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Generalised intrinsic and extrinsic length
in submanifolds

Johan Gielis

Abstrakt Abstract

Ciel'om tohto ¢lanku je predstavit’ Gielisovu Aim of this paper is to introduce the
superformulu (transformaciu) a vysvetlit’ jej Gielis superformula (transformation) and
stvislosti S objavom a vyvojom mnohych explains its connections to development
vyznamnych geometrickych tedrii v ramci of striking geometric theories within the

historického kontextu 18. - 21. storo¢ia. historical context of the 18- 215 century.
KPidové slova: Gielisova superformula, Keywords: Gielis superformula, super-
super-elipsa, Lorentzova transformacia, ellipses, Lorentz transformation, curved
zakriveny priestor, Finslerova-Riemannova space, Finsler-Riemann geometry, Lamé-
geometria, Lamého-Minkowského geome- Minkowski geometry, minimal surfaces,
tria, minimalne plochy, neorientovatel'né non-orientable surfaces, knots and links,
plochy, uzly a linky, kuzelosecky conic sections

1 Introduction

In 1997, the Superformula was discovered, a generalization of the Pythagorean Theorem and
Lamé curves and Piet Hein’s superellipses, [1], [2]. It was renamed to Gielis Formula or Gielis
Transformations by mathematicians. In the plane, a function f(¥9) is transformed as:

1
zcos(o) el sino)| ™
These are transformations of circles and spheres, or, in higher dimensions, of n-spheres, or other
functions. Some 3D examples are shown in Fig. 1. If these transformations had been discovered
two or three centuries ago — which certainly would have been possible — they might have

fundamentally influenced the development of science and mathematics. In this note, we develop
some interesting connections to key developments in the history of mathematics and physics.

o(¥) =5 Sf @) (1)

Fig. 1. 3D shapes with perpendicular cross sections defined by equation (1).

G — slovensky Casopis pre geometriu a grafiku, rocnik 22 (2025), Cislo 44, s. 5 — 20 5



Johan Gielis

The first two relate to developments around the turn of the 18" to 19" century and the first
decades of the 19" century. The next four are selected in relation to developments around the
turn of the 19" to 20" century and the first decades of the 20" century.

1. Elliptic equations and a theorem of Gauss

2. The mathematical physics project of Fourier

3. Lorentz transformations and special relativity theory

4. Curved spaces and General Relativity theory

5. Finsler-Riemann and Lamé-Minkowski geometry

6. Minimal surfaces and unit spheres

7. Non-orientable surfaces, knots, and links

8. Mathematics and the natural sciences: Conic sections at the core, once more

All these developments have driven research over the course of these centuries and are all
interconnected. Novel developments in these fields using Gielis transformations have been
found or are underway in the first decades of the 21% century, in both geometry and natural
sciences.

1600 1700 1800 1900 2000

2 A theorem of Gauss (~1818)

Elliptic functions trace back to Bernoulli’s with the study of elastic curves and Gauss’ study
of lemniscate functions, [3]. In their well-known form the integrand of elliptic integrals of the
. . . . ; . 22
first kind is given by e and those of the second kind by V1 — k?sin?9.
Gauss came extremely close to Gielis Transformations when he used a slightly different form,
namely
1

Va?cosT? + b2sinT?2

He used this in his studies on the Arithmetic-Geometric Mean M (a, b) which led him to the
following theorem, [4]:

/2 dT T

M(a,b). j ==

o Va?cosT?+b%2sinT?2 2
Remarkably, Gauss’s paper and Lamé’s book Examen were both published in 1818, and
combining their ideas would have naturally led to the Superformula. If Gauss had developed
his transformations in a slightly different direction, using general exponents as Lamé did, he
would have arrived at superellipses (since the integrand in Gauss’s form is an ellipse). By
adding m/4, Gauss would have reached the Superformula. If Lamé had used the polar version...

The appearance of  in the integrals above provides an indirect connection to the Fundamental
Theorem of Algebra, [5]. The Gauss-Bonnet theorem states that for any Riemannian metric g
on the sphere $?, fs'z K dA, = 4m. It follows that:

3 1 1
M(a,b).ZJ dz9=7t=—JKdA
o Va2cos29 + b2sin29 4 Js g
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Generalised intrinsic and extrinsic legths in submanifolds

connecting ellipse and sphere. In terms of curvature and principal curvature k,; and k,, whose
product is the Gaussian curvature K (the square of their geometric mean /k, k), this yields:

M(ky, key). 2

z 1 1
dd=mn=—| KdA,

0 2 2 4 s2
ki°cos?9 + k,"sin?9

For the sphere k; = k,, and the left side of the equation becomes
w1 _ ni _
M(kl, kl) fo k_ldﬁ - kl fo kl dﬁ =Tr.

It is noted that for each superellipse or supercircle a different m,, can be defined, [6] - [8]. m,
defined as the half-length is a function of the shape, and m, = mifand only if p = 2. The

mr,-function is limited between 2v/2 and 4. The former bound is associated with the inscribed
square (n = 1), and the latter with the circumscribing square (n — o). Each of these shapes
also has its own trigonometric functions. In Fig. 2 are shown cosines and sines on supercircles
forn=0.5,1, 2,5, 20.

r{y.0.5)-cos(p) 7(p,0.5)-sin (i)

(. 1)-cos(p) r(¢01) sin(e)
r(g.2)-cos(p) ’ r(ip,2)-sin{p)
rlg.4)-cos(p) r{p:1)-sin(p)
(i, 20)-cos(g) (i, 20)-sin (i)
L ¢
Fig. 2. Trigonometric functions on supercircles [8].
l | | | !
I I T I 1
1600 1700 1800 1900 2000

3 The mathematical physics project of Fourier (1807)

The memoir of Jean-Baptiste Fourier in 1807 in [9] aimed to provide a solution to a specific
problem in mathematical physics — the heat equation — using circular functions. René Thom
wrote that the applications of mathematics in science almost always use pre-existing
mathematical results and frameworks. Fourier's work was the only counterexample in science.
It is rooted in physics, and he developed his own original methods using trigonometric functions
based on the circle. To put this in perspective: Newton succeeded in determining the curvature
of any planar curve using osculating circles at any point, and the radius of these circles became
the measure of curvature. This could then be linked directly, up to a constant, to mechanical
forces in nature. In one stroke, Fourier provided a global determination of curves and functions
using a sum of a circle and circular functions (Fourier series). This was groundbreaking work,
generalizing the solution of vibrating strings (1D in a 2D domain) in terms of harmonics to
planar domains in 3D Euclidean spaces.

Despite the widespread use of Fourier series in science, it remained an open problem whether
Fourier's idea to approximate functions with any degree of precision using Fourier series was

G — slovensky Casopis pre geometriu a grafiku, rocnik 22 (2025), Cislo 44, s. 5 — 20 7
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valid. Only in 1966 did Lennart Carleson, [10], prove Luzin’s conjecture (1915), namely the
pointwise convergence of Fourier series almost everywhere, except at points of measure zero.

This settled a long-standing problem, but it did not complete Fourier’s project in mathematical
physics. The original problem was a quadruple: a boundary value problem (BVP), boundary
conditions BC (Dirichlet, Neumann, Robin), a given boundary function BF, and a domain D,
with the original solution in terms of Fourier series. It was given on a circular domain, and for
the next two centuries, analytical solutions remained possible only for a few domains. Various
methods were developed — very few analytic, most numerical — but none could use the classical
Fourier projection method.

Only in 2007, exactly 200 years after Fourier’s original memoir, was it shown that the solution
of BVPs for any normal polar domain could be expressed in Fourier series. P. E. Ricci and
collaborators generalized the Laplacian, using the Gielis transformation to transform any
domain into a circle, and obtained Fourier solutions for a variety of canonical problems in
mathematical physics, [11]. The domains included not only normal polar planar domains, but
also 3D domains and Riemann surfaces. Later, these solutions were extended to annular
domains and shells, [12].

Since the original paper in 2007, solutions using only the 19'"-century mathematics (Fourier
series, Bessel functions — first described by Fourier — and Hankel functions) have been obtained
for the heat, wave, Laplace, Poisson, and Helmholtz equations, under various boundary
conditions on 2D and 3D domains, using the classical Fourier projection method, [7], [13] —
[15]. The Helmholtz equation, for example, relates to many problems in mathematical physics
with partial differential equations involving time and space, and is used to study problems in
electromagnetism, acoustics, vibrations, and more. Many other problems can be reduced to the
Helmholtz equation: for example, plate vibrations involving a fourth-order Laplacian or
reaction-diffusion systems can be solved using two independent Helmholtz equations.
A hyperbolic equation, like the wave equation, can be transformed into the Helmholtz equation
using the Laplace transform.

The “exact” solution of many classical BVPs in terms of Fourier series can be achieved, where
“exact” means that we can approximate a prescribed finite number of coefficients of the Fourier
expansion of the solution as closely as we wish, [11]. Generalizing transforms and special
functions based on Gielis transformations is underway, providing a continuous transformation
including Kugelfunktionen and Zylinderfunktionen.

Fourier series are mathematically equivalent to Ptolemy’s solutions for describing the motion
of planets, [16]. In the sense of Fourier series, only the circle is a simple curve; all other curves
are equally complex, with an infinite expansion, [17]. Orthogonality has recently been redefined
based on equation (1), see [18], [19]. A generalized Fourier series solution based on shapes and
their own trigonometric functions and Pythagorean theorems is under development, [6], [20].

| | | | ]
1 1 T [ I

1600 1700 1800 1900 2000

4 Lorentz transformations and Special Relativity Theory

In Special Relativity Theory SRT the Lorentz transformation tells how space and time dilate
and contract when one moves at uniform speeds v, relative to the velocity of light c. Itis given

8 G — slovensky Casopis pre geometriu a grafiku, rocnik 22 (2025), Cislo 44, s. 5 — 20
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by: y = \/1*2 Before Einstein this transformation was used by physicists to connect
measurements with theory, [21]. For Lorentz the transformed coordinates and fields were
mathematical aids to facilitate the solution of differential equations that involved the wave
operator.

This transformation may be considered as a special case of Gielis Transformation in the
following way(s): for all exponents n, =0,n,3=2,A=B=1,m =4 and subtraction

(instead of addition), we obtain p(¥) = L For n,=0,ny3=2,A=B =

J(cos 8)2=(sin9)? "

with 0 < (sin®)? < 1, like €2 and 2.
(o

[22].

1,m = 4, we obtain the form p(¥) = ﬁ

Alternatively, we use cos?9 = 1 — sin?9 which then yields p(9) = Jﬁ )
This has a clear geometrical meaning, [23]: Draw two lines through the origin in a rectangular
coordinate system, one in the first octant and its mirror image in the last octant over the
horizontal axis, intersecting the unit circle. Then, draw a line connecting the points of
intersection of the lines and the unit circle, and called this the chord. The sine function is
defined as half the chord, and sin?9 corresponds to the square constructed on the sine (in the
sense of application of areas of the Pythagoreans). Then 2sin?9 corresponds to the two squares

applied to each half chord. For 0° yields p(9) = ﬁ =1 and for 45° p(9) = %.

|
¥ =——
p[rl vE-0

/ .'-'H.':[I']'I-

+

2
st ()

Area =1

Fig. 3. Application of areas to half chords, [23].

This corresponds, respectively, to v=0and v=c in Lorentz transformations (or e=0 and ¢ =1)
in the form of Henri Poincaré, [22], [24]). In Fig. 3 circular functions and motion are converted
into rectilinear motion as the Greek knew. Starting from the hyperbola this may well be the
shortest introduction to SRT.

] ] ] ] |
I I T T I

1600 1700 1800 1900 2000

5 Space-time models and FLRW metrics

In [2] Prof. L. Verstraelen noted that equation (1), as a transformation on functions, such as on
the circle and sphere, is quite like the transformation of the Pythagorean metric to go from
Euclidean space to metrics for Riemannian spaces of constant curvature. An ‘isotropic’
manifold or a space of constant curvature corresponds to the axiom of free mobility, whereby

G — slovensky Casopis pre geometriu a grafiku, rocnik 22 (2025), Cislo 44, s. 5 — 20 9
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the lengths of rigid measuring rods are independent of their locations in space. In 1856 Riemann
in [25] defined such spaces using the metric:

1 N ., dx)? + (dx?)? + - + (dx™)?
ds = ———— z dx? or: ds?= (dx )" + (dx7) (dx™)
1+sz2

k 2
{14 51697 + ()2 + - (221}

The formal deformation of the Pythagorean theorem to define isotropic spaces is quite alike the
Gielis transformation. In fact, the Pythagorean theorem defines the best-known example of
a manifold of constant curvature, namely circles and spheres. Equation (1) transformation
transforms these circles and spheres into a variety of spaces with a global anisotropy. However,
the notion of anisotropy (vis-a-vis isotropy) then needs rethinking because all transformed
circles (or n-spheres) are unit circles (or unit n-spheres) for certain classes of anisotropic spaces.
Likewise, the notion of curvature can be defined on the basis of these unit circles of n-spheres.
One application of constant curvature surfaces are space-time models of the Big Bang type,
equipped with Friedman-Lemaitre-Robertson-Walker FLRW metrics given by [2]:

ds? = —dt? + ! > (dx? + dy? + dz?)

[c(t). {1 + %[x2 +y2+ 22]}]

with k =0, 1 or -1 for the Euclidean, spherical/elliptical and hyperbolic case, respectively:

“These metrics are given in R* with local coordinates (x,y,z,t) whereby the space-slices
of the full space-time at any given time t are Riemannian 3D-spaces of constant curvature c(t).
By way of visualization in 2D rather than in 4D representation, such metrics are carried for
instance by surfaces of revolution in 3D space. In space-time metrics like FLRW one may
observe, on the one hand, the conformal deformations of flat space-metrics to metrics of
constant spatial curvature (=;< or > 0) which may change in the course of time, and, on the
other hand, a hyperbolic twist in the line-direction, which further might include a speed of light-
normalization, which all in all amount to formal deformations of the theorem of Pythagoras
quite alike the above supertransformations relate to the equation of Euclidean circles or

spheres, 2]

Apart from the fact that both transformations are very much alike, Gielis transformations have
also redefined rotations and revolutions, where paths swept by certain curves or surfaces can
take any form as well. This kinematic generalization has been derived in [18] for the
Riemannian and in [19] for the Lorentzian case, along with a generalization of quaternions.

In 1993, a closely related example of the Lamé footprint was introduced in biology and ecology,

1
the so-called Antonelli metric ds = e®®[(dx;)™ + (dx,)"]» , [26]. Equation 1 has also been
used to model anisotropic wavefronts in wildfire propagation, [27], and in seismic phenomena
in [28]. P. L. Antonelli (who was a reviewer for [28]) wrote: “Your work is an inspiration to
all of us who see geometry in biological nature”.

| | | | |
| | | T 1

1600 1700 1800 1900 2000

6 Finsler-Riemann-Lamé-Minkowski geometry (1817 & ~1917)

Mathematical physics in France reached full fruition in the 19" century through Gabriel Lamé
who like Fourier two decades earlier, was professor at the Ecole Polytechnique. Lamé

10 G — slovensky Casopis pre geometriu a grafiku, rocnik 22 (2025), Cislo 44, s. 5 — 20
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envisioned that, from a mathematical perspective, the study of a physical system reduces to the
study of a system of curvilinear coordinates, adapted to the given physical situation (providing
the initial geometrical support for the physical system). The study of that physical problem,
adapted with the appropriate system of curvilinear coordinates then becomes the
characterization of the system of differential invariants or the calculation of the Laplacian in
curvilinear coordinates, [29]. The completion of Fourier’s project would thus have delighted
Lamé.

Gauss considered Lamé the best French mathematician of his time, and Elie Cartan regarded
Lamé as the cofounder of Riemannian geometry, [23]. Gauss came very close to Gielis
transformations in his study on the lemniscate and elliptic functions, but Gabriel Lamé was the
true predecessor of equation (1). In Examen de differentes méthodes employées pour résoudre
les problémes de géometrie [30] many problems of analytic geometry were first solved. He
wrote this small booklet at the age of 21 and in this remarkable book he also introduced
equations of the type x" +y" = R", [30]. Equation (1) is a simply generalization of Lamé
curves. For Lamé curves the Euclidean metric is obtained for n = 2, whereby the length of a line
is expressed using Pythagoras’ theorem. However, n can be any real number. In his historic
Habilitationsschrift [25] Riemann alluded to using a fourth power instead of a square, to
measure distances on manifolds between two infinitely close points. More generally:

1
a Riemann-Finsler metric ds = {Z{Ll(dxi)p}p,
1

and for p = 2: Euclidean metric ds = { ?zl(dxi)z}a.

This challenge was taken up by Paul Finsler, [31], which led to the development of Riemann-
Finsler geometry with norms based on powers other than two (as in the case of Riemannian
geometry, or the Pythagorean measure). According to Shiing-Shen Chern (1911-2004) Finsler
geometry is Riemannian geometry without the quadratic restriction, [32]. Constantin
Carathéodory, Finsler’s advisor, who first introduced the idea of an indicatrix, a hypersurface
in the tangent plane of a manifold. Finsler manifolds are those for which the metric structure
is given by a collection of convex symmetric bodies in the various tangent spaces, [33]. For the
Riemannian case it is a (hyper-)ellipsoid.

Minkowski created the formal tools to study problems about convex regions and bodies, leading
to Minkowski geometry, [34], which is “the kind of geometry in which lengths are measured
differently in different directions ... Unit circles and spheres are not the familiar round objects
from Euclidean geometry, but are some other convex shape, called the unit ball”. Cityblock L1,
the Euclidean metric L, and the max norm L. are well-known examples of p-th root metric of
Minkowski where the unit circles are special cases of Lamé’s supercircles. They are directly
related to the Last Theorem of Fermat and to number theory. In my view it would be reasonable
to refer to this geometry, whatever its use or specification (bodies, submanifolds, tangent spaces
...), as Finsler-Riemann-Lamé-Minkowski or FRLM geometry (to avoid any possible confusion
with FRLW).

This also includes Gielis transformations as a generalization of Lamé, [1]. These curves and
surfaces describe natural shapes in a uniform way, as a generalization of conic sections. They
give rise to natural measures and metrics in Riemann-Finsler geometry and all natural processes
that are modeled in this way. Here too, crucial developments were spaced centuries apart, with
Lamé (1817), Finsler (1917) and the generalization into Lamé-Gielis curves and surfaces in

G - slovensky Casopis pre geometriu a grafiku, rocnik 22 (2025), Cislo 44, s. 5 — 20 11
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1997. Gauss, Riemann, Hilbert, Minkowski, Carathéodory and Finsler all at the mathematical
powerhouse of Gottingen. Lamé and Fourier (and Bonnet) worked at the Ecole Polytechnique
powerhouse in Paris, inspired by Monge, Lagrange and Laplace in the same 25-year period.

| | | | |
I I T T I
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7 Minimal surfaces and unit spheres

In 1917 one of the most remarkable books in science was published: On Growth and Form by
Wentworth D'Arcy Thompson, [35]. He discussed the application of mathematics in biology,
and devoted an entire chapter to surface tension, for example comparing the shape of ink drops
in water to certain jellyfish. He delighted in Delaunay’s 1841 theorem that the profile curves or
roulettes of the constant mean curvature surfaces are generated by rolling conic sections over a
line or plane. Constant mean curvature CMC surfaces minimize the stress on their surface. The
quintessential examples are soap bubbles (spheres with constant non-zero mean curvature) and
catenoid soap films, obtained by pulling two rings out of a soap solution (mean curvature zero
everywhere). In soap bubbles and films surface tension is distributed as uniformly as possible,
serving as model or an equilibrium shape for example a wide variety of marine organisms, [35].

In physics, surface tension is described by the Young-Laplace equation. Laplace provided the
mathematical description in 1806 after Thomas Young had given the qualitative analysis in
1805. This equation has been central in the study of minimal surfaces, a major area of research
in mathematics and geometry over the past three centuries. For differential growth in two
perpendicular directions, different tensions T1 and T> are involved, [35].

h,L_,

Ri Ry
Bennett Palmer and colleagues used Gielis curves and surfaces as transformations of unit
spheres, known as Wulff shapes and derived the corresponding catenoids, unduloids and
nodoids, [36] and [37], including the helicoidal case, [38]. Gielis curves provided them with
tractable examples for Constant Anisotropic Mean Curvature CAMC surfaces. In contrast,
CMC surfaces are based on spherically isotropic energies. Constant anisotropic mean curvature
(CAMC) surfaces are based on Wulff shapes which serve as the "sphere” for an anisotropic
energy, meaning they minimize the energy for a fixed volume. A supercatenoid has the property
that sufficiently small segments of it minimize the anisotropic energy defined by the Wulff
shape among all surfaces with the same boundary.

=5

Fig. 4. Center: Prism based on two perpendicular sections defined by equation (1)
and the corresponding catenoid. Left and right: real snowflakes, [39].
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Just as catenoids in soap films completely minimize stress for isotropic energies, in
supercatenoids stress is also minimized locally, as defined by the anisotropic energy. CAMC
surfaces with Wulff shapes based on Lamé-Gielis curves open new avenues of studying
optimization in natural shapes. Wulff shapes and supercatenoids then provide equilibrium
shapes for various natural forms such as snowflakes and their development, preserving the
underlying symmetry of ice. A Wulff shape and supercatenoid are shown in the center of the
Fig. 4, with the supercatenoid minimizing the anisotropic energy defined by a hexagonal prism
(among all surfaces with the same boundary). In Fig. 4 two examples of snowflakes are shown.
In a similar way Euler’s elastic curves have also been generalized to the anisotropic case, [41].

1 l | | l
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8 On symmetry and non-orientable surfaces, knots and links

One of the most exciting developments in geometry was the emergence of topology. We call it
a branch of geometry because despite its great successes it is in a certain sense, waiting for
equations and for transformations, and would benefit from improved notions of symmetry.
Consider for example the notion of symmetry. In topology a starfish and a pentagon both have
a fivefold rotational symmetry. Symmetry seems well defined, but if you compare a circle and
a pentagon (or a starfish like curve for that matter), you can ask which of the following
statements is true.

1. A circle and pentagon have the same symmetry
2. A circle has a higher symmetry than a pentagon
3. A pentagon has a higher symmetry than a circle
4. All of the above statements are true

Our intuition suggests that only statement 2 is correct, with a circle having infinite symmetry,
compared to five for a pentagon. Howver, if you consider equation (1), there are various ways
to define a circle. One possibility is to define its symmetry as infinite (m — o0), the Archimedean
approach. But if m = 0 you also obtain a circle as a zerogon or zero-angle (which also makes
sense intuitively). If the exponents nq,n,,n; are all equal to 2 (for A = B), then the
transformation is equal to 1 as well, so in that case you can define a circle for any symmetry
(and by the way, symmetries can be real numbers). Therefore, all four statements are correct,
from which it also follows that:

5. Going from a circle to a pentagon involves symmetry breaking with a symmetry
increase

6. Going from a circle to a pentagon involves symmetry breaking with a symmetry
decrease

7. Going from a circle to a pentagon does not involve symmetry breaking

In any case, if a starfish (an abstract one) develops from a spherical egg then there is
a continuous transformation from a circle to a starfish, from a circle with pentagonal symmetry
(m = 5) to a starfish (m = 5). Therefore, no symmetry breaking from infinity to 5 is needed,
[23]. It is simply a matter of perspective; we now have new ways of measuring distances (and
conservation laws arise naturally), for anisotropic shapes, of which the isotropic case is a special
case, the one around which most of our science is built. This aligns with [41]: “Symmetry
concerns the preservation of some measure of some aspects or facets of some objects under the

G - slovensky Casopis pre geometriu a grafiku, rocnik 22 (2025), Cislo 44, s. 5 — 20 13



Johan Gielis

application of some kinds of transformations to these objects. And, depending on which kinds
of aspects, or facets of which kinds of objects and on which kinds of their measurements are
compared before and after which kinds of transformations, there may result plenty different
kinds of symmetries in agreement with this “definition”.

Another notable development in the recent years has been the studies of Prof. Ilia Tavkhelidze
on non-orientable surfaces and bodies, and their relation to knots and links. He has developed
a unifying equation for Generalized Mobius-Listing GML surfaces [42] — [46], a subclass of
Generalized Twisting and Rotating surfaces and bodies (GTR). Combined with equation (1)
this can also be used to study bodies with internal geometry. In this way the results of cutting
of surfaces and bodies can be completely classified, with clear connections to knots and links.
Perhaps in the future this may lead to a (geometrical) classification of knots and links (rather
than the current tabulation). Alternatively, equation (1) has allowed for recognition of self-
intersecting curves in image analysis, [47]. Research also links cutting of GML bodies to
dynamical systems in mathematics, [48] and biology, [49].

This also connects to some of the great developments in differential geometry of the early 19"
century, most notably by Lancret who introduced curvature and torsion of a space curve in his
Mémoire sur les courbes a double courbure. So from the notebooks of Gauss and the
generalization of Euler’s theorem by Poinsot, Cauchy and L’Huillier around the turn of the 19'"
century and the works of Poincaré on Analysis Situs, the definition of topological spaces by
Hausdorff (1914) and Brouwer’s work on topological manifolds, and to the new developments
on GML and GTR bodies we also notice a concentration of important advances around the turn
of centuries.

l | | | |
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9 Conic sections at the core, once more

There are fundamentally three ways these transformations can be studied or used. The first two
relate to the FRLM. The LM part concern the study of such shapes/transformations to define
a geometry, such as Minkowski geometry, which is a fascinating subject in its own right. As
one result (and Minkowski’s motivation) these shapes can be used to study the intrinsic and
extrinsic geometry of manifolds, as convex (or concave) bodies in the tangent spaces or bundles,
the FR part. This defined most of the twentieth century developments in geometry. Another
notable development was submanifold theory, in which manifolds can be studied in different
manifolds or spaces, amongst other with the delta curvatures of Bang-yen Chen, [50]. With
equation (1) we now have a continuous transformation between a large class of submanifolds,
manifolds and Euclidean space itself. Gielis is an acronym for Generalized Intrinsic and
Extrinsic Lengths in Submanifolds, [23].

The third way is then simply to consider our transformations in the Euclidean space, which
immediately links geometry with the natural sciences, [1], [ 51]. L. Verstraelen wrote in [52]:

“The basic shapes of the highly diverse creatures, objects and phenomena, as they are
observed by humans, either visually or with the aid of sophisticated apparatus, can
essentially, either singular or in combinations, be considered as derived from a limited
number of special types of geometric figures. From Greek science up to the present this is
probably the most important subject of natural philosophy. Examples are found in regular
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polygons or polygrams in DNA molecules and snowflakes, spirals in galaxies, sunflowers
and snails, parabolas and ellipses as trajectories of projectiles, planets, etc. The theories,
which explain these natural shapes use definitions and mechanisms, which are special to
certain disciplines where these creatures, objects and phenomena are studied
(crystallography, biology, chemistry ...).

The formal geometrical descriptions however for these diverse ways of explaining (e.g. using
concepts like energy, reaction-diffusion ...) give rise to solutions of essentially the same
shapes ... When we return to circles, these are the most symmetrical among all planar curves,
describing growth from a central point with perfect isotropy. By applying the appropriate
Gielis transformations (which are technically determined by just a few parameters), this
results in an immediate and accurate description of the symmetries and shapes of e.g.
flowers or hexagons in viscous fluids or honeycombs. The geometrical description of curves
and surfaces and the shapes which are derived via Gielis transformations describe and
determine in a uniform and universal way an enormous diversity of natural shapes”.

These transformations are generalizations of Lamé curves, superellipses and conic sections.
Lamé originally envisioned the extension to superellipses, to be able to apply the beautiful
geometry of Descartes to the natural world, particularly to crystals in 1818. In his famous book
of 1917, D’Arcy Thompson presented many examples of the application of mathematics to
natural shapes, but not of Lamé curves. The Geometrical Beauty of Plants, [23], was published
exactly one century later than On Growth and Form, many examples are provided,
corroborating Gabriel Lamé, two centuries later.

Since the 1990’s superellipses have been found everywhere: in tree rings, [53], [54], square
bamboo stems, [55], and leaf stomata, [56]. The generalization to any symmetry with equation
(1) has been applied successfully to starfish, [57], flowers and leaves of plants, [58], [59],
diatoms, [60], and all avian eggs, [61]. Over 50,000 specimens have been tested, [62], and
methods and software used to test all these shapes is available as open-source software, [63].

There is also a direct connection between superellipses and superparabolas (power laws), as
shown in economics, [64], with the latter as a special case of the former. Indeed, the Cobb-
Douglas function is a special case of general production functions. Further, they are directly
connected to logistic functions, [64]. Power laws and superparabolas are found at all levels in
nature and natural phenomena, see for example the shape of meristems in plants, [65]. This
provides for a great unification of a wide variety of natural phenomena, with diversity and
inequality, [66], with the simple rules of arithmetic as its foundations, and geometry as its core,
[67].

| | ] 1 1
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10 What if ....7

From the selected elements of the history of mathematics it becomes clear that Gielis
transformations could have been a useful addition of the mathematical toolbox. For some
unknown reason equation (1) was only discovered in 1997 but could or should have been
discovered two or three centuries earlier. In that hypothetical case, they certainly would have
advanced the development of mathematics and science in general. In the past ten years various
connections have been explored, and it has been shown that these transformations have been
key in completing Fourier’s project and in the study of anisotropic constant mean curvature
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surfaces, to give two examples from two centuries ago. One can only wonder about the possible
course of science by asking what if? questions. What if Bernoulli, Laplace, Gauss, Fourier,
Lamé¢, Lorentz, Poincaré, Minkowski, Carathéodory, Finsler or Einstein had known the Gielis
transformation? And, what if mathematical giants working at the turns of centuries, or those
giants in between, such as Leibniz, Newton, Euler, Lagrange and Riemann, had this
transformation in their toolbox?

From the uniform description based on conic sections, Newton developed his laws. Four
centuries later, a one-step generalization of conic sections (Gielis transformations, 1997)
provides for a description of a wide variety of natural shapes. From this uniform description,
new insights into the development of natural objects and organisms may be expected in the
future. One of the most promising developments is a geometrical theory of morphogenesis of
natural shapes, both living and non-living. One basic principle is that for organisms growing
out of a center or a pole, the growth is such that the instantaneous maximal change of its polar
distance is constant. A second principle is that organisms try to minimize the stress they receive
from the surrounding space during growth as much as possible, [2]. The principle of reaction
and of least action are two of the three guiding principles that Poincaré identified for the
mechanistic development of physics. The third guiding principle is the relativity principle,
which is obtained in a general (but not too general, to allow for the study of universal natural
shapes) way by the Gielis transformations. One can now quantify metrics such as lengths and
n-areas more generally, both from an intrinsic and extrinsic point of view, in a broad and
continuous way, [68] .

The selected time frames of 25 years, from the last years of a century to the first decades of
anew century, provide a storyline, a narrative to show how various developments can be spaced
centuries apart. However, one might also find some truth in this. Towards the end of the 17%"
century there was a rapid development of the calculus, with the study of the elastica, the origin
of elliptic functions by Bernoulli around the mid 1690’s. Around the turn of the 16" to 17%
century, Galilei and Kepler published their findings on the movement of planets and projectiles
respectively, and the connection to conic sections. So we have:

1595-1620: Galilei, Kepler and Simon Stevin

1695-1720: Leibniz and the Bernoulli’s

1795-1820: Laplace, Gauss, Fourier, Lamé, Young
1895-1920: Lorentz, Einstein, Minkowski, Finsler, Poincaré
1995-2020: Verstraelen, Palmer, Ricci, Caratelli, Tavkhelidze

The exception to the rule is the FLRW metric, developed in the 1920’s as exact solutions to
Einstein’s equations of GRT (with +10 a year shift starting in 1905 with Einstein’s SRT). One
might ask about on important development missing, namely the development of quantum
theory, from the late 19" century with Max Planck, to Einstein and the developments in the first
decades of the 20™ century. But there is a connection: the relation with the Helmholtz and
Schrodinger equations were solved analytically in isotropic spaces only. With equation (1)
analytic solutions can be developed for a variety of domains and submanifolds.

1600 1700 1800 1900 2000
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On Karteszi type triangle geometry by geometric
(Grassmann-Clifford) algebra

To Memory of my Professor and Doctor Father, Ferenc Karteszi (1907-1989)

Emil Molnar

Abstrakt

Na pamiatku Ferenca Kartesziho sa riadim
jeho didaktickym krédom. Narysujme
trojuholniky nad stranami trojuholnika ABC
v euklidovskej  rovine,  povedzme
ABC,BCA,CAB, a uvazujme o useckach
AA,BB,CC. Speciélne zaciato¢né podmien-
ky zabezpecuju, ze dané tisecky sa navzajom
pretinajd v bode K, ktory nazveme
Kartesziho bod na jeho pocest. Neskor
objavena (~1850) silna a velmi uzitocna
teoria (Grassmannom a Cliffordom, ako
analdgia k vektorovému sicinu) slazi ako
jednotnd metdoda na dalSie zaujimave
Studium.

Krucové slova: geometria trojuholnika,
projektivna geometricka (Grassmannova-
Cliffordova) algebra, absoltitna geometria
Janosa Bolyaia, rieSenie lloh pomocou
geometrickej transformacie

Abstract

To Memory of Ferenc Karteszi I follow
His Didactical Credo. Draw triangles
outward on sides of a given triangle ABC
in  the Euclidean plane, say
ABC,BCA,CAB, and consider the
segments AA,BB,CC. Special starting
conditions guarantee that the above
segments intersect each other in a point
K, called Karteszi points to His Honour.
The later (~1850) strong and very useful
machinery (by Grassman and Clifford, in
analogy of vector cross product) serves as
a unified method and further interesting
discussions.

Keywords: triangle geometry, projective
geometric (Grassmann-Clifford) algebra,
absolute geometry by Janos Bolyai,
problem solving by geometric
transformation

Fig. 1. Ferenc Karteszi, retired professor of the L. E6tvos University, member of the Editorial
Board of the Annales Univ. Sci. Budapest, Sec. Math. died on May 9, 1989.
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1 Introduction with two problems

Let us recall a well-known school task: In the (Euclidean E?) plane of a triangle ABC we draw
regular triangles outward on sides of ABC, say ABC, BCA, CAB, respectively. Prove that the
segments AA, BB, CC intersect each other in a point K. (That is the isogonal point of ABC and
the distance sum AK + BK + CK is minimal for K among all points of the plane, see Fig. 2.)

Professor Karteszi noticed that — instead of regular triangles — we can draw isosceles ones with
all equal base angles, and the above K (called Karteszi point) exists also in the Bolyai-
Lobachevsky hyperbolic plane H2 [2] (in the sphere S? as well, (see also [4] Kalman, 1989 and
Sect. 2-3), while the orthocentre, barycentre are specific cases.

This problem will lead to a more general Yaglom triangle configuration and to an analogous
extremal point K, where the distance sum aKA + KB + yKC is minimal with given positive real
numbers a, 5, y. (Think of a =4, f =3, y = 2, Figs. 3-4.)

Moreover, as a new result of our previous paper [9], an extension onto "absolute plane" (S?,
E?, H?; Minkowski plane M?, Galilei (or isotropic) plane G?) can be formulated and solved by
three reflections theorem (see e.g. [1] Bachmann, [9] Molnar, 1978 and Sect. 4; [13] Weiss,
2018), and geometric (Grassmann-Clifford type) algebra ([12] Perwass et al., 2004 and
Sect. 4, 5).

Fig. 2. Kisthe isogonal (or Fermat-Torricelli) point of triangle ABC
with minimal distance sum KA + KB + KC=AA = BB = CC.

Open problems arise as well. By this we want to follow F. Karteszi's didactical credo (Fig. 1,
see also his wonderful book [5] Karteszi (1976), of great international success):

Start with a natural, elementary, visually well understandable task! Then follow the
manipulations, tools, new mathematical concepts, the technical machinery; then the solution,
occasional theory, further applications, extensions, etc.
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In this presentation and future paper the projective geometric (Grassmann-Clifford type)
algebra leads us to the ,,most general* criterion of Kdrteszi point K t0 a given triangle ABC
with outward drawn triangles ABC, BCA, CAB and K=AANBB n CC.

We formulate these in Sections 4 — 5, where some consequences are mentioned as well. In
6 Epilogue and references [6], [11] we recall Ferenc Karteszi as a teacher and scientist
personality.

2 Solution of the starting problems

We begin with the solution of the school task to Fig. 2. Just as proof with picture without words,

as Professor Karteszi made many times in his seminar in 1970's years in our Janos Bolyai
College (that time Budapest, VIII. Rakoczi str. 5).

Then the Professor turned to his generalisation with isosceles triangles) outward on AB, BC, CA
of all equal base angles, as in the introduction. He recalled the absolute sine theorem of Janos
Bolyai [2], see shortly in Sect. 3, that guarantees the existence of K as intersection point of
AA, BB, CC (see [4] Kalman, 1989, who was his doctor student as well). That time he left to me
to find the "most general situation™. Then | met the above problem of 1. Yaglom (1968, [14]),
when | translated his book volumes I-11 into Hungarian, [7]. That problem in Figs. 3-4 led us to
a more general (Euclidean E?) configuration by similarity transforms. | could find an (or the
,,most interesting*) extension (only recently) as follows to Fig. 9 and the solution in absolute
(projective metric) plane or sphere in Sections 4, 5.

Fig. 3. Segmentation (then linearization) of Fig. 4. The construction of the extremal point

aKA + BKB + yKC (say a =4, =3,y =2) K=AA N BB n CC to Yaglom's problem in Fig. 3.

by rotatory similarities @, 8,7 about A, B, C, Here a: p:y~4:3: 2 (satisfy the triangle
with angles @, 3,7, respectively (sketch). inequalities!), and a4A = BB = yCC.
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But first, let us analyse the more general problem in Fig. 3 ([7], [14]). We can write the
(equivalent) proportionality

aKA + KB + yKC ~ KA + (f/a)KB + (y/a)KC.

Then after AK we can copy (f/a)KB = KKB™ by rotatory similarity S~ about B with proportion
y la. =% (in our concrete choice), so that BK : KKB™:KF'B~a :fy~4:3:2. This rotatory
similarity B~ maps C onto A=CF ", sothat BC: CA:AB ~a:fB:y~ 4:3:2, and
KF'cP . KC = ylo. = 1/2. Here BC and the relation a : f:y~4:3: 2 uniquely determine
A=CPF", and AK + KKB '+ KB CP™" ~ AK + (Bla)KB + (yla)KC, as promised and called
segmentation. Thus aKA + KB + yKC ~ KA + (f/a)KB + (y/a)KC will be as small as possible,
iff K lies in the segment AA (as linearization) and also in BB, CC as follows.

The similar argument holds for starting with C and B instead of A as above. In Fig. 3 we
analysed these cases by logical symmetry. Then BC : CA: AB~a:f:y~4:3:2~BC:CA:
AB ~BC : CA : AB determine the triangle configuration, where the rotatory similarities and
inverses B, ¥ then B, @1 then @, ¥~ play important roles. These involve the symmetric
angles @, —a@ at vertex A; 8, —f at B; y, —y at C, referred to the three reflections theorem

later on (but e.g. KB~ # K71).
In Fig. 4 we look at the construction: K is the common intersection point of segments
AA, BB, CC. Indirect arguments show that this K makes the quantity aKA + SKB + yKC as small
as possible, from among the points of (E?) plane of the given triangle ABC, and for the given
positive real numbers a, S, y. Moreover, we get

aAA = BBB = yCC ~ aKA + BKB + yKC
for this minimum in Fig. 4.

But we have now assumed that the numbers o, S, y satisfy the triangle inequalities. The
remaining question is: What is the solution (situation) in the opposite cases?

3 Application of the Absolute sine theorem

Janos Bolyai's absolute geometry [2] (~ 200 years old by his famous Temesvar letter to his
father Farkas (Wolfgang) Bolyai, November 3, 1823) has a key of trigonometry, the following
theorem.

3.1 Absolute sine theorem: For the triangle ABC of angles o, 5, y at A, B, C and sides BC =
a, CA =b, AB = c, respectively, it holds

sina/0a=sinf/ob=siny/oc, (3.1)

where e.g. 0a denotes the perimeter of the circle of radius a.

We remark that in E? holds oa = 2z a, in S? holds oa = 2zrsin(a/r), in H? holds oa = 2nk
sinh(a/k); where r is the radius of the sphere as a natural constant; k is a universal constant of
H?, characteristic as the natural distance unit (with k = \/—1/K, if K denotes here the negative
sectional curvature, analogous to the spherical positive curvature K = 1/r?).

First we recall the following
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3.2 Ceva type theorem ([4] Kalman, 1989, task 199, Fig. 5 a-b): The three lines through the
vertices of a triangle ABC (say of acute angles for simplicity) intersect each other in an interior
point P, if and only if (or iff, with notations of Fig. 5 a-b)

sin a1 Sin B1sin p1/sin a2 Sin f2sin yo = 1. (3.2)

C

Fig. 5. a-b A Ceva type theorem of the absolute geometry.

Proof. a) If P exists: We write the Sine Theorem for ABP, BCP, CAP. respectively:
sinoy/sinfo=o0y/ox, sin frlsiny=0z/0y, siny1/sinax=0x/0z.

Multiplying the left and right sides, respectively, we get (3.2).
b) Indirectly, we assume (3.2) and Fig. 5b. Again by Sine Theorem for ABP it holds

o(y1+Y2) / 0x1=sin aa/sin B2 , etc. for BCQ and CAR we get by (3.2)
o(y1ty2)o(zit+z2) o(xa+x2) I x1y121=1

that would lead to a contradiction, if X2 =y2=22 =0, i.e. P=Q =R would not be true. &
Then comes the following theorem.
3.3 Karteszi point theorem in Fig. 6 (task 200 in Kalman, 1989), as an "easy" consequence:
Proof. We write the Sine Theorem for triangles AAB and AAC, respectively:
sinoa /sin(8+ ) =0BA/0AA and sin a2 /sin(y + ¥) =0CA / 0 AA (imply) =
sin aa sin(y + ) /' sin a2 sin(8 + ) = 0BA / 0CA = sin y/sin 8

and other two analogous implications by logical symmetry. Multiplying the corresponding
sides, we get again by simplifications sin a1 sin £1 sin y1 / sin a2 sin B2 sin y2 = 1 the Ceva type
equality (3.2), thus

AANBBNCC=K (3.3)
that is just the Karteszi point. &

It arises the problem: What are the connections among A4, BB, CC and data of ABC, and @, f3,
¥ ? (Compare with the Euclidean situations!)
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C

Fig. 6. Triangle configuration for Karteszi point K in absolute geometry,
compare also with Figs. 1, 3, 4 and the modified Fig. 9.

4 Projective metric plane over a real vector space V3 and its dual Vs.
Projective geometric (Grassmann-Clifford type) algebra

For our description we need standard but lengthy series of concepts, notations, so we try to
apply the (hopefully) informative Figs. 7 a-c below.

4.1 Projective metric plane

Fig. 7a shows our scene, how the real affine (Euclidean) plane A? is embedded into the affine
(Euclidean) space A% (O, V3, V3), into a projective plane P?(A? U i), furthermore into the
projective sphere PS? that can also be considered a double affine plane extended by a double
ideal line i at infinity co. Here V2 is a (say) left vector space over real number field (R), Vs is
its dual linear (then right) form space. V3 3 x = x'ej with a basis {ei} (i =0, 1, 2), Va3 u = ely;
with dual basis {e'} defined by eie! = 5 (the Kronecker delta symbol; Einstein-Schouten index
conventions will also be used; of course, nul vector o and null form o are excluded).

At Fig. 7b we see also a triangle coordinate system, now AcA1A2A ~ b%b%b or a’ala’a
alternatively. Out of affine plane A? we take an origin O, from that vectors point to plane A2 so
to projective plane P? and projective sphere PS? up to ~ proportionalities below, respectively.
T?at means vectors x ~ cx describe the same point X (x) of PS? iff 0 < ¢ € R, and (x) = (-x) for
P-.

Linear forms of V3 describe the planes through the origin O of A3, the proportionality classes
describe the lines of P? and or (main cirles of) PS?. A point A (OA = a = ap + a1 + az, called unit
point) fixes the coordinate system AoA1A2A (up to proportionality). Then lines a° = AiAz,
a' = AxAo, a2 = AoArand unit line a (a = a° + a' + a?), the dual coordinate system in V3 will also
be fixed.
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Fig. 7a. It shows the real (R) affine (Euclidean) plane A? embedded into the affine (Euclidean) space
A3(0, V3, Vs), into a projective plane P%(A? U i), furthermore into the projective sphere PS2,

Fig. 7b. The triangle coordinate system AcA1A,A ~ b%b*b?b for points and lines.
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Fig. 7c. Figure shows the Beltrami-Cayley-Klein (B-C-K) model of Bolyai-Lobachevsky
hyperbolic (H?) plane with its absolute conic and assymptote cone with the two
sheets hyperboloid in the embedding 3-space A3(O, V3, Vs), given by the linear
symmetric absolute polar line (u) — pole point (U) polarity
(v): V3 — V3, u(u) — U (uy) = U(u) or symmetric bilinear scalar product
<u=bh' Ui, vV = ijj> = Uin'ijVj, =7

In Fig. 7c we can see the projective metric Beltrami-Cayley-Klein (B-C-K) model of the Bolyai-
Lobachevsky hyperbolic (H?) plane defined by a polar line (u) — pole point (U) polarity
(v): V3 — V3, u(u) — U (uv) = U(u) and its quadratic conic of signature (-, +, +). This is
equivalently given by a symmetric bilinear scalar product (either by (,) or more emphasizing
now by)

<> Vax Vs — R, <u = biuj, v = bivj> := (veu) = (uw) = Ui, 7' (eje")vk =
Ui, 75 vk = ui, 7l with symmetry 7' = 7.

In the usual Euclidean (B-C-K) model, where the hyperbolic polarity is invertible, (v)* = (*):
V3 — V3, x — x* = x. Distance (d) and angle (a) metric can be defined by the scalar product:

ch [d(x, y)/K] = —<x, y>/./<x,x ><y,y >,

cos[a(u, V)] = —<u, v>/V<uu><wv,v >,

and this can be extended to complex distance and angle, as usual by complex exponential, ch
and cos functions.

0 = —x%% + xIx! + x&%2and 0 = —ugUg + U1U1 + U2U2

describe the points and the lines of absolute conic, respectively, as a unit circle and its touching
lines in homogeneous coordinates. The elliptic (spherical S?) plane is characterized by signature
(+, +, +), the Euclidean (E?) plane by (0, +, +). The Minkowski (M?) plane by (0, +, -), the
Galilei (G? or isotropic) plane by (0, 0, +) are no more detailed (but important).
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A typical projective (linear) mapping is the central axial collineation with centre C(c), axis a(a)
and parameter p for points X(x) and lines u(u), respectively:

6% V2 — V3, X(x) — Y(Y), y = X — p(xa)c;

V3— V3, u(u) — v(v), v=u—a(cu),
where p = 1/[(ca) — 1]. (4.2)
This will be an involutive (involutory) reflection c2* for polar axis line a(a) and pole centre
point A(a) as follows

oa™ VB — V3, X(x) — Y(y), y = x — [2(xa)/(ad)]a ;

V3— V3, u(u) — v(v), v=u-a[(au)2/(aa)], if (aa) # 0. (4.2)

Thus we can define general projective (linear) mappings as products of central axial
collineations (as inverse pairs, acting on vectors from right, then on forms from left). Congruent
transforms of projective metric planes will be the products of (say) line reflections.

Then we can use also the reflection geometry [1] of F. Bachmann (see e.g. [8] Molnar 1978
and [13] Weiss (2018), as indicated later on.

4.2 Projective geometric (Grassmann-Clifford) algebra

On the history of Projective geometric algebra see the next Fig. 8 below from the paper [3] of
Jaroslav Hrdina (2024) presented in the previous Czech-Slovak Conference on Geometry and
Graphics (I am sorry for not participating there).

Fig. 8. Julius Plucker, Herman Gunther Grassmann, Sir William Rowan Hamilton,
William Kingdon Clifford (photo: Wikimedia Commons)

The Grassmann-Clifford type geometric algebra [12] will be defined now in the most
elementary form in analogy of introducing alternating bilinear cross product of classical
Euclidean space geometry: point x point = their-connecting-line and line X line = their-
intersection-point. Of course, these will be by the above projective metric 3-vector-form
calculus or rather 3-form-vector calculus for projective metric plane geometry, i.e. for S?, H?
mostly, but also for E?, M?, G? with degenerate polarities, not detailed more.
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Let the multilinear usual alternating determinant function be defined and normed on a dual basis
pair

{ei}, {¢'} (i,j =0, 1, 2) as det (o, &1, €2) = 1 = det (e°, e, &?)

X(x) * Y(y) = u(u) by (zu) = det(x, y, z) = 0,

u is the linear form (directed line of P(S?) on the variable point Z(z).
u(u) x v(v) = X(x) by (xw) = det(u, v, w) = 0, X is the vector (its class in P(S?)

on the variable (directed) line w(w). 4.3)

We can check some important identities and their duals (as well known for usual cross product)
as stated in the following theorem.

Theorem 4
la The following (dual) identities are valid:

p = (xxy)xu=(yu)x—(xu)y,

s =: (U xV)xXxX=u(xv) —v(xu). (4.4
1b The linear form x x y takes on the vector u x v the real number

— g | W V)|

(Ux v, xxy) = det| o0 2= () - (o)) (4.5)

1c The linear form u = x x y takes the real value det(z, x, y) on the vector z.

1d The pole of u=x x yis u = uy=x*x y*, if (*), the inverse polarity of (v) exists (S?, H?).
Then the scalar product, distance and angle can also be extended. &

< C

Fig. 9. This modified version of Fig. 6. for Karteszi point configuration, describes now
coordinate triangles, defined by the following sides
a=BC(i.,e.a=bxc),b=CA(i.e. b=c x a), etc.
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The scalar product (by symmetric Coxeter-Schléfli, i.e. (C-Sch)) matrix

(aa) (ab) (ac) 1 —cosy —cosf
(ba) (bb) (bc) |= (— cosy 1 — cos a) = (rY) = (n/') (4.6)
(ca) (cb) (cc) —cosff —cosa 1

will determine the whole configuration by the angles of triangle ABC, so this will be the base
of our computations in Section 5. We shall concentrate only on spherical, hyperbolic and
Euclidean geometries in a condensed form, exploiting the logical symmetries.

At vertex A we find lines AC = b, AB = ¢ with angle a (<b, ¢> = — cos a), then AB =b + co,
AC=c + bac as line forms (in V3)

with 0 < ap, ac < 1/c0S a. 4.7)
As e.g. parameter ap and the (acute) angle 2CAB : = @, determine (not easily) each other

1—apcosa

cosa, = . e.
J1=2a,cosa + a?
o sin a, (4.8)
> 7 sin(a + @) '

(not easily). Similarly, we obtain 6 parameters an, oc; Sc, Ba; 7a 7o at vertices A, B, C.

5 Karteszi point by projective geometric algebra

We continue the previous section to Fig. 8. in obvious manner.

Start with AB ~b + capand CB ~b + ayp. Then B ~ yp(b x @) + an(C x b) + any(C x &), where
(bxa)~C, (cxb)~A,(cxa)~-B can be introduced by projective geometric algebra (PGA).
Then

BB ~BxB ~(BxC)p+ (B xA)ap~ay,—Cap (5.1)
by former theorems 4 of PGA.

By logical symmetry we obtain the analogous expressions
AA ~cfa—Dbya and CC ~bac—ape (5.2)

For the Kérteszi point K we obtain the condition K ~ AAx BB ~ AA x CC , i.e. as above, by
projective freedom

K"')’aabA +,BaVbB +VaYbC "'ﬂaOCcA +ﬂaﬂcB +ya,5cc (53)
as a result to discuss easily on the base of geometric parameters

ab, oc; Po, Pa; Ya, Yo

comparing with the former cases.
We do not consider zero (0) and infinity (o0) parameters (not interesting and easy cases), so the
simplest condition is

Otbﬁcya = Olcﬁa)/b- (5-4)
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ob = ac, fc = fa, ya = yp Was our most interesting case before, treated previousli by three
reflections theorem, [9]. But we have obtained the most general criterion in the following
theorem.

Theorem 5. For the existence of Karteszi point it holds the criterion (if and only if; now =
means the multiplication point):

ab fcya = acfayn, Or equivalently — as we expressed in Section 4 by Fig. 9 —
sin@, / sin(a + @) * sin B, / sin(B + B.) * siny, / sin(y + 7,) =

= sina, / sin(a + @,) * sin B, / sin(ﬁ + Ea) *siny, /sin(y +y,) 2 (5.5)

Now we have many other cases to select for further considerations, sometimes with complicated
computations (e.g. by (5.5)!

First from (5.4) (so from (5.5)) yb= abBcyalacfasubstituting into (5.3), we get (by projective
proportionality)

K -~ (XcﬁaA + ﬁaﬁcB + yaﬁcc (56)
and analogue expressions.

We indicate only the discussion of scalar product (4.6), first the determinant
IT= det(n") = 1- cos?a — c0S? — cOS?y — 2C0Sa COSf3 COSy =
1-1%[(1 + cos(2a)) + (1 + cos(25))+ (1 + cos(2y))] — cosy [cos(a — ) +
+ cos(a + f) ] =—[cosy + cos(a — B)][cosy + cos(a + p)] =
—4cos[a(—a + B + y)lcos[Va(a = B + y)]cos[Va(a + B = y)] »cos[Va(a + S+ 9)], (5.7)

whose sign decides the signature of the scalar product: o + f + y >, =, < & leads to spherical
(signature (+++)), Euclidean (++0) and hyperbolic (++-) geometry, respectively.

Then the distance metric can be determined (not easily), and further problems can be solved.
But these we leave to another paper to the 120" Anniversary of Ferenc Karteszi's Birthday.

6 Epilogue

Professor Ferenc Karteszi was a charismatic personality of the Hungarian mathematics
education and science (descriptive, projective and finite geometries, see only [2] and [5]). He
made presentation trips also in Slovakia (Vojtech (Béla) Balint was his translator). As told
always, his engineer brother helped him a lot, then the Secondary School Journal of
Mathematics (Kozépiskolai Matematikai Lapok), founded in 1894 by Daniel Arany, a teacher
in Gyér. He won doctor degree then received an ltalian stipendium and worked under
supervision of Beppo Levi and Beniamino Segre. He taught 10 years in the (Scientific Lyceum
or) Real Gymnasium in Gy6r. This was my Gymnasium later as well, where my father Ernd
Molnar taught, too [ 11]. The Reader finds more biographic details in [6] and [11], and the author
has many-many personal rememberings as well.
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Gndmonicka azimutalna projekcia
na ciferniku sinecnych hodin

Margita Vajsablova, Juliana Beganova

Abstrakt

Na slne¢né hodiny sa moézeme pozerat
Z pohladu historie, filozofie, astronomie,
umenia, ale aj matematiky a geometrie.
Ciferniky slne¢nych hodin obsahuju obrazy
poludnikov a rovnobeziek gulovej plochy
vV gnomonickej azimutilnej projekcii.
Cielom prispevku je ukazat’ tieto suvislosti,
formulovat konstrukcie ¢iar cifernikov
viacerych typov slneénych hodin pomocou
gnémonickej azimutdlnej projekcie, kde
hlavny prinos prispevku je vo formulacii
vztahov pre urenie jej parametrov
V suvislosti so zemepisnou polohou roviny
cifernika, jej orientaciou a dizkou gnomonu
slneénych hodin. Uvedené vztahy su
aplikované pri vykresleni cifernikov r6znych
slneénych hodin Vv softvéri  Wolfram
Mathematica.

KPucové slova: slnecné hodiny, deklinacia
Slnka, gnémonicka projekcia, gndmon

Abstract

We can look at sundials from the perspective
of history, philosophy, astronomy, art, but
also mathematics and geometry. Sundial
dials contain images of the meridians and
parallels of a spherical surface in a gnomonic
azimuthal projection. The aim of the paper is
to show these connections, to formulate the
constructions of the dial lines of several
types of sundials using gnomonic azimuthal
projection. The main contribution of this
paper is in the creation of formulas for
determining its parameters in relation to the
geographical location of the dial plane, its
orientation and the length of gnomon of
sundial. In Wolfram Mathematica software,
we applied these derived formulas in the
rendering of the dials of various sundials.

Keywords: sundial, solar declination,
gnomonic projection, gnomon

1 Co potrebujeme vediet’ o vzt’ahu Zeme a SInka

»Neukazujem hodiny, ale jasné nebo.* Tento vyrok, ktory sa nachadza na slne¢nych hodinach
(z roku 1770) na kostole sv. Stefana v Rajci, vystihuje filozofiu merania ¢asu pomocou Slnka.
Na rovinnych cifernikoch slne¢nych hodin sa znazorfiuji hodinové a datumové Ciary, ktoré st
obrazmi rovnobeziek a poludnikov gulovej plochy v gnomonickej projekcii do roviny
(azimutalna).

Instalacia slnecnych hodin je zavisla od zemepisnych suradnic ich lokality. S ohl'adom na
slne¢né hodiny budeme pouzivat referencnu sféru Zeme, ktord ma konstantny polomer krivosti
R. Polohu bodu M (Obr. 1) na referenénej sfére vyjadrujeme zemepisnymi stiradnicami U a V:
- sféricka Sirka U: U e (-90°, 90°), zemska rovnobezka ma konstantnu sféricku Sirku U,
- sféricka dizka V: V e (-180°, 180°), zemsky poludnik mé konitantnu sférickt dizku V.

Jednym z faktorov urcujtcich polohu Slnka ku Zemi je solarna deklinacia & (Obr. 1) definovana
ako uhol spojnice ich stredov od roviny rovnika, ktora je na sever kladna a na juh zaporna [7].
Solarna deklinacia je pocas dna priblizne rovnaka a jej hodnoty sa pocas roka pohybuju medzi

G - slovensky Casopis pre geometriu a grafiku, rocnik 22 (2025), Cislo 44, s. 35 — 54 35



Margita Vajsablova, Juliana Beganova

+23°26'22", ¢o su sférické Sirky Obratnika Raka a Obratnika Kozorozca. Zem vykona rotaciu
okolo svojej osi za 24 hodin, teda hodinovy uhol je 15° (360°/24 hodin).

SLNKO

rovnik
Jpél

Obr. 1. Vzajomna poloha Slnka a Zeme

Klasifikacia slne¢nych hodin [1] (Obr. 2):
a) Rovinné slne¢né hodiny:
e Horizontalne (vodorovné) slne¢né hodiny maja rovinu cifernika rovnobeznt s

dotykovou rovinou referenc¢nej sféry Zeme.

e Vertikalne (zvislé) slne¢né hodiny majt cifernik v normalovej rovine referenénej sféry
Zeme, pozname:
- juzné slne¢né hodiny,
- zapadné slne¢né hodiny,
- vychodné slne¢né hodiny,
- merididnové slne¢né hodiny,
- vSeobecné vertikalne slne¢né hodiny definované azimutom A.
o Sikmé slne¢né hodiny maju rovinu cifernika naklonenti k dotykovej aj k normalovej
rovine referencnej sféry Zeme, pozname :
- polarne slne¢né hodiny,
- rovnikové slne¢né hodiny,
- vSeobecné naklonené slne¢né hodiny.

b) Nerovinné slne¢né hodiny — cifernik nie je rovinny (sféra, valec, kuzel’ a pod.).

Cifernik rovinnych slne¢nych hodin je rovina 7 (Obr. 3). Gnémon (ukazovatel’) ma zakladny
tvar GiseCky, ktorti ozna¢ime PS, kde P je bod na ciferniku, S je koncovy bod gnémonu. Aby
slne¢né hodiny ukazovali spravny ¢as pocas celého roku, gndmon musi byt rovnobezny s osou
rotacie Zeme. Tient PS’gnémonu na ciferniku je priamka, ktora je znazoriiovana kazda hodinu
dna a nazyva sa hodinova ¢iara. Tieti koncového bodu S gnémonu v dany den opisuje datumovu
(datova) ciaru, nazyvanu tiez deklinacnéd ciara, nakolko prislicha soldrnej deklindcii o.
Datumové c¢iary sa obvykle znazoriiuju pre dolezité dni kalendara, ako letny a zimny slnovrat,
dni rovnodennosti, prip. dni, kedy Slnko vchadza do jednotlivych znameni zvieratnika [5].
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Obr. 2. Zakladna typoldgia slneénych hodin

Obr. 3. Schéma slnecnych hodin

2 Gnomonicka azimutalna projekcia

Autorom gnomonickej azimutalnej projekcie je grécky astrondém, matematik a filozof Tales
z Milétu, ktory ju pouzil na zostrojenie mapy hviezdnej oblohy v 6. stor. pr. Kr., priCom v tom
Case tvar Zeme povazoval za plochy.

Definicia. Gnomonicka azimutalna projekcia je stredové premietanie gulovej plochy 77 do
roviny, pri¢om stred premietania S je totozny so stredom referen¢nej sféry 7.

V gnoémonickej azimutalnej projekcii platia nasledujice vlastnosti (Obr. 4):
Veta 1. Gnémonické obrazy dvoch krajnych bodov priemeru gul'ovej plochy 77st totozné.

Veta 2. Gndémonickym obrazom vSetkych hlavnych kruznic (ich stred je stred gul'ovej plochy)
gul’ovej plochy /7su priamky.

Veta 3. Gndémonickym obrazom rovnobezkovych kruznic gulovej plochy 7 su kuzel'osecky,
teda elipsa, parabola alebo hyperbola.
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Obr. 4. Gnémonicka azimutalna projekcia

Z uvedenych vlastnosti vyplyvaju d’alsie:

Dosledok 1. Gndémonickym obrazom vsetkych poludnikov, rovnika a ortodrém gul’'ovej plochy
[st priamky.

Dosledok 2. Gnomonické obrazy zemepisnych polov st totozné, vlastny alebo nevlastny bod.

Désledok 3. Gnomonické obrazy poludnikov su priamky prechadzajice obrazom polov:

a) Ak sa poly zobrazuju do jedného vlastného bodu, potom poludniky sa
zobrazuju ako zvézok priamok.

b) Ak sa poly zobrazuji do jedného nevlastného bodu, potom poludniky sa
zobrazuju ako priamky s nim rovnobezné (osnova priamok).

Gnomonicka projekcia podl'a polohy priemetne:

- Poélové (normalna) poloha — priemetiia je kolma na zemsku os.
- Rovnikova (transverzalna) poloha — priemetia je kolma na rovinu rovnika.

- VSeobecna poloha — priemetna nie je kolma na zemsku os, ani na rovinu rovnika.

Nech priemetiia 7 sa dotyka referen¢nej sféry v bode K nazyvanom kartograficky pol, ktory je
zaroven zaciatkom suradnicovej stistavy v rovine. Nech sférické suradnice kartografického polu
K st Uk, Vk a polomer referentnej sféry je R, potom zobrazovacie rovnice gndémonicke;j
azimutalnej projekcie su [4]:

__ R sinU cosUg —cosU sinUg cos(V — V)
~ sinU sinUg + cosU cosUg cos(V — V) ’

1)
B R cosU sin(V — V)
y= sinU sinUg + cosU cos Uk cos(V — V)’
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3 Gnoémonicka azimutalna projekcia na slne¢nych hodinach

Pouzitie gndmonickej projekcie pri tvorbe cifernika rovinnych slneénych hodin je spominané
vo viacerych zdrojoch, avSak bez vysvetlenia geometrickej podstaty ako a preco. V tejto
kapitole ukazeme vlastnu ilustraciu, ¢i vysvetlenie tohto principu, odvodenie parametrov
gndémonickej projekcie a aplikaciu tychto vysledkov na viacerych typoch slne¢nych hodin.

3.1 Princip pouZitia gnémonickej azimutalnej projekcie na slne¢nych hodinach

Vytvorenie nasho vlastného vysvetlenia vzt'ahu medzi ¢iarami na ciferniku slne¢nych hodin
a gnémonickym premietanim gul'ovej plochy vyplyva z fungovania rovinnych slne¢nych hodin
na principe vrhnutého tiena gnémonu a jeho koncového bodu pocas dna do roviny cifernika.
Uvedeny vzt'ah ilustrujeme na obr. 5. V kapitole 1 sme spomenuli, Ze poloha slne¢nych hodin
a uhla gnémonu s rovinou cifernika zalezi od zemepisnych suradnic Ur a Vi lokality ich
instalacie. Ked’ze gnéomon PS musi byt rovnobezny s osou rotacie Zeme a ¢iary na ciferniku st
obrazom rovnobeziek a poludnikov v gnoémonickej projekcii gulovej plochy do roviny,
potrebujeme definovat’ polohu a velkost’ tejto gulovej plochy 7

Nech solarna deklinacia je &, teda slne¢né luce prechadzajice koncovym bodom S gnémonu
pocas tohto deit maju sklon & k rovine rovnika a tiet bodu S opisuje datumovu Ciaru.
Z uvedeného dedukujeme, ze S je stred gulovej plochy 7, ktora sa dotyka roviny 7z cifernika.
Na tejto gul'ovej ploche /"zavedieme os rotacie prechadzajucu gnémonom, a teda rovnobeznu
s osou rotacie Zeme, a tieZ z toho vyplyvajucu siet’ rovnobeziek a poludnikov (Obr. 5). Bod Ds
je tiett bodu S, a tieZ gndmonicky priemet bodu D, ktory lezi na rovnobezkovej kruznici gul'ove;j
plochy 7 ktorej sféricka §irka je solarna deklinacia o, teda jej obraz je datumova Ciara.

Obr. 5. Princip pouzitia gndémonickej projekeii na slne¢nych hodinach

Gnomon lezi na osi rotacie gulovej plochy 7, potom tienn gndomonu v danu hodinu, a teda
hodinova €iara je priamka, ktora je obrazom poludnika gulovej plochy /- Obraz lokalneho
poludnika, ktorého sféricka dlzka sa rovna lokalnej Vi, ukazuje poludnie, teda 12 hodin.

Obraz rovnika tejto gulovej plochy 7/ je priamka, na ktoru dopada tiefi gnomonu pocas dni
rovnodennosti, kedy je Slnko v rovine zemského rovnika a solarna deklinacia 6 = 0°.
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Gul'ova plocha /" a rovina = cifernika mézu mat’ rdéznu vzajomnua polohu, a to podla typu
slneCnych hodin. Tym je urCeny aj typ pouzitej gnomonickej azimutalnej projekcie. Na
rovnikovych slne¢nych hodinach je pouzitd gndémonicka projekcia v polovej polohe, na
polarnych slne¢nych hodinach sa pouziva gnomonicka projekcia v rovnikovej polohe a na
horizontalnych a vertikalnych je gnémonicka projekcia vo v§eobecnej polohe.

3.2 Gnomonicka azimutalna projekcia v pélovej polohe na rovnikovych slneénych
hodinach

Rovnikové (ekvatorialne) slne¢né hodiny st Specidlny typ Sikmych slne¢nych hodin. Rovina
cifernika rovnikovych hodin lezi v rovine rovnobeznej s rovinou zemského rovnika (tiez
rovnobeziek), a teda gnomon je kolmy na rovinu cifernika. Gnomon zviera s vodorovnou
rovinou uhol totozny s lokalnou sférickou Sirkou UL.

Na obr. 6 je geometricky princip obrazu poludnikov a rovnobeziek v gnomonickej projekcii
Vv polovej polohe. Priemetiia 7 sa dotyka gul'ovej plochy /”v bode K, ktory je jej pol (tiez pata
P gnémonu, teda P = K = %), teda jeho sférické suradnice sit Uk = £90°, Vk = VL. Hodinové
¢iary su obrazmi poludnikov a tvoria zvdzok polpriamok vychédzajacich z pity P gnémonu
(obraz polu) a zvieraju navzajom nasobky hodinového uhla 15°. Datumové Ciary su sustredné
kruZnice so stredom v bode P a st obrazmi rovnobezkovych kruznic so sférickou $irkou, ktora
sa rovna solarnej deklinacii o.

[

Obr. 6. Obraz zemepisnej siete v gnomonickej projekcii v polovej polohe
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Obraz rovnika je nevlastna priamka, a preto v dni rovnodennosti rovnikové slne¢né hodiny ¢as
neukazuju. Rovnikové slne¢né hodiny maju 2 ciferniky na vrchnej a spodnej €asti disku, a to
pre Cast’ roka, kedy Slnko je nad rovnikovou a pod rovnikovou rovinou. Toto vidime tiez na
obr. 7, kde st ukazky rovnikovych slne¢nych hodin. VI'avo st rovnikové hodiny nachadzajice
sa v Zakazanom meste v Pekingu. Vpravo st rovnikové hodiny autorky Wendy Taylor z roku
1973, ktoré sa nachadzajt pri Tower Bridge v Londyne.

Na obr. 8 je navrh Ciar cifernika (hodinové, polhodinové a datumové Ciary) rovnikovych
slne¢nych hodin pre mesto Bratislava (UL = 48° 8’ 53,38", VL = 17° 6’ 24,26"), ktoré sme
vykreslili v softvérovom prostredi Wolfram Mathematica pomocou zobrazovacich rovnic (1)
gnomonickej azimutalne projekcie s pouzitim nasledujicich parametrov:

Uk =-90° Vk =V =17° 6' 24,26",

R =d, d je dizka gnémonu (zobrazen4 v mierke obrazka).

]
=

\

K7

Obr. 7. Ukazky rovnikovych slneénych hodin

Obr. 8. Navrh cifernika rovnikovych slne¢nych hodin pre lokalitu Bratislava
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3.3 Gnomonicka azimutalna projekcia v rovnikovej polohe na polarnych slne¢nych
hodinach

Polarne slne¢né hodiny su S$pecialnym pripadom Sikmych slne¢nych hodin, kedy rovina
cifernika lezi v rovine rovnobeznej so zemskou osou, teda gnomon je rovnobezny S rovinou
cifernika. Tvar gnémonu je preto najéastejsie obdiznik leZiaci v rovine kolmej na rovinu
cifernika, s jednou stranou upevnenou na ciferniku a protil'ahléd tvori ukazovatel’. Priemetna =
sa dotyka gul'ovej plochy 7"v bode K, ktory je na jej rovniku, jeho sféricka Sirka Uk = 0°.

Ciary na ciferniku polarnych slne¢nych hodin s obrazom poludnikov a rovnobeziek gulove;
plochy 7"v gnémonickej azimutalnej projekcii v rovnikovej polohe (Obr. 9). Obraz rovnika je
priamka, ktora je stopou rovnikovej roviny. Poly J**' a S*% sa zobrazujii do nevlastnych bodov
kolmo na rovinu rovnika. Z désledku 3b vyplyva, ze poludniky, ktoré tvoria hodinové Ciary, sa
zobrazuji do rovnobeznych priamok v smere obrazu polov, dour¢ime ich pomocou bodov na
rovniku, a to v sklopeni rovnikovej roviny do priemetne. Rovnobezky, ktorych obrazy tvoria
datumové Cciary, sa zobrazuji do hyperbol, ktoré uréime pomocou ich vrcholov As, Bs
a asymptdt al, a, pricom uhol asymptot s obrazom rovnika sa rovna sférickej Sirke danej
rovnobezky, na slne¢nych hodinach je to solarna deklinacia o.
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Obr. 9. Obraz zemepisnej siete v gndémonickej projekcii v rovnikovej polohe

Na obr. 10 je navrh Ciar cifernika (hodinové, polhodinové a datumové ciary) polarnych
slneénych hodin pre mesto Bratislava (UL = 48° 8’ 53,38", VL = 17° 6’ 24,26"), ktoré sme
vykreslili v softvérovom prostredi Wolfram Mathematica pomocou zobrazovacich rovnic (1)
gndémonickej azimutalne projekcie s pouZzitim nasledujucich parametrov:
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Uk =0° Vk = VL =17° 6’ 24,26", R = d, d je dizka strany obdiznikového gnomonu
kolmej na rovinu cifernika (d zobrazena v mierke obrazka).

Obr. 10. Navrh cifernika polarnych slnecnych hodin pre lokalitu Bratislava

Na obr. 11 su ukazky polarnych slne¢nych hodin. Vlavo st pélové hodiny od Maximiliana
Huntera, vpravo od Piersa Nicholsona nachadzajtice sa v centre Londyna.

‘LONGITUDE WO46'43"
LATITUDE N50"507" N Lo Loworue

Obr. 11. Priklady polarnych slne¢nych hodin (www.macmillanhunter.co.uk/
bespoke-sundials-garden-sundials-public-art, www.sundials.info/types)

3.4 Gnémonicka azimutilna projekcia vo vSeobecnej polohe na horizontilnych a
vertikalnych sIneénych hodinach

Na horizontalnych a vertikadlnych slne¢nych hodinach st ciary na ciferniku obrazom
poludnikov a rovnobeziek gul'ovej plochy / uvedenej v uvode tejto kapitoly v gndmonicke;]
azimutalnej projekcii vo v§eobecnej polohe. (Obr. 5). Priemetna 7 sa dotyka gul'ovej plochy 77
v bode K, ktorého sférické stiradnice Uk, Vk st zavislé od sférickych stradnic Ui, Vi lokality
slne¢nych hodin (Obr. 12).

Obraz rovnika je priamka, ktora je stopou rovnikovej roviny a znazornuje datumovu ¢iaru v dni
rovnodennosti. Poly J’% a S*% sa zobrazuju do zaéiato¢ného bodu P gnémonu na ciferniku
slne¢nych hodin, z neho vychadzaju hodinové ciary, ktoré su podla dosledku 3a obrazy
poludnikov, teda tvoria zvizok polpriamok. Obraz lokalneho poludnika so sférickou dizkou Vi
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ukazuje poludnie, teda 12 hodin a ostatné hodinové Ciary urc¢ime ako gnomonické obrazy
poludnikov, ktoré st od lokalneho odchylené o nasobky hodinového uhla 15°. V geometrickej

konStrukceii dour¢ime obrazy ich bodov na rovniku, a to pomocou otoCenia rovnikovej roviny
do priemetne (Obr. 12).

Obrazy rovnobeziek v gnomonickej azimutalnej projekcii su kuzel'osecky. Ked’ze na slnecnych
hodinach ich zobrazujeme len v rozsahu solarnej deklinacie 6 od Obratnika Raka po Obratnik
Kozorozca, teda sféricka Sirka rovnobeziek medzi £23°26'22", na hodinach instalovanych
v nasich zemepisnych Sirkach su datumové Ciary hyperboly so spolo¢nou hlavnou osou na
obraze poludnika, kolmého na obraz rovnika. V gnomonickej projekcii ich ur¢ime pomocou
ich vrcholov As, Bs a ohniska F. Ohnisko F je dotykovy bod priemetne a gulovej plochy
vpisanej do premietacej kuzel'ovej plochy (podl'a Quetellet-Dandelinovej vety) (Obr. 12).

Na vertikalnych juznych hodinach je obraz rovnika totozny s horizontom. V d’al$ich kapitolach
ukazeme tvorbu hodinovych a datumovych ¢iar na vertikalnych slne¢nych hodinach, ktorych
rovina cifernika je od roviny cifernika juznych hodin oto¢ena o azimut A.
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Obr. 12. Obraz zemepisnej siete v gndémonickej projekcii vo v§eobecnej polohe

44 G - slovensky ¢asopis pre geometriu a grafiku, roénik 22 (2025), ¢islo 44, s. 35 — 54



Gnomonicka azimutalna projekcia na ciferniku sinecnych hodin

3.5 Geometricka konStrukcia hodinovych ¢iar na vSeobecnych vertikalnych slne¢nych

hodinach definovanych azimutom A

Nech lokalna sféricka Sirka miesta inStalacie zvislych slne¢nych hodin je Uy, P je bod gndmonu
na ciferniku a d je dizka gnomonu. Azimut zvislej roviny cifernika je A, pricom je uréeny ako
uhol normaly tejto roviny od poludnika (na severnej hemisfére od jeho juzného smeru). V praci
[2] je publikovana nasledujica konstrukcia hodinovych ¢iar tychto vertikdlnych slne¢nych
hodin definovanych azimutom A (Obr. 13):

1.

Zostrojime pravouhly trojuholnik APEH’ dany: prepona PE je na vertikalnej priamke
a ukazuje 12 hodin, <(PEH) = UL, <(EPH?) = 90°- UL a |PH1 = d, kde d je dizka gnémonu.

. Horizont prechadza bodom H”a obraz rovnika prechadza bodom E, pricom ich vzdjomny

uhol je , ktory nazyvame deklinacia (sklon) slne¢nych hodin a jeho velkost’ ur¢ujeme zo
vzt'ahu:

_ 90°— Uy,
w=A o0 (2)

Priese¢nik horizontu a obrazu rovnika ozna¢ime H”.

Zostrojime bod So ako jeden z priese¢nikov Talesovej kruznice s priemerom EH ”a kolmice
bodom P na obraz rovnika (kde pitu kolmice oznaéime E’).

V bode So zostrojime priamky, ktoré s priamkou SoE zvieraju nasobky hodinového uhla 15°.
Priese¢niky tychto priamok s obrazom rovnika spojime s bodom P, ¢im dostaneme hodinové
Ciary tychto vertikalnych slne¢nych hodin danych azimutom A roviny cifernika.

P

horizont

11 12 13

Obr. 13. Konstrukcia hodinovych ¢iar na vSeobecnych vertikalnych slne¢nych hodinach
definovanych azimutom A
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3.6 Odvodenie parametrov gnémonickej projekcie na v§eobecnych vertikalnych
slne¢nych hodinach definovanych azimutom A

V predchadzajucej kapitole 3.5 sme uviedli konstrukciu hodinovych cCiar na vertikalnych
slne¢nych hodinach definovanych azimutom A, z nej sme odvodili konstrukciu datumovych
Ciar, ktoré su gndémonickym obrazom rovnobeziek gul'ovej plochy 7 ktorej stred S je koniec
gnomonu a dotyka sa roviny cifernika, teda priemetne 7.

Z principu, ktory sme opisali v kapitole 3.1, zostrojime pomocny narys gulovej plochy /I~
(Obr. 14). Pomocny narys priemetne 7 Volime bodom H ”kolmo na gnomonicky obraz rovnika.
Narys stredu S, teda S, odvodime z jeho otoc¢enej polohy So, pomocou ktorého sme zostrojili
priese¢niky poludnikov a rovnika. Uhol narysu osi rotacie gul'ovej plochy /”a priemetne = je
90°- Ui, kde UL je lokalna zemepisna Sirka. Potom dotykovy bod K ma sféricku Sirku
Uk = 90°- UL. Ako sme spomenuli v kapitole 3.4, na hodinach instalovanych v nasich
zemepisnych Sirkach su obrazy rovnobeziek, teda datumové Ciary, hyperboly so spolo¢nou
hlavnou osou na obraze poludnika, kolmého na obraz rovnika. V gnomonickej projekcii ich
ur¢ime pomocou ich vrcholov a ohniska rovnako, ako je opisané v kapitole 3.4.

Spo’

orizont

Obr. 14. Konstrukcia datumovych ¢iar na vSeobecnych vertikalnych slne¢nych hodinach
definovanych azimutom A

Pri pouziti zobrazovacich rovnic gnémonickej azimutalnej projekcie potrebujeme odvodit’ tiez
sféricka dizku Vi kartografického polu K a polomer R gulovej plochy /- Poludnik so sférickou
dlzkou Vi lokéalneho poludnika ukazuje poludnie, teda jeho obraz v gnémonickej projekcii
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prechddza bodom E leZiacom na rovniku. Gnomonicky obraz poludnika prechddzajuceho
bodom K so sférickou $irkou Vk prechadza bodmi E’a So, odkial plati:

Vk = VL - <(ESoE) 3)
Nasledujucim postupom (Obr. 14) odvodime vzt'ah pre vypocet uhla £ = <(ESoE):

|E Sol= R sin U,

|E P|= |H K|+|KP1=R (cotg UL + tg UL).
KedZze <(EPE’) = @, potom po substitucii:

|[EE1=|PE1tg @ =R tg @ (cotg U +tg UL).
Potom pre tangens uhla ¢ plati:

e = |[EE’l Rtgw (tgUy + cotgUy)
8E TS, R sin U, ’

odkial’:
_ tgw
€ = arctg (sin2 Uy cos UL)' (4)

Po dosadeni (4) do (3) dostaneme vysledny vzt'ah pre vypocet sférickej dizky Vk:
_ _ tgw
Vk =V —arctg (sin2 Uy cos UL)' )
Z uvedenych vlastnosti odvodime tiez vzt'ah pre vypocet polomeru R gul'ovej plochy. Poloha
obrazu rovnika zavisi od dizky d gnémonu, lokalnej sférickej $irky UL a od uhla o, ktory je
uréeny z azimutu A roviny cifernika. V trojuholniku APEH ’je dizka use¢ky PE:

V trojuholniku APEE’, kde %(EPE’) = @, uré¢ime dizku use¢ky PE*

Cosw

|PE’| = |PE|cosw = d

(6)

Iny sposob, ako uréime dizku PE’, je z vel'kosti a polohy gul'ovej plochy 7; teda z jej polomeru
R a z lokalnej sférickej Sirky Ui, potom dostaneme:
|PE’|= |H K|+|KP’|=R (cotg U_ + tg U.). @)

Z rovnosti pravych stran rovnic (6) a (7) dostaneme vztah pre vypocet polomeru R gulovej
plochy 7

sinUL'

Ccosw
sinUp,

" tgUr+cotg Uy
Po uprave:
R =d cos wcos UL. (8)
Tento vztah mézeme preformulovat’:
R =d cos w cos (90°- Uk). 9)

Tieto vzt'ahy budeme v d’alSich kapitolach aplikovat’ pre viaceré typy slne¢nych hodin, a to pre
horizontalne, juzné vertikédlne, vSeobecné vertikalne definované azimutom A.
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3.7 Aplikacia odvodenych parametrov gnémonickej projekcie na horizontilnych
slne¢nych hodinach

Rovina cifernika horizontalnych slneénych hodin je rovnobeznd s dotykovou rovinou
referencnej plochy Zeme a gndémon je rovnobezny s osou rotacie Zeme, teda s rovinou cifernika
zviera uhol, ktory sa rovna sférickej $irke UL lokality inStalacie hodin. V kapitole 3.1 sme
opisali princip pouzitia gnomonickej projekcie gul'ovej plochy /7°do roviny r, ktora sa jej dotyka
v bode K. Pre sférické suradnice bodu K plati:

sféricka Sirka Uk = Uy,

sféricka dizka Vi = Vi, (10)
kde UL a Vi st zemepisné stiradnice miesta inStalacie slne¢nych hodin.
Ked’Ze rovina hodin je horizontalna, uhol @ = 0°, potom po dosadeni do vztahu (9) pre polomer
R gul'ovej plochy 7 plati:

R =d cos (90°- UL), (11)
kde d je dizka gnomonu.
Uvedené parametre Uk, Vk, R gndmonickej azimutalnej projekcie ur¢ené podl'a vztahov (10) a

(11) sme aplikovali pri vykresleni hodinovych, polhodinovych a datumovych Cdiar
horizontalnych slne¢nych hodin v lokalite Bratislavy so sférickymi suradnicami:

UL =48° 8’ 53,38", VL =17° 6' 24,26".

Vykreslenie Ciar cifernika (hodinové, polhodinové a datumové ¢iary) horizontalnych slnecnych
hodin pre Bratislavu (Obr. 15) sme realizovali v softvérovom prostredi Wolfram Mathematica
[9] pomocou zobrazovacich rovnic (1). Dizka d gnémonu je vykreslena v mierke obrazka.

Obr. 15. Navrh cifernika horizontalnych slne¢nych hodin pre lokalitu Bratislava

Na obr. 16 st priklady horizontdlnych slne¢nych hodin, ktorych autorom je Milan Baran zo
Sliacu. VTavo su slne¢né hodiny z roku 2010 nachadzajuce sa v centre obce Babina a vpravo
Vv blizkosti Kulturneho centra v Bernolakove [3].
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Obr. 16. Priklady horizontalnych slne¢nych hodin (foto: Ladislav Barabas) [3]

3.8 Aplikacia odvodenych parametrov gnémonickej projekcie na juznych vertikalnych
slne¢nych hodinach

Cifernik vertikalnych slne¢nych hodin lezi v norméalovej rovine k referenc¢nej ploche Zeme,
a ked’ze gndémon je rovnobezny s osou rotacie Zeme, zviera s rovinou cifernika uhol: 90° - UL,
kde UL je sféricka Sirka miesta hodin. Juzné vertikalne hodiny maju rovinu cifernika v smere
kolmom na doty¢nicu k poludniku (na severnej polguli smerujicemu na juh), teda normala
zviera s tymto poludnikom uhol A = 0°.

Priemetna gnémonickej projekcie je vo vSeobecnej polohe (Obr. 5) a dotyka sa gul'ovej plochy
I'v bode K, ktorého sférické suradnice si:

sféricka Sirka Uk = 90° - Uy,
sféricka dizka Vi = Vi, (12)
kde UL a VL su sférické stradnice miesta inStalacie hodin.

Pre juzné vertikalne hodiny plati, Ze obraz rovnika (Ciara dni rovnodennosti) je priamka totozna
s horizontom, teda do vztahu (8) alebo (9) dosadime @ = 0°, potom pre polomer R gul'ove;j
plochy 7"plati:

R =d cos U, (13)
kde d je dizka gnomonu.

Na obr. 17 je navrh ciar cifernika juznych vertikalnych hodin, ktoré sme vykreslili
v softvérovom prostredi Wolfram Mathematica [9] pomocou zobrazovacich rovnic (1).
Uvedené parametre Uk, Vk, R gnomonickej azimutalnej projekcie vo vSeobecnej polohe urcené
pomocou vztahov (12) a (13) sme aplikovali pri vykresleni hodinovych, polhodinovych
a datumovych ¢iar juznych vertikalnych slne¢nych hodin v lokalite Bratislavy so sférickymi
stradnicami: UL = 48° 8’ 53,38", V= 17° 6' 24,26". Dizka d gnémonu je zobrazena v mierke
obrazka.

Na obr. 18 st priklady viacerych slne¢nych hodin. VTlavo je cifernik starovekych juznych
vertikalnych slne¢nych hodin z Udolia Kral'ov v Egypte (asi 1500 pr. Kr.) [6], v strede a vpravo
su vertikéalne a horizontalne slne¢né hodiny nachadzajice sa v aredli Observatoria a planetaria
v Brne (foto: Vajsablova).
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Obr. 18. Ukazky slne¢nych hodin

3.9 Aplikacia odvodenych parametrov gnémonickej projekcie na vieobecnych
vertikalnych slne¢nych hodinach definovanych azimutom A

Rovina cifernika vSeobecnych vertikalnych slne¢nych hodin definovanych azimutom A je
v normalovej rovine referen¢nej plochy Zeme, pricom normala tejto roviny zviera s poludnikom
(na severnej polguli smerujucom na juh) uhol A. Ked’Ze gnémon je rovnobezny s osou rotacie
Zeme, jeho uhol s rovinou cifernika je 90° - Ui, kde UL je sféricka Sirka miesta hodin.
Priemetia gnomonickej projekcie je vo v§eobecnej polohe (Obr. 5) a dotyka sa gul'ovej plochy
I"v bode K, ktorého sférické stradnice su:

sféricka Sirka Uk = 90° - UL,

sféricku dizku Vi uréime zo vzt'ahu (5):

Vx =V, — arctg (tg—w) (14)

sinZ Uy, cos Uy,
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kde UL a VL su sférické suradnice miesta inStalacie hodin a deklinacia (sklon) hodin @ je

definovana pomocou (2):
90°— Uy,

0=A—-: (15)

90°
Polomer R gulovej plochy 7/ uréime pomocou (8) alebo (9):
R=dcos w cos Ui, (16)
kde d je dizka gnomonu.

Na obr. 19 je navrh ciar cifernika vertikalnych hodin danych azimutom A, ktoré sme vykreslili
v softvérovom prostredi Wolfram Mathematica [9] pomocou zobrazovacich rovnic (1)
s aplikaciou matice rotacie okolo zac¢iatku stiradnicovej sustavy o uhol @, tzv. deklinaciu hodin
urcenu zo vzt'ahu (15). Uvedené parametre Uk, Vk, R gnomonickej azimutalnej projekcie vo
vSeobecnej polohe urcené podl'a vzt'ahov (14) a (16) sme aplikovali pri vykresleni hodinovych,
polhodinovych a datumovych ciar vertikdlnych slneénych hodin danych azimutom
A = 25°Vv lokalite Bratislavy so sférickymi stiradnicami: U = 48° 8' 53,38", VL = 17° 6’ 24,26".
Dizka d gnoémonu je zobrazend v mierke obrazka. Na ciferniku vidime naklonenie Giary
rovnodennosti oproti horizontalnemu smeru o uhol .

Obr. 19. Navrh cifernika vertikalnych slneénych hodin s azimutom A = 25° pre lokalitu Bratislava

Na obr. 20 je dvoch ukazka vSeobecnych vertikalnych slne¢nych hodin nachadzajtcich sa na
fasade domu na Bezrucovej ulici, ktorych zhotovitel’ je Vlastimil Zigmund [3]. Tieto hodiny
okrem hodinovych a datumovych c¢iar obsahuju aj krivky v tvare osmicky, tzv. analemy.
Analemu mézeme zjednodusene charakterizovat’ ako krivku, ktora znazornuje nerovnomernost’
pravého slne€ného casu spOsobent naklonenim zemskej osi voci rovine drahy Slnka
a eliptickym tvarom drahy obehu Zeme okolo Sinka [8].

Na obr. 21 su dalSie priklady vSeobecnych vertikalnych slne¢nych hodin. Vlavo st slne¢né
hodiny, ktoré sa nachadzaju na stene Zamku v Ceskom Krumlove, a to na prieceli
Renesan¢ného domu. Hodiny maju precizne znazornené nielen hodinové, ale aj daitumové Ciary
a ich zvlastnostou je malba v Pavom dolnom rohu, mohlo by ist o zobrazenie Ceského
Krumlova. Vpravo st zapadné slne¢né hodiny z roku 1750, ktoré st na doméeku so zvonicou
v Cervenom Klastore.
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Obr. 20. Vertikalne hodiny na dvoch stenach s roznymi azimutmi A
na Bezrucovej ulici v Bratislave [3]

Obr. 21. Priklady vertikalnych hodin, vl'avo na stene Zamku v Ceskom Krumlove (foto: Vajsablova),
vpravo na dom¢ceku so zvonicou v Cervenom Klastore [3]

3.10 Nerovinné slne¢né hodiny

Na nerovinnych slne¢nych hodindch sa neaplikuje gnomonickd projekcia do roviny
(azimutalna), avSak ich princip je zalozeny na gnémonickej projekcii na plochu, kam dopada
tient gnomonu. Medzi naj¢astejSie pouzivané plochy na nerovinnych slne¢nych hodinach patria
gul’ova plocha, valcova plocha a kuzel'ova plocha.

Na obrazkoch 22 a 23 je niekol’ko ukazok nerovinnych slneénych hodin. Na obr. 22 vlavo su
kuzelové slnecné hodiny, ktoré st inStalované na parkovisku pred termalnym kupaliskom
v Podhajskej a vpravo je replika hemisférickych slnecnych hodin vystavena v Korejskom
narodnom palacovom muzeu (areal palaca Gyeongbokgung) v Soule v Juznej Korei.
Na obr. 23 st ukazky dvoch valcovych slneénych hodin z Bratislavy. Hodiny vlavo je mozné
vidiet v areali Ekonomickej univerzity v Bratislave a boli instalované pri prilezitosti
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vybudovania Pristavného mostu. Vpravo st valcové slne¢né hodiny na fasdde budovy
Gymnazia na Grosslingovej ulici v Bratislave.

Obr. 22. Ukazky nerovinnych slne¢nych hodin, vl'avo kuzel'ové slne¢né hodiny v Podhajskej [3],
vpravo replika hemisférickych slneénych hodin v Soule (foto: Vajsablova)

Obr. 23. Ukazky valcovych slne¢nych hodin [3], vlavo v areali Ekonomickej univerzity v Bratislave,
vpravo na Gymnaziu na Grosslingovej ulici v Bratislave

4 Zaver

Slne¢né hodiny nie su iba historia. Technické Muzeum v Kosiciach publikovalo v roku 2022
[3] prehlad 245 slne¢nych hodin nachadzajucich sa na Gizemi Slovenska a tento pocet ukazal
narast ich poctu 0 117 slnecnych hodin od roku 1977.

Pochopenie geometrického principu a stvislosti s polohou Zeme a Sinka povazujeme za
dolezité a obohacujuce pre kazdého obdivovatela slne¢nych hodin. V ¢lanku sme ukazali
princip pouzitia gnomonickej azimutalnej projekcie v polovej, rovnikovej a vseobecnej polohe
pri tvorbe hodinovych a datumovych ¢iar na rovinnych slne¢nych hodinach, a to konstrukéne
aj analyticky. Z prepojenia tychto metdod sme odvodili vztahy pre vypocet parametrov
potrebnych pre analytické rieSenie, o umoziuje ich aplikaciu v softvérovom prostredi. Tieto
parametre sme Specifikovali pre jednotlivé typy rovinnych slne¢nych hodin a ukézali ich
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aplikaciu pri vykresleni ¢iar na cifernikoch slne¢nych hodin v softvérovom prostredi Wolfram
Mathematica.
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Abstract

In this paper we inform readers about Peter
Pavol Bartos prize 2025 that was awarded by
the Slovak Mathematical Society, JSMF
section, to long-time collaborator of SSGG,
our esteemed colleague prof. RNDr. Jan
Cizmar, CSc.
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1 Cena Petra Pavla BartoSa

Jednota slovenskych matematikov a fyzikov (JSMF), sekcia Slovenska matematicka
spolo¢nost’ (SMS), vyhlasuju pravidelne sutaz o Cenu Petra Pavla Bartosa, ktora je urcena pre
vSetkych ucitel'ov matematiky na vSetkych stupiioch a typoch $kol v Slovenskej republike. Cena
je udelovana vynimoénym pedagdégom, ktorych aktivna pedagogicka prax je preukdzatelna
najmenej pocas 5 Skolskych rokov, a ktorych prinos bol mimoriadne vyznamny.

V roku 2025 komisia ustanovend Vyborom JSMF rozhodla na zéklade navrhu Vyboru SMS
0 udeleni tejto ceny vyznamnej osobnosti slovenskej matematiky, pedagogovi, ktory sa
nezmazatelnym spdsobom zapisal do historie vyu¢ovania matematiky na Slovensku, vzacnemu
dlhoro¢nému ¢lenovi a spolupracovnikovi Slovenskej spolo¢nosti pre Geometriu a Grafiku,
kolegovi a priatel'ovi prof. RNDr. Janovi Cizmarovi, CSc.

Zivot profesora Cizmara je uzko spity s matematikou, jeho Zivotopisné spomienky si malymi
dejinami slovenského Skolstva v 20. storoci, plnymi konkrétnych osobnosti, ktoré pocas svojich
stadii a pedagogickej kariéry stretol, vychoval, a s ktorymi spolupracoval. Na slavnostnom
podujati, ktoré sa konalo pri prilezitosti Dia u¢itelov v roku 2019, si profesor Cizmar prevzal
za svoju celozivotni pracu a celoZivotny jedinecny prinos v oblasti tedrie vyucovania
matematiky a historie matematiky Velki medailu sv. Gorazda, najvysSie Skolské
vyznamenanie, ktoré udel'uje minister Skolstva.

Profesor Jan Cizmar pdsobil 52 rokov na Univerzite Komenského. Do praxe pripravil stovky
ucitelov matematiky, deskriptivnej geometrie a informatiky. Posobil tiez ako profesor na
univerzitach v Grazi, Viedni, Drazd’anoch, na UKF v Nitre a na KU v Ruzomberku. Okrem
odbornych a vedeckych ¢lankov je aj autorom ucebnic matematiky pre zakladné Skoly,
vysokoskolskych uc¢ebnych textov, a tiez vyznamnych kniznych publikacii. Okrem rozsiahlych
Dejin matematiky neddvno dokon¢il slovensky preklad jedného zo zékladnych diel matematiky
a geometrie — Euklidovych Zakladov. Zasluhy profesora Cizmaéra ocenil na sldvnostnom
otvoreni akademického roka 2022/23 rektor UK Marek Stevéek Zlatou medailou UK, Obr. 1.
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Obr. 1. Prof. RNDr. Jan Cizmar, CSc. prevzal Zlati medailu UK, [4]

Profesor Cizmar venoval $tadiu a napisaniu knihy Dejiny matematiky: od najstarsich ¢ias po
stcasnost’ [1] desiatky rokov intenzivneho §tidia a tvorivej prace. Vytvoril dielo v takom
rozsahu a hibke spracovania, ktoré na Slovensku doteraz neméa obdoby. Text predklada
Citatelom v jedenastich kapitolach komplexny pohl'ad na matematiku - kralovni vied od
predhistorickej doby az po stcasnost. Poskytuje spolahlivé a overené fakty, presvedcivé
a akceptovatel'né zavery o dejinnom vyvoji matematiky, o najvyznamnejSich matematikoch
sveta a Ciasto¢ne aj 0 0sobnostiach matematiky na Slovensku. Informuje tieZ o najdolezitejSich
sucasnych matematickych tstavoch a prinasa prehl'ad nositel'ov Fieldsovej medaily. Pre velky
uspech diela, ktorého prvé vydanie bolo tplne rozobraté, vydavatel'stvo Perfekt zabezpecilo uz
aj jeho druh¢ vydanie [2].

Profesor Cizmar je autorom prvého slovenského prekladu a komentarov najslavnejiej knihy
S matematickym obsahom v celej historii matematiky — Euklidovho diela s prostym nazvom
Zaklady (Stoicheia). V trinastich kapitolach st v obsahovej a logickej postupnosti zachytené
a vysoko odborne komentované temer vSetky originalne prinosy antickej gréckej geometrie,
aritmetiky a algebry, ktoré starogrécky ucenec, myslitel a pedagog Euklides zhrnul,
systematicky usporiadal a didakticky pozoruhodne prezentoval poc¢as posobenia okolo roku 300
p. n. I. vo vrcholnej vedeckej a umelecke;j institicii v hlavnom meste egyptskej rise Alexandrii,
Vv ,,akadémii Museion, [3].

Zivotny pribeh profesora Cizmara bol detailne spracovany v ramci projektu KEGA, v edicii
Osobnosti slovenskej matematiky — zivotné vzory pre budice generacie Il [5], na Katolickej
univerzite v Ruzomberku, ako 9. diel tejto edicie [6] - [7], v ktorom je tiez uvedeny prehl'ad
temer vsetkych publikicii profesora Cizmara. Jeho vyznamné publikacie v Casopise G —
slovensky Casopis pre geometriu a grafiku, detailne uvddzame niZsie.

Profesor Cizmér je od vzniku Slovenskej spolo¢nosti pre Geometriu a Grafiku az dodnes jej
aktivnym c¢lenom a zanietenym spolupracovnikom vyboru SSGG. Svojim podsobenim
v redakénej rade periodika spolo¢nosti, ktorym je Casopis G — slovensky ¢asopis pre geometriu
a grafiku, prispel recenziami niekol’kych prihlasenych ¢lankov ku odbornej kvalite casopisu,
pricom obohatil tiez obsah nasho periodika svojimi zaujimavymi prispevkami, ktoré boli
publikované postupne v nasledujucich ¢islach:
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rocnik 1 (2004), ¢islo 1 — Nasobnost’ v algebrickej geometrii (historicky vyvoj pojmu)
ro¢nik 2 (2005), ¢islo 4 — Perspektivy geometrie na za¢iatku 21. storoCia

ro¢nik 7 (2010), cislo 14 — Patdesiate vyrocie vzniku Katedry geometrie Prirodovedecke;j
fakulty Univerzity Komenského

ro¢nik 8 (2011), ¢islo 16 — Algebrickéd geometria v 20. storoci

ro¢nik 10 (2013), ¢islo 20 — O istej kubickej involucii v P"(k)

ro¢nik 11 (2014), ¢islo 22 — O istej kvadratickej involucii v P"(K)

ro¢nik 12 (2015), ¢islo 23 — O istej kvadratickej biracionalnej koreSpondencii v P"(k)
ro¢nik 13 (2016), ¢islo 25 — O istej cyklickej biracionalnej korespondencii v P"(k)
ro¢nik 14 (2017), ¢islo 28 — Vysli Dejiny matematiky

ro¢nik 18 (2021), ¢islo 36 — Pripravuje sa vydanie prekladu diela Euklides: Zaklady

Abstrakty prisluSnych ¢lankov, resp. od ro¢nika 13 (2016), Cisla 25 aj celé publikované ¢lanky,
st k nahliadnutiu na stranke spolo¢nosti, [8].

Velmi vyznamnou mierou profesor Cizmar tiez prispel k obohateniu odborného programu
pravidelnych konferencii, ktoré¢ Slovenska spolo¢nost’ pre Geometriu a Grafiku organizovala
ako Sympo6zia o pocitacovej geometrii v rokoch 1991 — 2014. Od roku 2015 sme nadviazali na
povodnu tradiciu z rokov 1980 — 1990 organizovania spolo¢nych konferencii v spolupraci
s Ceskou spole¢nosti pro geometrii a grafiku, striedavo vzdy v jednej z republik SR a CR,
pricom ostatnd spolo¢na 11. Slovensko-Ceska konferencia o geometrii a grafike sa konala
v dnoch 1. — 4. septembra 2025 na Slovensku, v sidle SSGG na Strojnickej fakulte STU
v Bratislave. Profesor Cizmér prezentoval na tychto stretnutiach zaujimavé odborné alebo
metodické prispevky, alebo prispevky z historie matematiky. Zac¢astnil sa spolu 19 sympozii
a konferencii v rokoch 1995 — 2004, 2008 — 2015 a 2021. Abstrakty prispevkov, ktorych plné
znenie bolo publikované v zbornikoch konferencii, su dostupné na stranke spolo¢nosti [9]
Vv sekcii Archiv.

Vybor Slovenskej spolo¢nosti pre Geometriu a Grafiku v mene vSetkych ¢lenov spolo¢nosti
srde¢ne gratuluje profesorovi Jankovi Cizmarovi k udeleniu ceny Petra Pavla Bartosa 2025 za
jeho mimoriadne cenné celozivotné posobenie v oblasti matematického vzdeldvania na
Slovensku. Prajeme laureatovi tohto zasluZzeného ocenenia vela zdravia a Zivotnej energie, aby
sme sa mohli aj v blizkej buducnosti este teSit’ na nové diela z jeho autorskej dielne, ktoré
usilovne pripravuje.

Mily Janko, prijmi nase Gprimné a srdecné blahoZelanie k udeleniu ceny, prejavu pocty
osobnosti slovenskej matematiky, ktora si takéto ocenenie pravom zasluzi!
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Abstracts

J. Gielis: Generalised intrinsic and extrinsic

Aim of this paper is to introduce the Gielis superformula (transformation) and to explain its
connections to development of striking geometric theories within the historical context of
the 18" - 215t century.

E. Molnar: On Karteszi type triangle geometry by geometric
(Grassmann-Clifford) algebra

To Memory of Ferenc Karteszi I follow His Didactical Credo. Draw triangles outward on
sides of a given triangle ABC in the Euclidean plane, say ABC,BCA, CAB, and consider the
segments AA,BB,CC. Special starting conditions guarantee that the above segments
intersect each other in a point K, called Karteszi points to His Honour. The later (~1850)
strong and very useful machinery (by Grassman and Clifford, in analogy of vector cross
product) serves as a unified method and further interesting discussions.

M. Vajsablova, Juliana Beganova: Gnomonic azimuthal projection on sundial dial

We can look at sundials from the perspective of history, philosophy, astronomy, art, but also
mathematics and geometry. Sundial dials contain images of the meridians and parallels of
a spherical surface in a gnomonic azimuthal projection. The aim of the paper is to show these
connections, to formulate the constructions of the dial lines of several types of sundials using
gnomonic azimuthal projection. The main contribution of this paper is in the creation of
formulas for determining its parameters in relation to the geographical location of the dial
plane, its orientation and the length of gnomon of sundial. In Wolfram Mathematica software,
we applied these derived formulas in the rendering of the dials of various sundials.

D. Velichova: Prof. RNDr. Jan Cizmar, CSc. —

laureate of the Peter Pavol Bartos Prize 2025
In this paper we inform readers about Peter Pavol Bartos$ prize 2025 that was awarded by the Slovak
Mathematical Society, JSMF section, to long-time collaborator of SSGG, our esteemed colleague prof.
RNDr. Jan Cizmdr, CSc.
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