" ™ |0 0 1 - | (2:26)
00 01 0 0 O 1
and the images T, (P;) of points P; (i € {1,2, 3}) are the following (see also Fig. 6):
Ty, (P = Fo) = P{' = (1,—a,=b,ab = ¢), Ty, (P) = Eo = (1,0,0,0),
Ty (Ps) =P =(1,(z —a),(y—b),alb —y) —c).
2.27)

It is clear that P3 = (1, xr,Y, Z) € Sp1p2 iff dt(Pl, Pg) = dt(Pg, PQ) = dt(Pl, Pg) = dt(Eo, P32)
where P§ = Ty (P3).

This method leads to the equations of the equidistant surface Sp p,(x,y,z) of two points
P, =(1,0,0,0) and P, = (1,a,b, c) in Nil space (see Fig. 6 and [31]):

Fig. 6. Translation-like bisectors (equidistant surfaces) of some point pairs (P, P»)
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2.7 Lattice-like translation ball packings

Let BL(r) denote a translation ball packing of Nil space with balls B*(r) of radius r where their
centres give rise to a INil point lattice I'(7, 7, k). ]/-"Z_k/) o 1s an arbitrary Nil parallelepiped at
the origin of this lattice. The images of F (k)o by our discrete translation group L(7, 79, k)
covers Nil without open overlap. For the density of the packing it is sufficient to relate the
volume of the optimal ball to that of the solid ]% o- Analogously to the Euclidean case it can
be defined the density §(r, 71, 7, k) of the lattice-like translation ball packing Bk (r, k):

Definition 2.7.

5(r, 71,72, k) 1= Vol(Br(r) O F(k)o) (2.28)

Vol(F(k),)

if the balls do not overlap each other.

Remark 2.4. By definition of the Nil lattice L(7, 72, k) (see Definition 2.5) the orbit space
Nil/L(r, 79, k) is a compact INil manifold, and (see Section 2.1),

—_~—

Vol(BL(r) N F(k),) = Vol(B'(S'(r))).

2.8 On the optimal lattice-like translation ball packing

We consider an arbitrary point lattice I'o (71, 72, k) in Nil with starting point O.

First we introduce our final optimal arrangement B5(r) of translation balls B'(r), (see Fig. 7)
where the following equations hold:

(CL) k= 17 dt(OaTS) = 2T7
(b) The ball B(r) touches the balls B, (r) and Bf, (r)

) ,
¢) The ball By, (r) touches the balls By, (r) and B, (r)
)

: (2.29)
(d) The ball Bf, (r) touches the ball B, (r).

These assumptions exclude the overlap of any two balls by the lattice structure. The complete
Nil symmetry group of the above optimal packing has already been described as well in [12].

Here d' is the translation distance function in Nil. By continuity of the distance function, it
follows that there is a (unique) solution for ¢} and 7.

We have denoted by Bh(ry) this translation ball packing of the balls B'(r,;). We get the
following solution by systematic approximation, where the computations were carried out by
Maple V Release 10 up to 30 decimals:

t3
tr? a2 1.31225131; 79 = 53; ty? ~ 0.65612565;
12 2 1.13644207; £3 & 1.11847408; (2.30)
rq /= 0.74564939, t3% = 2r,.

Here index d refers to the densest packing. This translation ball packing can be realized in Nil
because a ball of radius 74 is convex in affine sense and this packing can be generated by the
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Fig. 7. The optimal lattice-like translation ball packing in INil space

translations T'(7, 7/, 7¢, 1). Thus we obtain the neigbouring balls around an arbitrary ball of
the packing B, the kissing number of the balls is 14. Fig. 7 shows the typical arrangement of
some balls from B} (r4) in our model. We get ball ”columns” in z-direction and a "hexagonal”
lattice projection in [z, y|-plane.

By formulas (2.21), (2.25) and by Definition 2.7 we can compute the density of this ball packing:

—~—d

Vol(F(1),) ~ 2.22397203, Vol(B:") ~ 1.73657124,

(2.31)
6% ~ 0.78084221

Theorem 2.4. The ball arrangement B¢ given in formulas (2.29-30) provides the densest lattice-
like translation ball packing in Nil space if € (0,74], & € N.

We have denoted the density of the densest translation ball arrangement By by §7”*. We can
admire the estimate of L. FEJES TOTH [4], [28] in the next

Theorem 2.5. If r € [r,,00) and k € N, then

4m

3esin % ( tan? 72% tan? g—: — 1)

Sk < 5P <

(2.32)

where f = 14, v = 24, e = 36.
Remark 2.5. 1. §¢ ~ 0.78084221 < (5{1’” < 0.78889440.

2. There are Euclidean polyhedra containing unit sphere with parameters f= 14, v =24,
e = 36, where

P

5.30969695 < Vol (F(k),) < 5.36445154

Corollary 2.1. In cases if the number of the faces of the parallelohedron P (k) is less than 14 then
from the above formula (4.7) follows that /' > 16.255054 = Vol(P(k)y) > 5.418351231 =
§(r, 71,70, k) < 0% &~ 0.78084221. OJ
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Corollary 2.2. The kissing number of a ball packing in the Nil space is less than or equal to 14
and the equality is realizable only at ball arrangement B¢ given in formulas (1.29-30).

Conjecture 2.1. The ball arrangement B¢ given in formulas (2.29-30) provides the densest
translation ball packing in Nil space.

3 Sol geometry, translation curves, spheres, balls and ball packings

Sol is an affine metric geometry of projective metric signature (0, —, +, +) (see Table 1), again
with

e’ 0 0 00 ey
1
0 1 2 3 (] . O _1 0 0 el
(eheehe) el =lo 0 1 0]]e (-1
93 0 0 0 1 €3

Sol is derived by an affine Lie transform group with right action on points (a,b,c) or in
homogeneous coordinates

1 =z y =z
0 e? 0 0 N .

(1;a,b,¢) — (1;a,b,¢) 0 0 & 0 = (Liz+ae* y+be* z+c). (3.2)
0O 0 0 1

The invariant arc-length-square is usually derived by pull-back with inverse of (3.2). Here we
only remark that the geodesic lines are not elementarily integrable curves. But the later Sol
translation curves are elementary, as an essential benefit. We refer to [13], [26] for more details.

(ds)? = (dz)%e* + (dy)’e * + (dz)*. (3.3)

Then the complete isometry group of Sol can be defined by extending the above translations
with a finite linear stabilizer subgroup G of the origin which leaves invariant the quadratic
differential form (3.3). We have two generators for this G¢. First, symbolically, then in (3.2)-type
matrix form. These involutive (involutory) two isometries are the following:

y <> —y reflection in the plane (z, z); and x <+ y z <> —z half-turn about bisector line of axes

x and y, or

(1 0 0 O\ (1 0 \

01 0 O 0 0

0O 0 -1 01’ 0 01’ (3.4)
\0 0 0 1/ \O -1

respectively. That means Gy = D, is a discrete dihedral group of 8 elements. Its cyclic
subgroup C, of order 4 is generated by the product of the former two generators in (3.4), a
so-called rotatory reflection

O = O O
OO = O

1 0 0 0 1 0 0 0
0 0 1 0 0 -1 1 0
0 0 0 -1 0 0 0 1
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by a usual half turn about the z-axis, defines also a typical stabilizer of second order. In
analogy to Euclidean geometry E3, we can define a discrete lattice T'(7(, 72, 73), generated by
two commuting horizontal translations

1 1

e e
T = (t%,t%,()) e’ , T2 1= (t%at;O) e’ ) and by
el e’
S 7 S (3.6)
0 e 0 0
= (L 12 13 :
73 ( 3543y 3)7 Or 73 0 0 etg 0
0O 0 0 1

The third one is, in more exact (3.2)-type matrix form with non-zero vertical component

N+ +VN?—4
t3 = log (%), where N :=p+ 5 > 2, (3.7)

by the next “strange-nice” Theorem 3.1 (see also Fig. 8.). This /V is a natural parameter fixed
for a lattice I'(7y, 72, 73) above. All these are essentially related with the commutator relations
in the characterizing

Theorem 3.1. ([13], [23]) Each lattice I'(7y, 7o, 73) of Sol has a group presentation

_ _ . 1 o -1 o T 1 o T
=I(®) = {7'1,7'2,7'3 =1 =1, 15 iy =n®, 73 Toms = ® },

where ® :(f CS]> € SLyZ with tr(®) =: p+s > 2, ps — qr = 1, such that the above matrix

t 2 :
1 2] =T € GLyR satisfies
ty 1t

1 e_tg 0
Ter= (0 (3.8)

that is just a hyperbolic mapping in the Minkowski base plane M? (Fig. 8), however now by
(3.3), fixed by the component ¢; by (3.7) in 73 above. []

This is a very concise characterization that has some consequences.

a. Sol has Minkowski base planes (of special relativity but by (5.3)), depending on a natural
parameter N by (3.7) and Theorem 3.1.

b. For the Minkowski base lattice (71, 7) by 7" above we have some freedom in choosing
71 (t].t%) but then

ty N-2p-VN?’—4 8 N-2p+vN2—4

= = = 39
t 2q T2 2q (39)

determine 7 (¢}, 12) by (N, p, q) in Theorem 3.1.
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Fig. 8. A fundamental lattice of Sol for N = 3 of fundamental
“parallelepiped” with continuous translation from

(OPQP’) — (OPQP")™

c. The number theoretical form of /V tells us the possibilities for stabilizer symmetry group
Gy of I'(7y, 12, 73) together with
(t3,13) = (0,0) mod(7y, 7»), as main case I, or

3.10
(t3,13) 7 (0,0) mod(7y, 75) main case IL (3.10)

d. We can define affine equivalence of lattices I'( NV, p, q), with finitely many affine types for
given N, but we prefer a seemingly coarser algorithmic equivalence into so-called Bravais
types [13] in

Theorem 3.2. The lattices in the above main cases [ and /7, for fixed natural parameter
2 < N € Z, form at most 17 (seventeen) Bravais types in Sol space. [

This is in analogy to the 14 Bravais types of the Euclidean lattices in E3. N = 6 is the smallest
natural number for that all Bravais types are realizable.

For example, the so called fundamental lattices, with

P q 0 1
(T S) = (_1 N> (t3,13) = (0,0) mod(ry, 75) (3.11)
by (3.9), belong to type /1 of primitive monoclinic lattice with point group Gy = Cs by (3.5),
see also Fig. 11 for N = 3. To these fundamental lattices we make some remarks.

Remark 3.1. The orbit space Sol/I", with lattice I" above by (3.11) and Theorem 3.1. (just in
Euclidean analogy), defines a Sol space form series M y with fundamental group by (3.8) and
presentation

1

. _ —1_-1 _ -1 -1 _ _—-1_-1 N
FN:{Tl,TQ,Tg . 1—7'1 Ty 7'17'2—7'3 T173To —T3 To T3Ty 7'1}.

Then, by expressing 75 = 73 '7y73 and changing to notations 71 =: z and 73 := y we get a
2-generator fundamental group with presentation

I'y = {x,y cayr ty e lyay T =1 = ymy_%yx_N}. (3.12)
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Fig. 9. The densest translation ball packing by fundamental lattices of Bravais
type I/1 in Sol space N = 4 (see [26])

In the joint work [3] we gave some topological characterizations of these space forms My
which can wear Sol metrics by (3.3) with “tetrahedron” fundamental domains. [

3.1 Translation-like bisector surfaces

One of our further goals is to examine and visualize the Dirichlet-Voronoi cells of Sol geometry.
In order to get D-V cells we have to determine its “faces” that are parts of bisector (or equidistant)
surfaces of given point pairs. The definition below comes naturally:

Definition 3.1. The equidistant surface Sp, p, of two arbitrary points P, P € Sol consists of
all points P’ € Sol, for which d'(Py, P') = d'(P', P,).

It can be assumed by the homogeneity of Sol that the starting point of a given translation
curve segment is £y = P; = (1,0,0,0). The other endpoint will be given by its homogeneous
coordinates P, = (1, a,b,c). We consider the translation curve segment tp, p, and we could
determine its parameters (¢, 0, t) expressed by the real coordinates a, b, ¢ of P, using the equation
system (3.12) (see [22]). In order to determine the translation-like bisector surface Sp, p,(x,y, )
of two given point Ey = P, = (1,0,0,0) and P, = (1,a,b,c) we define translation T p, as
elements of the isometry group of Sol, that maps the origin Ey onto P (see Fig. 2), moreover let
P; = (1,z,y, z) a point in Sol space.
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Fig. 10. Translation-like bisector (equidistant surface) with P; = (1,0, 0,0)
and P, = (1,—1,1,1/2).

This isometry T p, and its inverse (up to a positive determinant factor) can be given by:

1 a b ¢ 1 —ae® —be ¢ —c

|0 e 0 0 o e 0 0
Te=log o ol ™= |0 0 o o (.13)

0O 0 0 1 0 0 0 1

and the images T, (P;) of points P; (i € {1,2, 3}) are the following:

Tp. (P = Ey) = PP = (1, —ae®, —be™¢, —c), T (P2) = Ey = (1,0,0,0),
Ty (Ps) = P} = (1,(z —a)e’, (y — b)e %, (2 — ¢).
(3.14)
It is clear that Py = (1, 2,9, 2) € Sp,p, iff d'(Py, P3) = d'(Ps, P,) = d'(Py, P3) = d'(Ey, P3)
where P = T} (Ps).
This method leads to

Lemma 3.1. The implicit equation of the equidistant surface Sp, p,(, y, z) of two points
P, =(1,0,0,0) and P, = (1, a,b, c) in Sol space (see Fig. 10):

. ¢c#0
. |C_ Z| 2n2(c+2) c 22 P A—
z#0,c : P (a — )% + (ec—e*)24+ (b—y)? =
_ || VaZe + (e — 1) + 2,
o~ 1]
z=c : \/(r—a)2e + (y — b)2e 2 = %\/zﬁezz—k(ez— 1)2 + 42,
e* —
SO Vg are (e = 1P+ -y = Vo + 2,

(3.15)
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2.¢=0
R = (O CE R
= |ezlz_| 1] Ve + (e — 1)2 + 42 & e*ala — 22) + b(b — 2y) = 0,
a’ +b?
2=0:V(@—a?+y—b?=+a2>+y2 = za+yb— 9 O

(3.16)

Fig. 11. Translation-like Dirichlet-Voronoi cell centred at the origin related to
a type of fundamental lattices

4 Conclusion

In the 8 homogeneous Thurston geometries (Table 1) one can introduce translations, mapping any
point onto any other point. Then arc-length-square and Riemann metric can be introduced by pull
back transform. Consider a unit tangent vector at an arbitrarily distinguished origin Translations
carry this vector to a tangent vector any other point. If a curve t — (x(t), y(t), z(t)) has just the
translated vector as its tangent vector at each point, then the curve is called a translation curve.
This assumption leads to a system of first order differential equations. Thus translation curves

are simpler than geodesics and differ from them in Nil, S/L;I/{ and Sol geometries.

In E3, S3, H3, S2 xR and H? x R geometries, the translation and geodesic curves coincide

with each other. But in Nil, SLyR and Sol spaces, translation curves are more natural than
geodesics in many aspects.

In our opinion, translational distances play just as important a role in the three Thurston ge-
ometries as geodetic distances. As we have indicated here and in the References, the same
problems can be interesting for both type concept. The differences and analogies give rise newer
interesting questions.

The authors thank the Chief Editor Professor Daniela Velichova for the kind invitation to
publishing this paper in the Journal of great tradition, G - Slovensky Casopis pre Geometriu a
Grafiku with the Best Wishes to the Staff of the Journal.
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Objavia sa Euklidove Zaklady
(konecne v slovencine)
na kniznicnom trhu v roku 20227

Zita Sklenarikova

Abstrakt

Vynimoc¢na a uz dlhsie o¢akavana publikacia
prekladu Euklidovych Zdkladov mala vyjst
na jesen 2021 vo vydavatel'stve Perfekt a. s.
Dielo je vysledkom viacrocnej prace
profesora Jana Cizméra, PhD. na preklade
originalneho textu, ako aj na vypracovani
komentarov, ktoré su neoddeliteI'nou ¢ast’ou
diela tym, Ze vyznamne ulahcuju
pochopenie textu v dneSnom vyklade
(hlavne pokial ide o terminologiu).

Ide 0 najvyznamnejSie dielo staroveke;j
matematiky, ktoré okolo roku 300 pred n. 1.
vytvoril grécky ucenec Euklides posobiaci
vo vrcholnej vedecko-umeleckej institacii
Museion v Egyptskej Alexandrii.

Dielo je prvou historicky uspeSnou
realizaciou Aristotelovej koncepcie
vystavby vedeckej tedrie Specidlnej vedy. Je
systematickym zachytenim celej sudobej
vedeckej matematiky spracovanej
axiomaticko-deduktivnou metddou.

Kracové slova: Euklidove Zdklady,
axiomaticko-deduktivna metoda vystavby
vedeckej tedrie

1 Prefazione

Abstract

An exceptional and a long time expected
translation of the Euclid’s Elements was to
be published last autumn by the publishing
house Perfekt, a. s. The translation and the
commentaries were elaborated by professor
Jan Cizméar who spent several years on the
preparation of this work. The commentaries
represent an indispensable component of the
complete translation as they significantly
facilitate understanding of the original text in
today’s terminological explanation.

The Elements are the most famous and
significant work of the ancient mathematics
composed about 300 BC by Greek scholar
Euclid — a notable scientist, teacher and
author in the top scientific-artistic institution
Museion in Egyptian Alexandria.

The work is the first historically successful
completion of the Aristotelian concept of
a scientific theory in a particular science. It
provides a systematic survey of all
contemporary scientific mathematics treated
by the axiomatic-deductive method.

Keywords: Euclid’s Elements, axiomatic-
deductive method

Vratim sa eite (nie samotidelne) ku knihe Dejiny matematiky napisanej profesorom Cizmarom,
ktora vysla dvakrat (prvé vydanie r. 2017, druhé r. 2020) a zozala mimoriadny Uspech. Inak to
ani nemohlo byt’ — profesora Cizméra zdobila vzdy mudrost’, korektnost’, skromnost’, prajnost’

a predovSetkym nesmierna pracovitost’.

Z mdjho pohl'adu bolo prepisovanie Zakladov do elektronickej podoby ovel'a naro¢nejsie, ako
to bolo v praci na Dejinach matematiky. Dejiny matematiky pre mna boli vel'mi zaujimavou
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historiou. Este stale po nich siaham, teraz hlavne v stvislosti so zdvereCnymi pracami nad
Euklidovymi Zdkladmi. Preto by som potencialnym citatelom Zdkladov rada poradila, ze by
bolo vel'mi uzito¢né (este pred ¢itanim prvych riadkov diela) vopred sa oboznamit’ s Groviiou
matematického poznania v antickom Grécku v ¢ase Euklidovho pdsobenia v Museione, aj so
vSetkymi vysledkami, ktoré dosiahli vyznamni grécki matematici v ibnskom obdobi (cca 600
rokov p. n. . — 450 rokov p. n. l.) a v aténskom obdobi (cca 450 rokov p. n. 1. — 300 rokov p. n.
1.). Vsetko toto mozno najst’ vo Stvrtej kapitole spomenutych Dejin matematiky s nazvom
,,Matematika v starovekom Grécku a helenistickom svete.*

Priznam sa, Ze tato praca bola mojou prvou skusenost'ou s plnym prekladom Zdkladov. Vedela
som, ze forma jazyka Zdkladov je rétoricka, zna¢ne vzdialena od dnesnej terminologie. Napriek
tomu som neocakavala taka zéplavu ,,definicii* temer v kazdej knihe Zdkladov. Formulacie
uloh si vyzadovali dokonalé poznanie definicii; udrzat’ si vSetky v hlave na jedno precitanie
bolo neredlne! Navrat k definiciam tak spdsoboval isté, i ked’ nie velké zdrzanie.

Druhym problémom bola nerozvinutd symbolika (temer Ziadna). Jedinymi symbolmi boli
pismena zviacsa vel'kej abecedy pre vsetky zakladné utvary (body, priamky, roviny; priamky
niekedy oznacené ako Usecky dvoma krajnymi bodmi, inokedy len jednym krajnym bodom.
U citatel'ov to nemoze vyvolat’ ziaden zmitok, lebo zadanie kazdej ulohy je ilustrované vel'mi
zrozumite'nym obrazkom. To, €o robilo problémy mne, bola skutocnost’, Ze v zapise rieSenia
ulohy sa to ,,hemzilo* oznaceniami temer v kazdom riadku. Nuz, a ked’ sedenie za pocitaom
presiahlo dobrych par hodin, zakonite som od Unavy preskocila zopar riadkov v texte, ktory
som prepisovala z rukopisu prekladatela. O opravach ani nejdem hovorit’; uz veru neviem,
kolkokrat som vSetko precitala! A to eSte nie je koniec, cakd nds oboch este jedno (dufam
posledné¢) Citanie.

Prva kniha Zdkladov bola napisana v ¢ase prezentacie Dejin matematiky v roku 2017. Profesor
Cizmar mal davno predtym premyslent koncepciu prekladu Zdakladov, aj tvorbu komentarov.
Velmi ho trapilo, ze Slovensko je jednou z mala krajin, ktoré nemaju eSte prelozené toto
jedinecné dielo svetového vyznamu. Preto som sa rozhodla dokumentovat’ to nasledujucim
vynatkom, ktory som nasla v knihe profesorky Martiny Bec¢varovej Eukleidovy Zdklady, jejich
vydani a pteklady (D¢&jiny matematiky, svazek 20, Prometeus Praha, 2002).

V texte uvediem len tie preklady, ktoré vznikli po uverejneni novej gréckej edicie Zakladov
Johana Ludviga Heiberga (1854 — 1928) v rokoch 1883 az 1888. Heibergova edicia zhrnula
vSetky dostupné poznatky o Euklidovych Zdkladoch a stala sa ich prvou kritickou verziou,
z ktorej vychadzali vSetky d’alSie moderné preklady. Reprint tohto slavneho diela vychadzal
v Lipsku v rokoch 1969 — 1977. V Europe — a nielen — nastal boom prekladov Euklidovych
Zakladov do narodnych jazykov. Zatial’ drzi Slovensko vel'mi zahanbujuce — posledné miesto
v rebricku narodnych prekladov Zdkladov (ziaden preklad). Verim, Zze to uz o par mesiacov
pravda nebude (ak nas, znovu, nezasiahne nejakd nova pohroma!) a budeme sa vSetci tesit
Z prezentacie tohto vynimocného diela v slovencine! (Nova pohroma! ... A to som este o vojne
na Ukrajine ani nechyrovala ...)

Johan Ludvig Heiberg (1854 — 1928)

J. L. Heiberg bol slavny dansky klasicky filolog, ktory bol jednym z najvacsich svetovych
odbornikov na starogrécku matematiku. V rokoch 1896 — 1925 prednasal gréctinu na kodanske;j
univerzite, v r. 1880 — 1881 vydal tri zviazky Archimedovych prac, druhé vydanie v r. (1910 —
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1915) a dva zvizky Apolloniovych prac (r. 1891 — 1893). V r. (1883 — 1888) vydal novu grécku
ediciu Zdkladov. Novsiu, tzv. kriticku verziu Euklidovych Zakladov zostavil na zéklade stadia
vacsiny zachovanych gréckych rukopisov. Reprint vychadzal v Lipsku v rokoch (1969 — 1977)
a z neho vychadzali temer vSetky preklady do narodnych jazykov.

Talianske preklady: G. Vacca (1916, Florencia), 1. kniha), preklad z gréctiny; F. Enriques,
(1925 - 1936), (knihy | — IV Rim; knihy V — IX, kniha X, Bologna); najnovsi taliansky preklad
je od autorov A. Frajese, L. Maccioni (1970, Turin).

Anglické preklady: G. Phillips, eSte Student (1826, Cambridge — podl'a Peyrardovej verzie),
knihy I — XII; T. L. Heath (1908 — 1920, Cambridge), knihy I — XIII, trojzvdzkové dielo podl'a
Heibergovej kritickej verzie. Heath bol najva¢sim anglickym znalcom gréckej matematiky.
Jeho preklad sa stal vzorom pre vSetky neskorSie edicie Zdkladov v anglictine.

Obr. 1. Euklides (jeden z hypotetickych portrétov)

Nemecke preklady: E. S. Unger, (1833, Viedeil) — tato verzia prekonala vSetky predchadzajuce
nemecké vydania; J. F. Lorenze (1860, Halle), Osem geometrickych knih; M. Simon (1901,
Lipsko), 6 knih — prvé nemecké vydanie prelozené z Heibergovej kritickej verzie; Clemence
Thaer (1933 — 1937, Lipsko). Kompletny nemecky preklad trinastich knih Zakladov, ktory
vychadza z Heibergovej kritickej verzie.

Francuzske preklady: J. Ttard, (1961), knihy VII. az IX., J. G. Kajas (1978), knihy I, Il vo verzii
grécko-francuzskej. Kompletny preklad eSte doneddvna chybal. Najnovsiu francuzsku ediciu
Zakladov vydéava B. Vitrac v edicii kniznice Dejin vedy v Parizi (podl'a Heibergovej kriticke;j
verzie.

Ruské preklady: V Rusku si ziskali najvacsiu obl'ubu nemecké a franctizske preklady Zakladov.
Nové ruské preklady sa objavili po preklade Heibergovej kritickej verzie v dvadsiatom storoci.
Najlepsim ruskym vydanim Zdkladov je trojzvizkové, bohato komentované vydanie D. D.
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Morduchaja-Boltovského (1876 — 1952), ktor¢ je prekladom Heibergovej kritickej verzie. (Prvy
diel, 1948 — kniha | — VI, druhy diel, 1949 — kniha VII — X, treti diel 1950 — kniha XI — XV).

Danske preklady: V r. 1803 vydal H. C. Linderup preklad prvych Siestich knih Zakladov.
V rokoch 1897 — 1912 boli postupne nahradené kompletnym prekladom kritickej Heibergovej
verzie Thyrom Eibem.

Svédske preklady: V 19. storodi sa objavil vel’ky pocet prekladov Zakladov do §véd&iny. V roku
1814 vydal C. L. Lithander preklad 6smich geometrickych knih; v r. 1836 sa v preklade H.
Falka objavilo vydanie prvych Siestich knih; v r. 1844 vyslo prvych 6 knih, toto vydanie sa v I.
1859 doplnilo o preklad knih XI a XII. V 19. storo¢i vyslo niekol’ko verzii niektorych knih
Zakladov upravenych pre potreby Studentov strednych a vysokych skol.

Pol’ské preklady: V r. 1911 prelozil W. Arway prvu knihu Zdkladov z Heibergovej kritickej
verzie. Kompletny preklad Euklida v 20. storo¢i v Pol'sku nevysiel.

Madarske preklady: V r. 1856 prelozil S. Brassai vSetkych 13 knih Zakladov do mad’ar¢iny.
V rokoch 1903 — 1905 vydal A. Baumgartner preklad prvych 6 knih z Heibergovej kritickej
verzie. V r. 1983 vydali novy mad’arsky preklad podl'a Heibergovej kritickej verzie G. Mayer
a A. Szabd.

Rumunsky preklad: V. Marian — prelozené v r. 1939 — 1941 (bez zmienky o knihach).
Srbské preklady: A. Bilimovich — prelozené v r. 1949 — 1953 (bez zmienky o knihach).
Japonsky preklad: Ito, Ikeda — prelozené v r. 1961 (bez zmienky o knihach).

Grécky preklad: J. L. Heiberg, 1969 — 1977 (reprint).

Nezmienila som sa o prekladoch do ¢estiny. Myslim, ze autor diela im venoval pomerne dost’
priestoru v Doslove za komentarmi prekladu; podrobné informacie mozno okrem toho ziskat’
priamo v zozname Literatury [4]; [4,1] — [4.5], kde Citatel' najde autora prekladu, zaznam
prelozenych knih a roky prekladov.

2 Intermezzo

Uz oddavna mam doma vel'mi puatavi knizku o osudoch Omara Chajjama (1048 — 1131),
skvelého matematika a astronéma z Nisapuru (Chorasam, Cast’ historickej Perzie, dnesny
severovychodny Iran), jedného z najvyznamnejSich komentatorov Euklidovych Zdkladov, i
tedrie rovnobeziek. Knihu napisal Javdat Iljasov pod ndzvom Zaklinac hadov, vysla v edicii
osudy slavnych vo vydavatel'stve Tatran r. 1982. Prelozila E. Linzbothova, verSe prebasnil L.
Feldek (z ruského originalu Zaklinatel’ zmej). Z tirdZze vyberam:

Pribeh o tazkom osude,

uspechoch a neuspechoch,

samopasného Sejka, basnika, ucenca,

neporovnatelného

ABU'L FATHA OMARA CHAJJAMA NISAPURSKEHO

Nech sa ho nedotknt zI¢ jazyky nepriatel'ov a priatel’ov.
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Je ohen priatel’ alebo nepriatel’ ? V kozube a v lampe, v pastierskej vatre, v zeleznej piecke cez
zimu je priatel. Na streche domu, v drevarni, na dozretom obilnom poli je vrah. V rukach
dobrého ¢loveka ohen znamena zivot, v rukach zlého — smrt’. Hlavné je, v €ich je rukach. Prave
tak je to aj s gramotnost'ou. Vzdelanie je dobré, kto by o tom pochyboval? Ale jeden pise
vedecky traktat, uzitocné ponaucenie, verse o laske, druhy — klebetu, udanie ... No kde je ohen,
pre¢o ho uz nenesu? Aha, hen pri vchode vzbikla ZIta Ziara. Zatial’ si pripomenieme nie¢o
z Euklida, pit’ zakladnych nazorov k piatemu postulatu. Nuz teda, pat vSeobecnych zdsad
0 porovnani veli¢in.

Veliciny, ktoré¢ sa rovnaju tej istej veliCine, su si navzajom rovné.
Ak k rovnakym veli¢inam pripo¢itame rovnaké veli¢iny, aj vysledky budu rovnaké.
Ak od rovnakych veli¢in odpocitame rovnaké veli¢iny, aj zvysky budu rovnaké.

Navzajom totozné veli¢iny sa rovnaju.

ok~ w e

Celok je viac ako cast.

Vsetko sa zda nesporné. Lenze ... aka bezkridla je tato geometria! Boji sa vzletu, necakanej
krivky, nepredvidaného pohybu! Vsetko je v nej tak vysuSujlico spravne, Ze nezostdva miesto
na hl'adanie, na odvaznu pracu rozumu. Niet vybocenia, prudkého osvietenia! Je to geometria
kruzidla a pravitka! A pomocou nich, ako sa Omar presvedcil pri svojich rovniciach, sa neda
vyriesit kazda uloha. Ved’ priestor nemdze pozostavat zo samych vycivenych rovin...

Naozaj je Euklides taky nevyvratitelny? Omar narysoval v duchu zretelnt ¢iaru k nesmierne
vzdialenej modrej Vege. A vedl'a nej druht. A predizil ich d’alej, do nekoneéna. Ci azda v tejto
straSnej priepasti existujucej podla zakonov, ktoré zatial' nik nepozna, bude ta Ciara stale
sledovat’ posluSne prvi, neodvazi sa od nej oddialit’, ani sa k nej priblizit? Napriek straSidelnym
prepadlindm, vychyleniam a virom v kozmickych priestoroch?

Omar mal v tom case dvadsat’sest’ a pol, Homérova lllias tisic devit'sto dvadsat’pét’ rokov.

Astroném Ptolemaios zomrel pred devétsto Styrmi rokmi. Hypatiu zabili dvesto Styridsat’pat’
rokov po nom, Akadémiu v Aténach zavreli stoStrnast’ rokov po straSnej smrti tejto ucenej Zeny.
Galilei sa narodi o Styristo devét rokov, Giordana Bruna upalia o pét'sto dvadsat’Sest’ rokov.

Piaty postulat. Och! Piaty, piaty, prekliaty postulat. Certovsky starky Euklides, ten zavaril kasu.
Omar ma prazdno v hlave.

Clovek horko-tazko ulovi myslienku, no len ¢o sa jej ujme, hned’ ju niekto zaplasi!

Teda ... noze si spomenme na Aristotelovu $tvrtu vychodiskovu poucku; bez nej si s Euklidom
neporadime:

»Dve zbiehavé priamky sa pretinaji, a je nemozné, aby sa dve zbiehavé priamky rozbiehali
v smere zbiehavosti.* Cize ... dve kolmice na jednu priamku ... sa nemdzu pretinat’, pretoZe
Vv tom pripade, ... Omar sa sklonil, ostrim noza si to nacrtol do zmrznutého bieleho piesku, — by
sa museli pretinat’ v dvoch bodoch po oboch stranach danej priamky. Z toho vyplyva, ze dve
kolmice k jednej priamke sa nemozu zbichat'.

... Ked’ st v pravouholniku protil'ahl¢é strany rovnaké, nie je potom akakol'vek kolmica na jednu
z dvoch kolmic priamky ich spolo¢nou kolmicou? Aha! Tu sa nieco ¢rtd. Ak su dve priamky
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rovnobezné podl'a Euklida, ¢ize sa nepretinajii, potom su to dve kolmice jednej priamky. A ak
dve rovnobezky pretina tretia priamka, potom su vrcholové a vedl'ajSie uhly rovnaké, a vnttorné
prilahlé tvoria spolu pravy uhol ...

Pozrime, ako to vychadza, ¢o? Zda sa, Ze preslaveny piaty postulat je teda vyrieseny. Ci skor
nahradeny jednoduchsim a nazornejsim.

Treba este spresnit’ nejaké drobnosti, vyjadrit’ vSetko v podrobnych nakresoch. Ale potom — ¢o
s tym ma spolo¢né Euklides?

To uz nie je Euklides. To je uz Omar Chajjam.

Teraz azda mozno I'ahko povedat: ,,Bodom, ktory lezi mimo danej priamky, mézeme v tej istej
rovine viest viac ako jednu priamku, ktora danu priamku nepretina.

Omar uzasol: urobil som to ja, alebo neurobil? Nie je mozné, ze ja. Nezda sa. Nie, predsa som
sa k tomu ja dopracoval! Co som ja zac?

Zial’, nebol tu nikto, kto by bol mohol poznamenat’:

— Ty si to prvy urobil! Prvy na svete!

Sedemsto pétdesiatstyri rokov pred Nikolajom Lobacevskym! Inac, ani on sa za svoj objav
nedozije uznania. Urobil si prvy krok k objaveniu novych, celkom inych geometrii.

Tak vznikol ,,Vyklad tazkosti v uvodoch k Euklidovi“, jedno z najcennejSich diel Omara
Chajjama. Ale Omar sa v tomto pojednani neobmedzil iba na piaty postulat. V druhej a tretej
knihe ,,Vykladu* rozpracoval skvelé ucenie o ¢islach a postavil ho do protikladu k antickému.
Pomer u neho vystupuje ako ¢islo — bud’ v starom, pravom zmysle, ako celé &islo, alebo
V novom, nepravom, ako nie celé — zlomok, nesimeratel'né s jednotkou. Zostavenie pomerov
sa viac neodliSuje od nasobenia ¢isel, rovnakost’ pomerov od ich rovnosti, pomery su vhodné
na meranie I'ubovol'nych skimanych veli¢in.

Zacal prevrat v uceni o ¢islach tym, Ze odstranil zasadnt hranicu, ¢o oddelovala iracionédlne
veli¢iny od Cisla:

Vedz, ze do tohto pojednania, najmé do jeho poslednych dvoch knih, sme v¢lenili otdzky vel'mi
zlozité, ale povedali sme vSetko, ¢o s nimi suvisi, v stilade s naSim cielom. Preto, ak sa ten, kto
bude nad nimi uvazovat’ a skimat’ ich, aj sdm do nich pusti, vychadzajuc z tychto predpokladov
... ziska vedomosti z hl'adiska rozumu.“ Vedomosti. Z hl'adiska rozumu. Prave rozumu! Ako
len l'udstvu chyba ...

Len obdiv a nesmierna ucta k Euklidovi nedovolili Omarovi Chajjamovi prekrocit prah
euklidovskej geometrie. Prostrednictvom At-Tusiho (1201 — 1274) ,,Vykladu Euklida®, ktory
vyjde roku 1594 v Rime, dostane sa Chajjamova tedria pomerov a uc¢enie o ¢islach do Eurdpy.
Ale to este tak skoro nebude. To bude az o pat’ storoci ...

Avsak, nebyt’” Euklida, mozno by ani dvadsiate storoCie nepoznalo neeuklidovské geometrie.
Som rada, ze som sa s Euklidom oboznamila, asponi na istej trovni. Vel'mi d’akujem autorovi
diela, Ze mi to umoznil. ESteze som na zacCiatku neSipila, ¢o ma bude ¢akat’! Keby nie toho, ¢o
teraz vSetci zazivame, teSila by som sa z d’alSieho, uz n — tého ¢itania Zdkladov a komentarov.
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Len uz malo verim, Ze mi to mdj &as dovoli. Zijeme v dobe vel'mi naroénej. Preto chcem
pozdravit’ vSetkych cCitatel'ov tohto kradsneho Casopisu a zazelat’ im vSetko najlepSie, hlavne
pokoj, mier a dobré zdravie! Ked” sa mojho prasynovcéeka Davidka (6 rokov) spytam ,,Davidko,
¢o je v Zivote najdolezitejSie, odpovie mi: ,, Teta Zitka* — najdoleZitejsia je ldska, voda a pevné
zdravie! To som ho naudila; ta voda preto, lebo pil malo vody; dnes je to uz dobré. Len musime
k tomu pridat’ mier a stastie pre vSetky deticky na celom svete! Bola som vel'mi naivna, ked’
som si myslela, Ze to tak veru byt nemusi ... A Davidko k tomu este dodéava: A aby uz nikdy na
svete vojna nebola!

3 Finale

Nejdem teraz opisovat’ vSetky peripetie, ktoré som zazivala pri pisani Zdkladov. Uz opravené
chyby sa ¢asto opakovali, dokonca sa hromadili nové, takpovediac nezmyselné (nie na mojej
verzii v pocitaci), ale najviac po jazykovej Gprave vo vydavatel'stve. Pravdepodobne to boli
nejaké automatické opravy, ale chybné. A v dosledku enormného zdrazovania v ,,covidovej
ére’ nastali problémy s papierom. To vSetko vSak ide nejako zvladnut’; horSie st psychické
problémy v tomto vypdtom Case.

Najlepsie bude, ked’ napiSem, ¢o som u Euklida v ¢ase Gpravy textu do elektronickej podoby
obdivovala najviac.

Nebola to prva historicky tispesna realizacia Aristotelovej koncepcie vystavby vedeckej tedrie
Specialnej vedy axiomaticko-deduktivnou metédou, ¢o ma u Euklida fascinovalo najviac.
O tom som uz, samozrejme, nepochybovala, lebo pocas modjho pdsobenia na Fakulte
matematiky, fyziky a informatiky UK som prednasala okrem inych predmetov aj elementarnu
geometriu euklidovskej roviny.

Uchvatnym poznanim bola Euklidova prezentacia iracionalit. Takii hibku a detaily som po
obvyklych sporadickych informaciach o vyznamnom Teaitetovom prinose neoc¢akavala! — Ach,
nestastna desiata kniha! Tak rozsahom, ako aj naroc¢nostou ... Hlboko sa sklanam pred
Euklidom, ako majstrovsky dokazal priblizit’ taka krkolomnu teoriu. Najma tato rozsiahla partia
Zakladov presvedcivo dokumentuje, Ze Euklides bol nielen $pickovym vedcom svojej doby, ale
aj skvelym didaktikom, metodikom a ucitel'om pre celé plejady nasledovnikov. Este v 19.
storo¢i sa podla jeho Zakladov vyuc¢ovalo na vyssich strednych skolach v Anglicku (a iste aj
v niektorych inych krajinach). — M6ézeme pod’akovat’ Euklidovi, Ze naSej generacii ponechal
aspon kusok priestoru na skromny didakticky prispevok k jeho vykladu: azda moZzno zan
povazovat subornu prehladnti tabulku iracionalit v zavere komentarov k desiatej knihe
Zakladov. Pre mna to bol konecne zablesk svetla v hustej tme!

Profesor Cizmar mal v prvom plane vytladenie komentirov k Zakladom v osobitnej knizke, ¢o
by bolo citatel'ovi vel'mi ul'ah¢ilo plynulé ¢itanie a porozumenie textu. Zial, neslo to, pretoze
by tym znac¢ne narastli vydavky na vydanie diela.

Predsa sa eSte vratim k niektorym problémom, s ktorymi som sa stretala pri prepisovani
rukopisu. Po vymene pocitaca som stratila moznost’ kreslit’ obrazky. NaStastie boli uz vsetky
narysované v programe Corell; §lo len o nepatrné vylepSovanie indexov. To v redakcii vyriesili
,kreslenim indexov rukou®. Po zavedeni internetu nasledovala zaplava pontk na kipu nového
(,,vylepseného*) kresliaceho programu (Corell) za sumu, pre mna pomerne velkt. I ked’ sa
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naklady ponuk postupne znizovali, zatial’ vdham (eSte by som rada naucila kreslit’ prasynovca
Davidka).

Najviac ma mrzi, ze som nemohla dorobit’ k obrazku 12.17 este jeden tak, aby zodpovedal
exaktnému zobrazeniu priestorovych telies. To som uz mala zablokovany Corell. Kazdému
Citatel'ovi musi byt zrejmé, Ze utvar na obrazku nie je obrazom opisané¢ho objektu v ziadnej
zobrazovacej metode. Nemozno to povazovat’ za chybu; ziadna exaktna zobrazovacia metoda
priestorovych objektov v tom Case nebola k dispozicii, pretoze neexistovala!
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pro DEJINY \{EDY; Dé&jiny Matematiky, svazek 20, Praha 2002, Prometheus.
Eukleidovy ZAKLADY v devatenactém a dvacatém stoleti (s. 101 — 110).

Tesim sa, Ze uz mozem temer s istotou povedat’, ze bliziaca sa inauguracia nového diela
profesora Cizmara bude pre nas vetkych velkym sviatkom! Profesorovi Cizmarovi zeldm do
d’alSich rokov dobré zdravie a eSte vel'a tvorivej invencie a sil. — Ako ho poznam, isto mu lezi
na srdci d’alSia téma, ktoru by bolo vhodné (¢i priam nevyhnutné) vypracovat’. —

Citatelom Euklidovho diela prajem vel'a poteienia pri &itani diela, dobré zdravie a vela §tastia,
pohody, spokojnosti a tspechov.

RNDr. Zita Sklenarikova, PhD.

BakoSova 22, 841 03 Bratislava, Slovenska republika
e-mail: sklenarikovazita80@gmail.com
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Vyuzitie dynamickej geometrie
transformacnym sposobom

Jana Trgalova

Abstrakt

V 80-tych rokoch, s nastupom digitalnych
technologii do vzdelavania, bolo pouzivanie
pocitacov postavené do protikladu v dvoch
metaforach: v metafore zosilnenia (amplifier
metaphor) technoldgia umoziuje vykonavat
tradicné¢ ulohy rychlejSie, efektivnejsie
a presnejsie, zatial ¢o v metafore reorga-
nizacie (reorganizer metaphor) technologia
kvalitativne meni obsah a kognitivne
procesy zapojené do rieSenia problémov.
V tomto ¢lanku na priklade dynamickej
geometrie ilustrujeme rdzne spdsoby, ako
mozno pouzit digitdlne technologie,
s odkazom na model SAMR. Zamerajuc sa
na funkciu prestvania (drag mode), kI'ai¢ova
vlastnost systému dynamickej geometrie,
zdoraziiujeme rézne pouzitia a zodpovedaju-
ce matematické konceptualizacie. Na zaver
uvadzame niekol’ko dosledkov, ktoré
odhaluju  vyzvy, ktorym celia ucitelia
matematiky pri  pouzivani digitdlnych
technologii.

Kracové slova: digitalne technologie,
vyuka matematiky, dynamicka geometria,
model SAMR

Abstract
In 1980s, with the uptake of digital
technology in education, the use of

computers was contrasted in two metaphors:
in the amplifier metaphor, technology allows
performing traditional tasks faster, more
efficiently and accurately, whereas in the
reorganizer metaphor, technology
qualitatively changes the content and the
cognitive processes engaged in problem
solving. In this paper, we take dynamic
geometry as an example of digital
technology to illustrate various ways in
which it can be used, referring to the SAMR
model.  Focusing on the dragging
functionality, the pivotal feature of dynamic
geometry system, we highlight a variety of
uses and the corresponding mathematical
conceptualizations. We conclude with some
implications bringing to light challenges that
mathematics teachers face with the use of
digital technologies.

Keywords: digital technology, mathematics
education, dynamic geometry, SAMR model

1 Uvod: Digitalne technologie vo vzdeliavani

Ci pouzivat' alebo nepouzivat digitdlnu technoldgiu vo vyuke matematiky uZ dnes nie je
otazkou, ta sa skor presunula na to, ako technoldgiu vyuzivat’ efektivnejsie a ako z jej vyhod ¢o
najlepsie vytazit'. Od 80. rokov minulého storocia sa tloha, ktoru by technoldgie mali zohravat’
vo vzdeldvani, stala predmetom vyskumu. Pea [13] zdo6raznil dve odliSné ulohy a opisal ich
pomocou metafor zosilnenia a reorganizacie. Metafora zosilnenia naznacuje, ze technologia
meni ako efektivne robime tradi¢né tlohy, pricom zosiliiuje alebo rozsiruje nase schopnosti, za
predpokladu, Ze tieto ulohy zostani v podstate rovnaké, zatial ¢o metafora reorganizacie
predpokladd, Ze technologia meni tlohy, ktoré vykondvame reorganizaciou nasho duSevného
fungovania, a nielen jeho rozsirenim. Zjednodusena vizia tychto dvoch metafor vedie k itvaham
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o pouziti digitalnej technologie bud’ na vykonavanie tradi¢nych tloh, hoci inym spdsobom,
alebo na vykonavanie novych uloh, ktoré sa bez tejto technologie nezaobidu [16]. Podobne
Thomas a Lin [18] poukazuju na to, ze klI'icové vyhody technoldgie vychadzaju z uloh, ktoré
sa s nou pouzivaju. AvSak navrhovanie tloh zahfiiajucich technologiu, a ktoré maju aj nejak
pridant hodnotu, nie je pre ucitel'ov matematiky trivialne.

V tomto ¢lanku chceme poukazat’ na to, ze dant (matematick() digitalnu technoldégiu mozno
mobilizovat’ roznymi spoésobmi s roznym vzdelavacim potencidlom. Tieto uvahy ilustrujeme
na priklade dynamickej geometrie. VoI'ba dynamickej geometrie je motivovana rozdielom
medzi jej potencidlom podporovat’ ucenie sa ziakov, doloZzenym pocetnymi vyskumami (napr.
[1], [2], [10]) na jednej strane a jeho obmedzenym vyuZzivanim v triedach matematiky (napr.

[3], [6], [12]).

Jones [5] tvrdi, Ze starostlivo navrhnuté tlohy s ich primeranou implementaciou ucitel'om su
nevyhnutné pre efektivne vyuzitie dynamickej geometrie na podporu ucenia sa ziakov. Tento
¢lanok preto pontka analyzu vybranych tloh s dynamickou geometriou s ciel'om poukazat’ na
ich rozdiely, pokial’ ide o kognitivnu aktivitu ziakov, a tak ukazat’ rozsah potencialneho vyuzitia
dynamickej geometrie.

Ulohy, analyzované v &asti 3, st kategorizované podl'a modelu SAMR prezentovaného v ¢asti
2. Zaverecna Cast’ 4 pojednava o dosledkoch analyz pre vyucovanie a ucenie sa matematiky
s technologiou.

2 Model SAMR

Model SAMR [14] identifikuje Styri rozne Grovne integracie technologii vo vyuke. Skratka
»SAMR® znamena Substitution (substiticia), Augmentation (rozsirenie), Modification
(modifikacia) a Redefinition (redefinicia) (Obr. 1), $tyri urovne, ktoré umoznuju skiimat’, ako
je technolégia integrovana do vyucovacich a vzdelavacich procesov. Stru¢ne predstavme Styri
urovne vyuzitia technologie od substiticie po redefiniciu a ilustrujme si ich na priklade kvizu.

Transformation

Augmentation

Tech acts as direct tool

Substitution substitute, with no
functional change

Enhancement

Obr. 1. Model SAMRY[14]

Lhttp://hippasus.com/resources/tte/puentedura_tte.pdf
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Na urovni substitucie technologia jednoducho nahradza tradi¢né vyucovacie pomdcky alebo
metody. Napriklad, online verzia tradicného papierového kvizu, kde ziak vyznaci odpovede,
ktoré povazuje za spravne, neponuka ziadnu funkénti zmenu. Technoldgia sa teda v tomto
pripade pouziva ako ndhrada, substiticia papierového kvizu, hoci moéze ulahcit’ zadanie kvizu
(napriklad prostrednictvom adresy URL namiesto papierovych kopii) a vyzbieranie odpovedi
ziakov.

Na urovni rozsirenia technoldgie nahradzaju tradicné nastroje alebo metody, ale s vyraznymi
vylepSeniami z hl'adiska ziakovej aktivity. Ak softvér, v ktorom je kviz implementovany, moze
poskytnut’ spitnl vdzbu o spravnosti odpovede, toto funkéné zlepSenie podporuje ucenie sa
ziakov. Mnoh¢ §tudie skuto¢ne naznacuju, ze spitna vizba je najefektivnejsia, ked’ sa poskytuje
okamzite, a nie o niekol’ko dni alebo tyzdiov neskor, a ukazuje sa, ze ma pozitivny vplyv na
Studijné vysledky ziakov (napr. [15]) ako aj na ich motivéciu (napr. [17]).

Na trovni modifikacie technologia vyrazne meni ulohy zadané ziakom a ponuka im bohatSie
vzdelavacie skusenosti. Ak softvér, v ktorom je kviz navrhnuty, poskytuje nielen spitnu vizbu
o spravnosti ich odpovedi, ale aj prepracovanejSiu spitni vézbu, ako su rady v pripade
nespravnych odpovedi (napr. odkaz na ucivo, v ktorom ma ziak medzery), Ziakov pristup
K uceniu sa vyrazne zmeni: takato spdtna vdzba podporuje ucenie sa nasmerovanim ziaka na
vhodné aktivity na doplnenie chybajicich vedomosti.

Na urovni redefinicie technologia umoziuje vytvorit' vzdelavacie aktivity, ktoré bez nej nie st
mozné. Kviz, ktory prisposobuje otazky poloZzené ziakovi na zdklade jeho predoslych
odpovedi, je mozné vytvorit’ iba pomocou technologie.

Ako ukdzeme v nasledujucej Casti, Styri trovne modelu SAMR st v stlade so Styrmi funkciami
dynamickej geometrie, ktoré identifikovala Laborde [8]. Z tohto dovodu sa pri zvazovani
roznych pouziti dynamickej geometrie odvolavame na tento model.

3 Roznorodé vyuzitie dynamickej geometrie
Laborde [8] identifikovala Styri rozne funkcie dynamickej geometrie:

e Dynamické geometria sa pouziva najmi na ul'ah¢enie materialnych aspektov tlohy bez
toho, aby sa tato koncepcne menila. Ide napriklad o konstrukéné ulohy, v ktorych jediny
rozdiel spociva v moznostiach kreslenia, ktoré ponuka dynamicka geometria.
Dynamickt geometriu mozno teda povazovat za ndhradu (substituciu) tradi¢nych
nastrojov.

e Dynamické geometria ma ul'ah¢it matematickl tlohu, ktord sa povaZuje za nezmenenu.
V tomto pripade sa dynamickd geometria pouziva ako vizudlny zosiliova¢ najméa
v Uloh4ch, kde ma ziak identifikovat’ geometrické vlastnosti Utvarov. Skutocne,
geometrické vlastnosti Utvarov st zachované pri prestivani jej volnych prvkov, ich
vizualne rozpoznanie je preto ul'ahéené. Dynamicka geometria nielen nahradza tradicné
nastroje, ale prinasa aj urcité funkcné zlepsenie (rozsirenie).

e Dynamicka geometria ma modifikovat stratégie rieSenia ulohy vzhl'adom na pouzitie
niektorych jej ndstrojov. Zatial ¢o zostrojenie geometrického utvaru pomocou
tradicnych néstrojov moze viest’ k vizudlne spravnemu obrazku, hoci je kontrolované
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len percepciou, rovnaka uloha v prostredi dynamickej geometrie vyzaduje pouzitie
geometrickych vlastnosti na zostrojenie utvaru, ktory si zachovava vlastnosti pri
presuvani vol'nych prvkov. Stratégie rieSenia v prostredi dynamickej geometrie su tak
hlboko zmenené (modifikdcia).

e Uloha existuje len v prostredi dynamickej geometrie. Laborde [8] evokuje takzvané
ulohy ,,¢iernej skrinky* (black box), v ktorych maju ziaci rekonsStruovat’ dynamicky
utvar vytvoreny v prostredi dynamickej geometrie, ktoré zachovava geometrické vztahy
pri presavani vol'nych prvkov (redefinicia).

V nasledujucich castiach (3.1-3.4), usporiadanych podla urovni modelu SAMR, diskutujeme
0 r6znych moznych pouzitiach dynamickej geometrie. Zameriavame sa na funkciu presuvania,
ktoré charakterizuje tento softvér, a ktoré ma potencidl podporovat’ formovanie matematickych
konceptov u ziakov (napr. [10], [11]).

3.1 Ulohy na trovni substitiicie

Vytvorit 'ubovolny obrazok pomocou nastrojov dynamickej geometrie bez toho, aby bola
venovana pozornost’ geometrickym vzt'ahom je mozno najjednoduchsia tlloha (Obr. 2).

Fichier Editer Affichage Optic

h ft Cv

A

e o
Nt

Obr. 2. Ukazka

Takato uloha moze poskytnit' Ziakom prilezitost zozndmit' sa s nastrojmi dynamickej
geometrie, alebo moZze tiez byt prileZitostou na vyuZzitie semiotického potenciadlu nastrojov
dynamickej geometrie ich porovnanim s tradi€énymi néstrojmi. Napriklad skuto¢nost, Ze na
nakreslenie priamky musi pouzivatel’ kliknit' na dve r6zne miesta na obrazovke, ¢o vedie
k vytvoreniu dvoch ré6znych bodov a nasledne priamky prechadzajucej tymito bodmi, vyjadruje
myslienku, Ze priamka prechadza cez dva dané rozne body. V pripade pouzitia pravitka dva
body nie sa vzdy potrebné.

Dal§im prikladom ulohy na trovni substitiicie je zostrojenie geometrického utvaru podla
konstrukéného programu (t. j. série inStrukcii). V priklade na Obr. 3 je tloha zadana Zziakom
zakladnych $kol. Pouzitie dynamickej geometrie predstavuje niekol’ko vyhod. Utvary, ktoré
ziaci konstruuji, mézu byt dost’ zlozité, ked’Zze uloha je ulahfena v prostredi dynamicke;j
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geometrie. Ziaci s motorickymi problémami pouzivania tradiénych nastrojov mézu tuto ulohu
zvladnut. Samo-overovanie je tiez jednoduchsie, ked’ze konstrukcie st presnejsie a Ziaci mozu
upravovat’ prvky obrazku bez vymazania spravnych krokov.

Dynamika softvéru sa v tychto ulohach pouziva v obmedzenej miere, ak vobec: na dosiahnutie
krajsiecho vzhl'adu obrazku v pripade volnej kresby, alebo na separaciu prvkov utvaru na
ul’ahCenie jej konstrukcie (napriklad ked dva body su prili§ blizko seba, takze pri vybere
jedného z nich mézu byt zameneng).

Construction steps Self-evaluation
Draw a segment [AB] called a.

Create C, the midpoint of [AB].

Draw a line b perpendicular to [AB] and passing through C.
Create a point D wherever you want, but neither on [AB],
on a nor on b.

Draw a line ¢ parallel to b passing through D.

Draw a line parallel to [AB] passing through D.

Create Ethe point of intersection of b and d. \ |

Draw a circle e with center E and radius EB. H F /:\J
Draw a line f passing through A and D.

Create F the point of intersection of [EC] and (AD). \/ C

Draw a circle g with center F and radius FB. /&F—é%\
Draw a line perpendicular to (AD) and passing through B. It

cuts (AF)in G.

Draw a line parallel to (ED) passing through G.

g

Obr. 3. Konstrukény program (vlavo) a vysledny utvar (vpravo)

AvSak nie je zriedkavé ngjst’ aj ulohy, v ktorych sa dynamickd geometria pouziva len ako
nahrada tradi¢nych nastrojov, hoci jej potencial by mohol byt vyuzity vo vacsej miere, a to
najmi vtedy, ked’ sa nevyuziva dynamika softvéru.

3.2 Ulohy na urovni rozsirenia

Ulohy analyzované v tejto asti spadajii pod paradigmu robustnej konstrukcie (robust
construction). Laborde [7] charakterizuje robustné konstrukcie ako tie, v ktorych sa vlastnosti
pri prestivani zachovavaji. Autorka uvadza priklad uhla AMB vpisaného do kruznice (Obr. 4).
Ked je bod M prestivany po kruznici, mozno pozorovat’, ze uhol AMB zostava pravy. Tato
robustna konstrukcia ukazuje, ze pre akykol'vek bod M na kruznici (okrem A a B) je uhol AMB

pravy.

Typické ulohy v ramci tejto paradigmy spoéivaji v skimani robustnych konstrukcii. Ziaci su
vyzvani, aby prestvali prvky geometrického utvaru (bod M vo vysSie uvedenom priklade)
a aby rozpoznali alebo objavili geometricku vlastnost’ zalozent na pozorovani utvaru: prisluSna
vlastnost’ zostdva nezmenena (velkost' uhla AMB). Presuvanie prvkov geometrického
utvaru v paradigme robustnej konsStrukcie umoziuje odliSenie vlastnosti Gtvaru, ktoré
zostavaju nemenné (geometrické vlastnosti) od inych, ktoré sa pri presuvani nezachovaju
(priestorovo-grafické vlastnosti). Vo vysSie uvedenom priklade umoznuje presuvanie
bodov A a B napriklad pozorovat’, Ze usecka [AB] je vZdy priemer kruznice, ale jej horizontalny
smer nie je nevyhnutnou podmienkou pre to, aby bol uhol AMB pravy. Tato robustna
konstrukcia prispieva k uceniu suvisiacej geometrickej vety tym, ze ulahcuje identifikaciu
dolezitych aspektov vety, a to najmi dve podmienky pre ziskanie pravého uhla - [AB] musi
byt’ priemer kruznice a M bod na kruznici [7].
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Presuvanie prvkov robustnej konstrukcie umoznuje rychlo vytvorit’ mnozstvo réznych utvarov,
ktoré ale zdiel'aju rovnakt geometrickl vlastnost’, ¢o Ziakom pomaha rozsirit’ ich vizuéalne
predstavy o danej vlastnosti a zavrhnut’ niektoré priestorovo-grafické vlastnosti, ktoré by mohli
povazovat’ za ich geometrické vlastnosti. Takze presuvanie sa v tomto pripade pouziva ako
nastroj na rozliSenie medzi eventualitou a nevyhnutnost'ou [7], o predstavuje jasné funkéné
zlepsenie v porovnani s tradiénymi nastrojmi.

Obr. 4. Uhol AMB vpisany do kruznice

3.3 Ulohy na turovni modifikacie

Robustné kons$trukéné ulohy st d’alsim druhom tloh spadajicich do robustnej konstrukénej
paradigmy. Ziaci maju zostrojit geometrické utvary, ktoré spiiiaji dané podmienky, aj ked’ sa
ich prvky presavajt, napriklad zostrojit’ Stvorec, ked’ je dana jeho strana alebo uhlopriecka.
Ako Laborde [7] Specifikuje, konstrukcie, ktoré su kontrolované vizudlne, si v dynamicke;j
geometrii neprijatel'né, pretoze pri presavani ich prvkov je zrejmé, Ze niektoré z podmienok
nie su splnené. Prestivanie poskytuje vizualnu spatnu vdzbu poukazujic na to, Ze konStrukcia
nesplia vietky pozadované podmienky. Pri takychto konstrukénych ulohach v dynamickej
geometrii je preto presuvanie kl'i¢ovym faktorom, ktory umoziuje poukazat’ na teoreticku
slabinu konStrukcie.

Nutnost’ uchylit’ sa ku geometrickym vlastnostiam pri konStrukeii Utvaru (napriklad Stvorca,
ked’ je dand jeho strana alebo uhlopriecka) vyrazne modifikuje konstrukéna tlohu v porovnani
s rovnakou ulohou realizovanou tradi¢nymi nastrojmi na papieri, kde sa ziaci €asto snaZia len
dostat’ vizualne prijatelntt konstrukciu z grafického hladiska [7]. Prestivanie poskytuje
ziakom vizudlnu spdtnu vdzbu o spravnosti ich konstrukcie; pouziva sa preto ako nastroj na
overovanie konstrukcii (nazyvany aj test presavanim, napr. [1]) a pomaha ziakom uvedomit’
si rozdiel medzi obrazkom (materialna kresba reprezentujuca geometricky Utvar) a utvarom
(teoreticky pojem) definovanym svojimi vlastnostami [9].

Menej cCasté st Ulohy, v ktorych maju ziaci hl'adat’ podmienky, za ktorych sa ziskaji urcité
konfiguracie. V priklade prevzatom z [7] je dané kruznica s priemerom [AB] a bod M, ktory
nie je na kruznici. Ziaci majua najst’ polohu bodu M mimo disku tak, aby uhol AMB bol tupy
(Obr. 5). Ciel'om tejto ulohy je umoznit’ ziakom preskumat’ situaciu a vSimnat’ si, Ze uhol AMB
je ostry, ked’ je M mimo disku a tupy, ked’ je vo vnutri, a pripadne objavit’ vztah medzi polohou
bodu M vzhl'adom ku kruznici a vel'kost'ou uhla AMB.
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Tato konsStrukcia sa nazyva mékka (soft construction), v protiklade k robustnej konstrukeii,
pretoze bod M nie je skonStruovany ako bod na kruznici, a tak cielend geometricka vlastnost’
konkrétne skutocnost’, ze uhol AMB je pravy, ked’ M je na kruZznici, nie je priamo viditel'na,
ako je to v pripade robustnej konsStrukcie (Obr. 4). Tato vlastnost je skor odvodena
Z pozorovania, ze kruznica je hranicou medzi dvoma ¢ast’ami roviny: jednou, v ktorej je uhol
AMB tupy, a druhou, v ktorej je uhol AMB ostry, preto uhol AMB musi byt’ pravy, ked je M
na kruznici.

Obr. 5. Uloha, kde mozno skumat’ vztah medzi polohou bodu M
vzhl'adom na kruznicu a vel'’kostou uhla AMB

Maikké konStrukcie predstavuji niekol'ko funkcii, ktoré pontkaju zaujimavé moznosti ucenia.
Po prve, tlohy vyuZivajuce mikké konStrukcie st motivujucejSie ako ich robustné verzie.
Pontikaju skuto¢né problémy na vyrieSenie a dynamicka geometria je podporou pri skiimani
danych situdcii. Takato tloha zaloZena na makkej konstrukcie je vyrazne modifikovana, pretoze
pontka podporu pre generovanie a overovanie roéznych hypotéz. Prestivanie hrd pri tomto
prieskume kI'a¢ovu ulohu. Okrem toho, skimanie mékkej konstrukcie vedie k va¢Siemu dorazu
na vztah medzi podmienkou (v naSom pripade M je bod na kruznici) a jej dosledkom (uhol
AMB je pravy), o ul'ah¢uje pochopenie vyznamu geometrickej vlastnosti ako implikacie, ktora
je obzvlast’ dolezita v lohach zameranych na dokazy.

3.4 Ulohy na tirovni redefinicie

Medzi ulohy, ktoré mozu existovat’ len v ramci dynamickej geometrie, patria llohy tzv. ,,Ciernej
skrinky* (black box). Clerc [4] popisuje ciernu skrinku v dynamickej geometrii ako
geometricky utvar zlozeny z poc¢iatoénych prvkov a kone¢nych prvkov, ktorych konstrukcia je
zalozend na pociatoénych prvkoch. Konstrukcia tychto findlnych prvkov je skryta.
Matematicka uloha, ktort mozno zostavit’ ako ¢iernu skrinku, spo¢iva v tom, Ze Ziaci maju
odhalit’ skryté vztahy medzi prvkami utvaru, aby dokazali zostrojit’ dany utvar z pévodnych
prvkov, a ich konstrukcia musi samozrejme odolavat’ pri presuvani volnych prvkov. Obr. 6
zobrazuje c¢iernu skrinku, kde pociatocnymi prvkami su tri r6zne body A, B a C (alebo
trojuholnik ABC) a kone¢nymi prvkami st body X a Y.
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Od ziakov sa ocakava, ze budi skiimat dany utvar, robit’ hypotézy, experimentalne ich
overovat’ a nakoniec rekonstruovat’ body X a Y. Pri presuvani mézu Ziaci napriklad pozorovat,
ze bod X zostava vo vnutri trojuholnika, zatial’ ¢o bod Y sa moze dostat’ von (Obr. 6, stred).
Ziaci mbzu zostrojovat priamky, kruznice, kolmice atd’., moézu merat’ vzdialenosti alebo uhly
(Obr. 6, vpravo). Prestivanie jednoznacne zohrava rozhodujucu tlohu pri hl'adani skrytych
vztahov. Pouziva sa ako na skiimanie daného utvaru, tak aj na overovanie predpokladanych
geometrickych vlastnosti testovanim ich invariantnosti.

Obr. 6. Uloha typu &ierna skrinka

4 Zaver

Nasim cielom v tomto ¢lanku bolo ukazat’, ze dant digitalnu technologiu mozno vo vyuke
matematiky pouzit’ mnohymi ré6znymi spésobmi, od obyc¢ajnej nahrady tradi¢nych nastrojov
az po jedinecné vzdelavacie prilezitosti v novych ulohéach, ktoré technoldgia umoznuje.
Dynamickd geometria nam poslizila ako priklad a analyzované ulohy boli prevzaté
zZ predoslych vyskumov a u¢ebnych osnov.

Nase analyzy zdoraznuju, ze Glohy na trovniach transformdcie (modifikacia a redefinicia)
vykazuju vac¢si potencial pre pedagogické metody zamerané na ziakov, ktoré ponukaju ziakom
rieSenie problémov zaloZenych na badani, v porovnani s ilohami na urovniach vylepSenia
(substiticia a rozsirenie), ktoré¢ st skor zamerané na ucitela a vyzaduju od Ziakov menej
doleziti kognitivnu ¢innost’.

Preto samotna digitalna technoldgia nie je transformacna; je to spdsob, akym sa pouziva, ktory
moze byt transformacény. Ked’Ze tloha ucitel'ov vo vzdeldvani zaloZenom na technologiach je
kl'a¢ova, je nalichavé poskytnat im podporu zamerani na zvySenie ich
povedomia o roznorodom vyuziti technologii a pomoct’ im rozvijat’ vyuku na transformacnych
urovniach.
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Abstracts

Emil Molnar, Jeno6 Szirmai: On homogeneous 3-geometries, balls and their
optimal arrangements, especially in NIL and SOL spaces

Janos BOLYAI and - independently, in the same time (about 1823-1840) — Nikolay I.
LOBACHEVSKY discovered the socalled hyperbolic geometry that opened new developement
in many fields of Mathematics, Physics and the whole science. Nowadays we know 8
homogeneous 3-geometries (called also THURSTON geometries, see Table 1) applicable also
for describing our surrounding space and material structures. In the sense of Felix KLEIN,
projective geometry provides us with a unified method to model and visualize these
geometries, initiated by the first author. The second author extended these for describing
extremal problems of so-called discrete geometry in the sense of Laszl6 FEJES TOTH. As
illustration we discuss here Nil and Sol geometry in more details. The first one is near the
Euclidean space, the second strange Sol space has some analogies with the LORENTZ-
MINKOWSKI space-time.

Z. Sklenarikova: Will Euclid's E/lements appear (finally in Slovak language) at the
book market in the year 2022?

An exceptional and along time expected translation of the Euclid’s Elements was to be
published last autumn by the publishing house Perfekt, a.s. The translation and the
commentaries were elaborated by professor Jan Cizmar who spent several years on the
preparation of this work. The commentaries represent an indispensable component of the
complete translation as they significantly facilitate understanding of the original text in
today’s terminological explanation.

The Elements are the most famous and significant work of the ancient mathematics
composed about 300 BC by Greek scholar Euclid — a notable scientist, teacher and author in
the top scientific-artistic institution Museion in Egyptian Alexandria.

The work is the first historically successful completion of the Aristotelian concept of
a scientific theory in a particular science. It provides a systematic survey of all contemporary
scientific mathematics treated by the axiomatic-deductive method.

J. Trgalova: On utilisation of dynamic geometry in transformation mode

In 1980s, with the uptake of digital technology in education, the use of computers was
contrasted in two metaphors: in the amplifier metaphor, technology allows performing
traditional tasks faster, more efficiently and accurately, whereas in the reorganizer
metaphor, technology qualitatively changes the content and the cognitive processes engaged
in problem solving. In this paper, we take dynamic geometry as an example of digital
technology to illustrate various ways in which it can be used, referring to the SAMR model.
Focusing on the dragging functionality, the pivotal feature of dynamic geometry system, we
highlight a variety of uses and the corresponding mathematical conceptualizations. We
conclude with some implications bringing to light challenges that mathematics teachers face
with the use of digital technologies.
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