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Forewords

Slovak-Czech Conference on Geometry and Graphics that took place in
hotel Diery, Terchova—Biely potok, Slovakia on September 15-18, 2015,
was a joint event of two annual conferences held before separately in Slova-
kia and in Czech republic, 24" SymposiuMm oN COMPUTER GEOMETRY
CSG 2015 organized by the Slovak Society for Geometry and Graphics
and 35" CONFERENCE ON GEOMETRY AND GRAPHICS by the Czech So-
ciety for Geometry and Graphics of the Union of Czech Mathematicians
and Physicists. Conference has been supported by awarded Visegrad fund
ID: 11520208.

Among 48 conference participants from 4 Visegrad countries — Czech re-
public, Hungary, Poland and Slovakia, there were present also foreign
participants from Austria, Germany and Australia. In addition to 26 con-
tributed talks and 3 posters from applied and pure geometry, graphics
and education of geometry, participants enjoyed 5 plenary lectures on va-
rious topics. Vojtech Bélint from University of Zilina, Slovakia presented
the latest results in the field of dense packing of cubes with memories on
colleague Pavel Novotny Minimalisation of volume of container for pac-
king of three cubes in dimension 4, remembering Pavel Novotny. Gunter
Weiss from Dresden Technical University, Germany gave a talk on basic
sets of remarkable points and lines in the projectively extended Euclidean
plane entitled Bodenmiller, Gauss, Wallace-Simson and more. Norman
Wildberger from School of Mathematics and Statistics, University of New
South Wales in Sydney, Australia presented backgrounds of rational ge-
ometry in his talk Rational trigonometry as a tool for geometrical cal-
culations. Hellmuth Stachel from Technical University in Vienna, Austria
spoke about unknown properties of a well-known cubic curve, Strophoids -
cubic curves with remarkable properties. Jan Cizmar from Trnava Univer-
sity in Slovakia introduced a special type of an irrational correspondence
in presentation entitled Irrational correspondencies in P™(k); one special
example.

Workshop on usage of dynamic mathematical software GeoGebra was also
a part of the conference.

Conference was organized by the committee of the Slovak Society for
Geometry and Graphics. Social programme included tourist walks in the
National park Mala Fatra with possibilities to enjoy discussions among
participants in the beautiful open nature, not to forget about conference
dinner with Slovak traditional homemade food and folk music performed
by the famous group of musicians from Terchova, whom all participants
joined with singing.
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We would like to invite You to the next joint event of 36" Conference
on Geometry and Graphics and 25" Symposium on Computer Geome-
try SCG “2016 that will be held again together by representatives of both
societies for geometry and graphics as Czech-Slovak Conference on Geo-
metry and Graphics in Roznov po Radhostém, Czech republic, September
15-19, 2016, in order to keep the good tradition of our common meetings
deeply rooted in the history.

Bratislava & Plzen, November 30, 2015

Daniela Velichova Miroslav L:‘iviéka
chair of SSGG chair of CSGG
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Minimization of the Container for Packing
of Three Cubes in Dimension 4

Vojtech Balint, Peter Adamko

FPEDAS ZU, Univerzitnd 1,010 26 Zilina, Slovak Republic
email: balint@fpedas.uniza.sk, adamko@fpedas.uniza.sk

Abstract. This contribution links on the results of Pavel Novotny on the problems
of the densest packing of cubes into some box. Besides short historical overview
this paper gives also two new results: minimal volume of box into which is possible
to pack any two or three 4-dimensional cubes with total volume 1.

Key words: extremum, packing of cubes

In memory of Pavel Novotny. The older from authors of this paper brought
intuitive geometry problems into Zilina in 1989. Originally, Pal’ko Novotny
devoted to differential geometry, but he accedes to solution of nice problems of
intuitive geometry immediately and reached quite a lot remarkable results. He
has many genuine ideas that have emerged not only in his scientific papers, but
also in the exercises which he created for the Mathematical Olympiad.
Probably the best general characteristic of Pal’ko Novotny is correctness, which
gave dominated throughout his professional and private life. Unfortunately,
Pal’ko passed away on 2.2.2015. His work, however, remained and within our
possibilities we will do everything we can to follow up on its results.

1 A little history

Potato sack theorem (Auerbach, Banach, Mazur and Ulam, Lvov, Poland, see
The Scottish Book [10]): For every positive integer d and for every positive
number V there is the number f; (V) such that every system of d dimensional

convex sets M,, i € J with diameter at most 1 and with total volume at most V

can be packed into the d-dimensional cube with edge length f4(V).
In connection with the previous theorem arises the following very natural
but extremely difficult problem.

Problem 1. What is the least possible value of the number f;(V)?

The first upper estimate of the number f; (V) for parallel packing of rectangles
was found by Kosinski [9], improvements can be found e. g. in Groemer [4],
Moon and L. Moser [12], Meir and L. Moser [11].

Creative urge for the research in this area add Leo Moser’s collection of
problems [13]. This collection later extended Leo’s younger brother
W. O. J. Moser [14]. In the same time arises also the very interesting problem
book [3]. Extraordinarily valuable is the many times (in extended form)
republished collection of problems [15], which was finally published as the
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book [2] with the foreword of Pal Erdés — one of the greatest propagator of the
intuitive geometry problems.

2 Dimension 2

One of the original Leo Moser’s problems is the following:

Problem 2. Determine the least number A such that every system of
squares with total area 1 can be parallelly packed into some rectangle of
the area A.

Kleitman and Krieger [7] proved that every such finite system can be
packed into the rectangle with sides of lengths 1 and \/5 . They later ([8], 1975)

proved that rectangle with sides of lengths % and \/E is sufficient, so

A< T =1.632993162. The lower bound A>==5*= 1+f =1.207106 781 is

trivial.
Denote A, the least number such that every system of n squares with total

area 1 can be packed into some rectangle with area A . The sequence (An) is

1+f

obviously non-decreasing and lim A =A. Trivially, A>A =

n— o

=1.207 106 781.
After twenty years Pavel Novotny (in [16], 1995) proved that
A, =12277589 and showed also a non-trivial lower bound

A> # >1.244 . This area is necessary for three squares with area 1/6 and

one square with area 1/2. Later (in [18], 1999) he proved A, = A =¥,
2+/3
3

. On the basis of these results is

and (in [19], 2002) A, = A = A, =

maybe true the following

243

Conjecture 1. 4= 3

Kleitman’s and Krieger’s upper bound A < T =1.632 993162 improved
Novotny ([17], 1996) to A <1.53. Novotny’s upper bound was improved

2867
recently by Hougardy ([5], 2011) to A< 2048 <1.4 using a computer. Also,
4
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this upper bound is still far from hypothetically the best A=2+§@i

=1.244 016 936.
So, problem 2 is still open with the exception of two cases (see [1]):
Given system of squares with sides of lengths x, > x, >---> x_ and total

area 1. If %le 22X 0or X 2 4_?:@ =0.869 472 865 then this

2+4/3

system can be packed into the rectangle of area 3

3 Dimension 3

Problem 3. What is the least number V. (3) such that every system of n
cubes with total volume 1 can be packed into some rectangular
parallelepiped with volume V, (3) ?

Given a system of n cubes with sides of lengths x, > x, >---> x and total
volume 1. Meir and L. Moser ([11], 1968) proved that V (3) <4. After 43
years Pavel Novotny ([22], 2011) improved this estimate to V,(3) <2.26. In
([20], 2006) Novotny proved that V,(3) :% (for x, = 3\/E v X, = \/g ) and
V,(3) =1.440 099 51. This value is the best, because this volume is necessary
for cubes with edge lengths x, =0.85084956, x, =0.63593794,
X, =0.502 451 41. Later ([21], 2007) Novotny proved that
V,(3) =1.519 630 3266 and this is also the best, because this value is required
for x, =0.820 068594, x, =0.584 6311102, x, =X, =0.499112082. In

([22], 2011) Novotny showed also the equality V;(3) =V, (3) . On the basis of
these results is probably true the following

Conjecture 2. V, (3) =1.519 630 3266 for every positive integer n > 4.

4 Dimension 4

Denote V, (d) the least number such that every system of n cubes with total
volume 1 in d-dimensional (Euclidean) space can be packed into some
rectangular parallelepiped with volume V, (d) .
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Theorem 1. V, (4) =1.420 319 245.

Proof. Some considerations of compactness give the existence of the asked
extremum. Two 4-dimensional cubes with edge lengths X,y such that

1>x>y=>0 and with total volume x*+y* =1 can be packed into some
rectangle of volume f(x,y)= x3(x+ y). So, we are looking for the
constrained maximum of the function f(x,y) = x3(x +y) under the condition

g(x,y) = x* +y* —1=0. Maximum is in the point which fulfils the system of
equations

0=—.2_—. = and  g(x,y)=0.

From the first equation we get 0=4xy’ +3y* —x*. Using the second
equationand x* =t weget 512t* —1536t> +1632t° —688t+81=0.

In  consequence  of %S x*=t we have t=0.910212695,

x =0.976 755178, y =0.547 398 666. Hence, V,(4) =1.420 319 245. The
proof is complete.

Theorem 2. V,(4) =1.633 696 62.

Sketch of the proof. Let us take three 4-dimensional cubes with edge

lengths 1> x > y > z > 0 and total volume x* +y* +z* =1. It is sufficient to
consider two packings only:

Fig. 1 Fig. 2

Volume W, = x3(x + Yy +2) is sufficient for the packing by Fig. 1, volume
W, = xz(x+ y)(y +2) is sufficient for the packing by Fig. 2. We ask for
max min {Wl,WZ}.
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Observe that for three 4-dimensional cubes with edge lengths
x=0.912 366 488, y =0.671979 213 and z =0.566 768 345 the equality

W, =W, =1.633 696 62 holds. So, V,(4) >1.633 696 62.

4 54
If x24%, then y+st~4,/y;Z :2-‘:/1_2)(4 SZ“{/%=\/§SX- In

the case y+z < x we pack the cubes by Fig. 2 and volume V, (4) =142 <1.6
SO X2 = \/§ =0.759 835 685. We have shown

is sufficient. Trivially, X" > 3 ,

that maximum is possible only for

0,759 835 685 = ISX< A\E 0.970983543 and y+12z > X.

Equality W, =W, holds if and only if X =y(y+z); from this
2 2 5 2 2
X — X X —
z= y and W, =W, =—+x". Substitute z= Y
y y y

x'+y*+2" =1, we get

into

C: o=x'y' +y —y*+ (x2 - y2)4. (The curve C is on the Fig. 3)

Fig. 3. The curve C.

We strengthen the estimates XE<0.759; 0.971>. Choose X€<a;b>
arbitrarily; then the function W, :xa(x+y+z) has the greatest value if

y = z. In this case the equation 1— xt = y4 +7' = 2y4 holds and hence, W
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1-x*
will be maximal if y = F From the inequality 2y* <1—a" then we get
2

1_ 4
Wlsx3(x+2y)§b{b+2-41/ a ]
2

4
Let us denote W1(<a; b>) = b{b +2.4 1—2a j .

We easily verify the inequality W1(<a; b>)< 1.6336966 for
x € (0.759835; 0.879742), x < (0.879742; 0.900312),

x € (0.900312; 0.906452), x < (0.906452; 0.90855), X < (0.90855; 0.9093) .
So, for the asked maximum we have x > 0.9093.
Now, we define algorithm ALW2, which for given interval <a; b> assigns

1.633 6966
successively the numbers vy, = {1-a*, Zy=—————Yy, and if
b™(b+vy,)
1.633 6966
z, <y, theny, =41- a’ - zi4 v Ly = w = V.., The meaning of
+ yi+l

algorithm ALW?2 is the following.
For every X e <a; b> the inequality y <31-a* = y, holds, and therefore,
W, =x*(x+y) y+2)<b®-(b+y,) (y, +2). Now, for every z>0 such
1.633 6966
I8 —m—
b’(b+y,)
we have W, < b’ ~(b+ yo)- (y0 + z)£1.633 6966 . So, the maximum cannot

that

0 ZO

be achieved for z < z,.

Further, let z>z,. Now y4 =1-x"-z'<1-a*- 204, hence

y<il-a‘-z," =y, From this W, <b®-(b+vy,)-(y, +2)<1.633 6966
1,633 6966

5 =Z,. So, the maximum cannot be achieved for
b (b+y,)

for every z < A

z2<1,.
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If we take xe <0.956; 0.971> the ALW?2 determines the sequence
y, = 0.637 070117, z, = 0.440 456 392; y, = 0.597 066 844,
z, =0.507 948664, y, =0.559 723504, z, =0.572. Because z, >, , the
maximum can not be achieved for x e <0.956; O.971> .

Using ALW2 e.g.for intervals <0.947; O.956> ; <O.94; 0.947> ;
(0.932; 0.94) ;(0.9268; 0.932) ; ... ;(0.91382; 0.91411) ;(0.91359; 0.91382) ;

<O.91341; O.91359> we get that the maximum cannot be achieved for
x>0.9135.

So, the maximum will be reached for x < (0.9093; 0.9135) .

Consider the closed region M determined by inequalities
0.9093< x<0.91285, x*' +y* <1, x*+2y*>1. The curve C divides the

region M on three open regions C,, C,, C,, (see Fig. 4).

nrsl
07— | C3 [———
o7zl \
c
ool C"|
nss|
. /
0s4l 02
ety
oszf . I
02093 02135

Fig. 4. Regions C,, C,, C,.
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Denote by C, the closure of the set C,. Functions W,, W, are continuous
on M, the equality W, =W, holds just in the points of curve C.

Since W, (0.91; 0.67) <W, (0.91; 0.67), the inequality W, (X) <W,(X)
holds in every point X e C,. Analogously, W,(X) >W,(X) holds in every
point X € C, and W, (X) >W,(X) inevery point X €C,.

So, the asked maximum is one of the numbers

max minfW, (X), W, (X)} = max W, (X),

XeC, XeC,
max min{w, (X), W, (X)} = max W, (X),
X eC, XeC,
max minfW, (X), W, (X)} = max W, (X).
XeCy XeC,
On the compact set C, U C, the function W, = x3(x +y+31-x" - y4) must
achieve his maximum in some point B. Obviously,

A e |

oy 4 (l— 4 y4)3
Equality 2y* =1-x" holds if and only if y=z. Points of the curve

2y* =1-x" do not belong to the region C, UC,. So, y*>1-x"-y*, and

oW, . . .
therefore y > 4\/l—x4 - y4 . Hence, L <0 in every inner point of the
oy

region C, U C, . So, the point B must lie on the curve C.

Obviously, for all [x,y]e <a; b>><<c;d> the inequality z<%1-a* —¢*
holds, and so

W, =x°(x+y+2)< ba(b+d +y1-a* —04),

W, = x*(x+ y)(y +2) < bz(b+d)(d +¥1-a*-¢* )
Let us denote
Wll(<a;b>x<c;d>):b3(b+d +i1-a* —04),
W22(<a;b>x<c;d>):b2(b+d)(d +4\/1—a4—c4).
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Fig. 5. Deleted regions: clear using W22, dotted using W11.

We easily check the inequality W22(<a;b>x<c;d>)<1.633 6966 for
x € (0.9093; 0.91) and (successively) for y < (0.6288; 0.64), (0.64; 0.646),
..., (0.6572; 0.65795) .

Analogously, we verify the inequality W11 (<a; b>><<c;d> ) <1.633 6966
for x<(0.9093;0.91) and successively for y e(0.65795; 0.65856), ...,

(0.65948; 0.6607).
Hence, the maximum cannot be achieved on
(0.9093; 0.91) x (0.6288; 0.6607).. (Fig. 5, 1.column from the left).
Analogously for other columns — see Fig. 5.

W, = x*(x+ y)(y+%/1—x4 - y4),
M, _ X )3 ((3x+2y) [y M+l— y'1-4x° —3x4y).
y

X 4(1—x4— 4

If (3x+2y)[y 4\/(1— xt -y )3 +1-y*1-4x* —=3x"y is negative, then

ow,
<0.
OoX

Define the number
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ALS (<a;b>x<c;d>): (3b+2d) [d 4\,(1—8.4 —04)3 +1-c*1-a*(4a+30).

Obviously, for all [x, y]e <a; b>><<c;d> the inequality

(3x+2y) [y ‘{l(l— x* - y“)3 +1-y*1-4x’ —3x'y < ALS (<a; b>x<c;d>)
holds.
We easily certify the inequality ALS (<a; b> X <c; d>)) <0 for

X e <0.9105; 0.9108> and successively  for ye <0.6617; O.667> ,

oW, L .
ye <0.667; 0.68> . Hence, 5 <0 for all interior points of
X

<0.9105; 0.9108> X <0.6617; 0.68>. (Hatched regions on the Fig. 5, 4™ column
from the left.)

oW,
Analogously for other hatched regions on the Fig. 5. So we have 5 2 <0
X

for all interior points of stairs area on Fig. 5. Maximum cannot be achieved in
any point U of the (open) region C, , because on the left from U there are larger

values. So, function W, on the compact set C, must achieve its maximum in

some point of the curve C. Obviously, it is the same point B. We ask
constrained maximum of the function
5

W(xy) = —+x*, xe(0.9105 09135)
y

on the curve
4 4 8 4 2 2\
Cx,y)=xy +y -y +(X -y ) =0.
System of equations
oW oC oW oC
aVE_N X ) and C(x,y)=0
ox oy oy ox

has the form
8y’ +10xy° +4x*y® +6x°y* —5xy* —4y® + z(x2 - yz)s[x3 —5xy? —4y3]: 0,

X4y4 4 ys _ y4 +(X2 _ yz)“ -0
and solution
x =0,912 366 488, y =0,671979 213. Sketch of the proof is complete.

Note that in Januszewski’s work [6] from February 2015 some papers of
Novotny were cited. This shows that these packing problems are still trendy.
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Biracionalne koreSpondencie;
isty Specialny pripad
Birational correspondences; a particular case
Jan Cizmar

Astrova 16, 821 01 Bratislava 2, Slovak Republic
email: Jan.Cizmar@hotmail.com

Abstract. This paper brings basic concepts of the theory of birational
correspondences in a projective space: definition of a correspondence, a rational
map associated with the correspondence, an inverse map, fundamental variety, the
set of irregular points, the set of biregular points, the homaloid system. The theory
is applied to the following case: In a n-dimensional projective space P"(k) (n > 2)
over an algebraically closed field k these objects are given: a regular hyperquadric
Q, a point O outside Q and a quantity A, 4 # 0, 1, —1. Paints (u), (z") of the space
P"(k) are in a correspondence T if the points O, (u), (") are collinear and the cross-
ratio ((*r)(%r)(u)(x ")) = 4, (r), (%r) being intersection points of the straight line O(u)
with Q. The standard objects of the correspondence are found.

Keywords: Birational correspondence, fundamental variety, the set of irregular
points, the set of biregular points, rational map, inverse map, hyperquadric, cross-
ratio, system of homaloids

Klucové slovd: Biracionalna korespondencia, fundamentalna varieta, mnoZina
ireguldrnych bodov, mnozina biregularnych, raciondlne zobrazenie, inverzné
zobrazenie, nadkvadrika, dvojpomer, homaloidny systém

1 Uvod

Nelinearne  zobrazenia v geometrickych priestoroch nepatria k Casto
frekventovanym témam  vysokoskolského matematického vzdelavania
matematikov-odbornikov ani ucitelov matematiky. Kruznicova inverzia
podstatou znadma uz Apolloniovi (3. st. p. n. 1) zacala byt zarad'ovana do
Standardu elementarneho geometrického vzdeldvania na vysokych Skolach od
druhej Stvrtiny 19. storocia a bola po niekolko desatroci fakticky jedinym
prikladom na metrike zalozenej ekviformnej transformacie v mdbiovskej
rovine, resp. v mobiovskom priestore.

V 60. rokoch 19. storoCia sa zacala hlavne zasluhou Luigiho Cremonu
(1830 — 1903) formovat’ tedria biraciondlnych zobrazeni (kores$pondencii)
najmd s cielom redukovat pomocou tychto zobrazeni pocet a zloZitost
singularit rovinnych algebrickych kriviek Vv redlnej, resp. v komplexnej
projektivnej rovine, resp. singularity algebrickych ploch v redlnom alebo
komplexnom projektivnom trojrozmernom priestore.
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Zakladné pojmy biraciondlnych zobrazeni (koreSpondencii) si najprv
osvetlime na jednoduchom priklade kvadratickej biracionalnej koreSpondencie
projektivnych rovin.

Nech P? = P¥C), P2 = P")C) su dve projektivne roviny (nemusia byt
rozne) nad polom komplexnych &isel s pevnymi sustavami saradnic S, S72.

Racionalnym zobrazenim druhého stupna (kvadratickym raciondlnym
zobrazenim) z roviny P? do roviny P2 sa nazyva zobrazenie ¢: P* — P’? ktoré
temer kazdému bodu (x) € P? priraduje bod (x') € P? tak, Ze

Xo = XiXo, X = XoXo, Xp = XXy @

Obraz bodu (x) € P? existuje prave vtedy, ked’ aspoii dve suradnice bodu (X)
sa nerovnaju 0, t. j. ked’ bod (x) je rozny od vsetkych vrcholov Oq = (1, 0, 0),
0, = (0, 1, 0), O, = (0, 0, 1) sistavy stradnic 5% V bodoch Oy, O;, O,
zobrazenie ¢ nie je definované, lebo dosadenie siradnic kazdého z bodov O,
03, O; do rovnic (1) dava v kazdom z tychto pripadov vysledok xj =0, x; =0,
X, =0, ¢o nedava bod, lebo v projektivnej rovine asponl jedna z homogénnych
stradnic kazdého bodu je rdzna od nuly.

Body Op, Oy, O,, Vv ktorych zobrazenie ¢ nie je definované, sa nazyvaju
Sfundamentalnymi bodmi zobrazenia .

Preco sa zobrazenie ¢ nazyva racionalnym zobrazenim? Pri prechode od

homogénnych stradnic X, X3, Xo K nehomogénnym stradniciam y — * y= X%

XO XO
rovnice (1) nadobudaju tvar
ooty L (1)
X y

¢o oddvodnuje privlastok raciondlne.

K racionalnemu zobrazeniu ¢ existuje inverzné racionalne zobrazenie ¢ :
P'? — P? uréené rovnicami

Xo = XX, X = XX, Xy = XX @

Lahko sa mozno presvedéit, 7e a) zobrazenie ¢ * je raciondlne ab) jeho
fundamentalnymi bodmi sa vrcholy Oj,0],0, sustavy stradnic $% v rovine
p2

Co je vzorom (p‘l(oi’) fundamentalneho bodu O/, i =0, 1, 2, v zobrazeni
¢ ? Je to mnozina vietkych bodov (y) = (Yo, Y1, Y2) € P pre ktoré ¢ (y) = o/,

i € {0, 1, 2}. Je zrejmé, Ze je to mnozina vSetkych bodov suradnicovej osi
0; = OO (i #j = k = i) s vynimkou fundamentalnych bodov O;, O (pre ktoré
neexistuju obrazy v zobrazeni ¢), t. j. mnoZina vSetkych bodov tvaru (y) = t,0;
+ 4,0y to, t1 € C, tp = 0, t; # 0. Vo vSetkych tychto bodoch je zobrazenie ¢
definované (inymi slovami — reguldrne), v obrazoch ¢(y) vsetkych tychto
bodov inverzné zobrazenie ¢ ™ nie je definované. Vietky tieto body mnoziny
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2 2 R . . . s .
U0, \ w0, sa nazyvaji ireguldrnymi bodmi racionalneho zobrazenia ¢.
i=0 =0

Mnozina bodov U = P?\ LZJOi ma tato vlastnost V kazdom bode (y) € U
=0

zobrazenie ¢ je definované a v kazdom bode ¢(y) € P je definované inverzné
zobrazenie ¢ plati ¢ (@(y)) = (y). Kazdy bod s takouto vlastnostou, t. j. Ze je
v fiom definované zobrazenie ¢ aV jeho obraze je definované zobrazenie ¢ ™,
sa nazyva bireguldrnym bodom biracionalnej kore$pondencie (¢, ¢ ™).
(Biregularnym bodom kore$pondencie sa nazyva aj kazdy bod (") € P , pre
ktory existuje obraz ¢ (y) a p(p(v)) = (v).)

Teda vzhladom na raciondlne zobrazenie ¢ su vietky body roviny P?
rozdelené do troch tried:

1. Mnozina vSetkych fundamentalnych bodov F = {Og, Oy, O,};
2. Mnozina vSetkych iregularnych bodov J = LZ) 0, \F;
i=0

3. Mnozina vietkych biregularnych bodov U = P? \ J.

Analogicky je aj rozklad vietkych bodov roviny P'? vzhladom na inverzné
racionalne zobrazenie ¢ -
Kazd4 priamka p roviny P? rozna od kadej osi sustavy suradnic §* ma
rovnicu
AoXo + ayXs +aX, =0;a,€C,i=0,1, 2, 3)
Vv ktorej aspoii dva z koeficientov ay, a;, a; st rézne od nuly. Obrazom priamky
m Vv zobrazeni ¢ je mnozina vietkych bodov v P"2, ktorych saradnice vyhovuji
rovnici
83X, Xy +8,XpX; + 8, %X = 0. “)
(4) je rovnica kuzelosecky obsahujucej mnozinu fundamentalnych bodov
FcP?
Ak napr. ag = 0, t. j. priamka m inciduje s bodom O, obrazom priamky m je
kuzelosetka v P"? vyjadrena rovnicou
X (@x; +2,)=0, ®)

¢o je singuldrna kuzelose¢ka zloZend zo suradnicovej osi of az priamky
incidujucej s bodom Q;.Obraz kazdej priamky m P? v zobrazeni ¢ sa nazyva

homaloidom roviny P’% mnoZina vietkych homaloidov roviny P2 sa nazyva
systétmom homaloidov alebo homaloidnym systémom. Analogicky existuje
systém homaloidov v rovine P? vzhl'adom na zobrazenie ¢
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2 Biracionalne zobrazenie n-rozmerného projektivneho
priestoru P"(k)

Nech P" = P"(k), P = P""(k) st n-rozmerné projektivne priestory (n > 2) nad
algebricky uzavretym polom k charakteristiky 0, nech ", resp. S je pevna
projektivna stistava stradnic v P", resp. v P " a nech ¢q, ¢1, ..., ¢, st homogénne
polynémy (formy) stuptia m (m > 2) vn + 1 neurtitych Ty, Ty, ..., T, bez
spolo¢ného homogénneho ¢initel'a stupna » > 1.

Zobrazenie ¢:

P"— P™ definované pre temer vietky body (X) = (Xo, X1, ..., Xn) € P"
priradenim (X) = (x) = o(X) = (@(X), @(X), ..., ¢u(X)) € P" sa nazyva
raciondlnym zobrazenim z priestoru P" do priestoru P". (Formul4cia ,,pre
temer vietky body priestoru P" plati ... znamena, Ze existuje podmnoZina
M c P", uzavreta v Zariského topologii priestoru P", pre body ktorej neplati ...).
Odévodnenie nazvu raciondlne zobrazenie je obdobné ako v pripade (1) pre
kvadratické zobrazenie.

Ak existuju homogénne polynémy o, v, ..., W, toho istého stupiia r (r > 2)
v n + 1 neuréitych Ty, Ty, ..., Ty bez spoloéného homogénneho ¢initel’a stupiia h
(h = 1) s vlastnostou, ze zobrazenie w : P" — P" prirad’ujuce temer kazdému
bodu (x) = (x},%,...,x.)eP™ bod w(x") = (w(X), va(X), .... ¥(x)) € P"
a y(@(X)) = (X) pre kazdy bod (x) € P", pre ktory je definovany obraz ¢(X) aj
obraz y(¢(x)) bodu ¢(x), nazyva sa zobrazenie  zobrazenim inverznym
k zobrazeniu ¢ ; piseme: y = ¢ 1. Plati: yep = Iy . poy = I, kde 7 oznaduje
identické zobrazenie, U < P", resp. U" < P™ — istl podmnoZinu otvoreni
v Zariského topologii priestoru P", resp. P"". To teda znamend, 7e y™" = ¢ na
podmnozine, na ktorej su definované obe zobrazenia stidasne. — Dal3i text sa
zaobera len pripadmi, ked’ existuje zobrazenie inverzné k danému.

Uzavreta mnozina V(@o(X), @1(X), ..., @n(X)) priestoru P" tvorena vsetkymi
koretimi (Y) = (Yo, Y1, ., Yn) homogénneho idealu (@o(T), @u(T), ..., on(T)) <
ck[To, Ty, ..., Ta] je prave mnoZinou vSetkych bodov priestoru P", v ktorych
zobrazenie ¢ nie je definované. Tato mnoZina sa nazyva fundamentdlnou
varietou zobrazenia ¢ akazdy jej bod sa nazyva fundamentdilnym bodom
zobrazenia ¢. Tato varieta je vzorom ¢ (@) prazdnej podmnoZiny @ priestoru
P'" v zobrazeni ¢. Fundamentélnou varietou F* < P ™ zobrazenia y je uzavreta
mnozina vSetkych koretiov V(yo(T), wa(T), ..., wia(T)) homogénneho idealu
(wo(T), va(T), oo, wi(T)) < K[To, Tq, ..., To]. Vzor ¢ (F") fundamentalnej variety
F’ < P™ zobrazenia y je mnozina J < P" vietkych tych bodov, v ktorych
zobrazenie ¢ je definované a ich obrazy zobrazenim ¢ tvoria fundamentalnu
varietu F’. MnoZina J ma nazov mnozina ireguldrnych bodov zobrazenia ¢.
Analogicky y'(F) je mnozina vietkych tych bodov J' < P’ ", vktorych
zobrazenie w je definované a obrazy vSetkych tychto bodov v zobrazeni w
tvoria varietu F. Mnozina J° sa nazyva mnoZinou ireguldrnych bodov
zobrazenia .
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V kazdom bode mnoziny U = P" \ (F U J) je zobrazenie ¢ definované
amnozina U’ = ¢(U) = P" je mnoZinou vetkych tych bodov, ktoré nie st ani
fundamentalnymi, ani iregularnymi bodmi zobrazenia . Pre kazdy bod
(xX) € Uje dvojica ((X), ¢(x)) zaroven dvojicou (w(y), (y)) s vlastnostou
(y) € U'". Medzi mnozinami U, U’ existuje teda bijekcia ¢|U s vlastnostou
U= oYU a y?U = ¢|U. Dvojica (p, w) sa nazyva biraciondlnym
zobrazenim priestoru P" do priestoru P™ aobratene, alebo biraciondlnou
korespondenciou medzi priestormi P" aP™. Vtejto koreSpondencii si
kore$ponduju dvojice mnozin (F, J") a (J, F"). V kazdom bode (x) mnoziny
Uje definované zobrazenie ¢ aj zobrazenie y™ ag(x) = w'(x), atakisto
vkazdom bode (y) € U’ je definované zobrazenie y aj zobrazenie ¢*
a y(y) = ¢™(y). Hovori sa, e medzi bodmi (X), ¢(x) a taktieZ medzi bodmi (y),
w(y) existuje vzajomne jednoznaéna koreSpondencia. Vietky body tohto druhu
sa nazyvaja bireguldrnymi bodmi v biracionalnej koreSpondencii (¢, ).

Korespondenciou (v biraciondlnej kore$pondencii medzi priestormi P"
aP™) sa nazyva aj vztah medzi kazdym bodom (X) fundamentélnej variety F
avSetkymi bodmi (y) mnoZiny iregularnych bodov J'— P™, pre ktoré
w(y) = (X), a taktieZ aj vzt'ah medzi kazdym fundamentalnym bodom (y) € F~
a vSetkymi bodmi (x) € J < P", pre ktoré ¢(x) = (y). V prvom pripade sa aj
hovori, Ze bod (x) kore$ponduje s kazdym bodom mnoziny w™(x), v druhom
pripade bod (y) koresponduje s kazdym bodom mnoZiny ¢™(y).

Nech

$oXo+ Xyt .+ EXn =0 (6)
je v8eobecna rovnica nadroviny, v ktorej vSetky koeficienty & (i=0, 1, ..., n) st
algebricky nezavislé neur¢ité nad polom k. Rovnica kazdej nadroviny priestoru
P" sa dostane $pecializaciou (&, &, ..., &) — (o, 1, -y @) # (0, 0, ..., 0), kde
a; € k. Nech o < P" je nadrovina s rovnicou

agXp + aXq + ... + apX, = 0. 6

Nadrovina a je uréena n linearne nezavislymi bodmi priestoru P", ktoré
mozno vybrat tak, aby boli bireguldrnymi bodmi zobrazenia .
Kore$pondujiicim tutvarom nadroviny « V kore$pondencii ¢ je nadplocha
H* = P stupfia I s rovnicou

aoyo(x) + aya(x) + ... +anyn(x) = 0. ()

Nadplocha H” je uréena n biregularnymi bodmi, ktoré st obrazmi n linearne

nezavislych biregularnych bodov generujicich v priestore P" nadrovinu a.

PretoZe nadplocha stuptia r je v priestore P " jednoznaéne uréena Hn * rj_ 1}
r

bodmi nezavislymi pre urcenie nadplochy, musi KlH_ rj_n - 1} tychto
r

bodov byt zastipenych fundamentalnou varietou F’, ktora je podmnozinou
bodov vsetkych nadploch stupna r korespondujucich so vSetkymi nadrovinami
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priestoru P". Kazda takato nadplocha stupiia r s rovnicou tvaru (7) sa nazyva
homaloidom priestoru P " alebo prvkom homaloidného systému tohto priestoru.
Homaloidny systém je n-rozmerny linearny systém nadploch, ktorého
zakladnymi (generujicimi) nadplochami je (n + 1) nadploch definovanych
rovnicami w;(x)=0,i=0,1, .., n.

Analogicky vznik4 homaloidny systém v priestore P"; jeho zakladnymi
prvkami st nadplochy stuptia m uréené rovnicami ¢(X) =0,i=0, 1, ..., n.

V pripade, ked P" = P™, hovorime o biracionalnej kore$pondencii, resp.
0 biracionalnom zobrazeni alebo biracionalnej transformdcii priestoru P" (alebo
v priestore P"). Je zrejmé, Ze v tomto pripade vznikaji vo vieobecnosti dve
fundamentalne variety F, F’, dve mnoziny iregularnych bodov J, J  ajedna
mnozina biregularnych bodov. Aktudlny je vtomto pripade aj problém
invariantnych (samodruznych) bodov, t. j. bodov, ktoré koresponduju samy so
seboul.

3 O istej kvadratickej biracionalnej koreSpondencii
Vv projektivnom priestore P"(k)

Biracionalna kvadratickd  koreSpondencia, ktora bude opisand, je
V n-rozmernom projektivnom priestore P"(k) nad algebricky uzavretym polom
k charakteristiky 0 uréena pomocou regularnej nadkvadriky Q, bodu O, ktory
s nadkvadrikou neinciduje, a konstantnej hodnoty dvojpomeru uréitym
spdsobom vytvaranych usporiadanych S$tvoric bodov. Je uvedena definicia
korespondencie, v pevnej ststave suradnic st vyjadrené rovnice racionalneho
zobrazenia asociovaného s koreSpondenciou a st vyrieSené Standardné ulohy
tykajice sa koreSpondencie: zistenie fundamentalnej variety, mnoziny
iregularnych bodov a mnoziny biregularnych bodov.

3.1 Definicia koreSpondencie, rovnice asociovaného
racionalneho zobrazenia, vlastnosti koreSpondencie
a zobrazenia

A. n-rozmerny projektivny priestor P"(k) (n > 2) nad algebricky uzavretym
polom Kk charakteristiky 0 ma v d’aldom texte skratené oznacenie P". Nech je
V tomto priestore dand pevnd homogénna projektivna ststava stiradnic S". Nech
Q je regularna nadkvadrika priestoru P", ktorej rovnica v stistave suradnic S"
ma tvar

Q: Q(y)zzzaijyiyj =0, (8)
i=0 j=0
kde ajj = a;; pre Véetky: 0,1,..n, i ij, ajje k; A= ‘aij‘ #0; Yis i=0,1, .., n, su
homogénne nezname.
Nech vrchol Oy = (zo, O, ..., 0), zp # 0, sGstavy suradnic S" neinciduje
s nadkvadrikou Q; to je ekvivalentné s vlastnostou Q(Og) = agZo’ # 0, Z Eoho
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vyplyva ag # 0. Oznaéme: Oy = O. Regularnu kvadraticka formu s (n + 1)
algebricky nezavislymi neuréitymi Tg, Ty, ..., T, prislusni k l'avej strane rovnice

(1) ozna¢me Q(To, Ty, ..., Ty). Dalej oznaéme
18Q(T)
(T)y==—"22 aT ,i=01..n. 9)
WM=3"or Z il
Polarna nadrovina @ bodu O vzhl'adom na nadkvadriku Q ma rovnicu
do(y) = 0. (10)

V biracionalnej koreSpondencii, ktord bude skimana, budu hrat’ vyznamnu
ulohu priamky trsu priamok, ktorého stredom (vrcholom) je bod O.

Ak p“=0(u), (u) = (ug, Uy, ..., Up) = O, je priamka trsu a (X) = (Xo, X1, ..., Xn)
je Tubovolny bod priamky p“, parametrické vyjadrenie vietkych bodov (x) € p"
pomocou zakladnych bodov O, (u) ma tvar

(x) = 1,0 + t,(u) (11)
(to, ty) = (0, 0); ty, t; € k; vyjadrenie pomocou stradnic ma tvar
Xo = toZo + t1Ug (117)
Xi = Ui,
i=0,1,..,n

B. Nech T je kore$pondencia v priestore P", ktora je definovana nasledovne.

Definicia 3.1. Hovorime, Ze body (u) = (Ug, Uy, ..., Up), (u) (Uo: u, ... u’) si

zodpovedaji (koreSpondujii) V koreSpondencii T prave vtedy, ked’

a) body O, (u), (u') st kolinearne;

b) 1) body (u), (u') st rozne a s usporiadanou dvojicou priese¢nikov
(*r), (%r) priamky p" = O(u) s nadkvadrikou Q tvoria dvojpomer
(DY) =4 kdel ek, A#0, A#1,4#-1,alebo

2) bod (u) = (u’) je dotykovy bod nadkvadriky Q s doty€nicou
incidujicou s bodom O.

Poznamka 3.1. Zdanlivo problematické je stanovenie poradia priesecnikov
priamky p" snadkvadrikou Q v pripade, ked priamka p" je secnicou
nadkvadriky. Ako sa ukaze vypo¢tom dvojic parametrov v tvare (11) pre tieto
priesecniky, analytické vyjadrenie parametrov rozhoduje o poradi bodov
Vv dvojici jednoznacne.

Definicia 3.1 dava konS$trukény ndvod na najdenie vSetkych bodov (u")
korespondujucich s bodom (u):

1. Zistia sa vSetky priamky p" incidujtce s bodmi O a (u).
2. a) Vyhladaju sa dvojice prieseénikov nadkvadriky Q so vSetkymi
priamkami p“ z bodu 1, ktoré st se¢nicami nadkvadriky, alebo
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b) najdu sa dotykové body nadkvadriky Q so vSetkymi priamkami z bodu
1, ktoré st doty¢nicami nadkvadriky Q.

3. V pripade 2.a sa vyhladd bod (u"), ktory s dvojicou prieseCnikov
' N Q = {(*r), (®)}a shodom (u) dava Stvoricu s dvojpomerom
(("r)Cr)(u)(u ")) = A. (Této konstrukcia je jednoznaéna.)

Bodmi kore$pondujtiicimi v koreSpondencii T s bodom (u) su v pripade 2.a
vsetky body opisané v bode 3, v pripade 2.b bod (u") = (u) a — ako sa ukaze —

vSetky d’alSie body dotyénice O(u) okrem bodu O.

Veta 3.1. Kore$pondenciou 7 je uréené racionilne zobrazenie f: P" — P ™.

Poznamka 3.2. Racionalne zobrazenie f sa nazyva zobrazenim asociovanym
s kore$pondenciou 7.

Dékaz vety 3.1. Nech (u) € P" je bod, ktory
a) je rozny od bodu O,
b) nie je bodom nadkvadriky Q,

€) nie je bodom polarnej nadroviny @ bodu O vzhl'adom na nadkvadriku Q.

Plati: a) Q(u) # aoozg ;b)) Q(u) #0; ) qo(u) = 0.

Priamka p" = O(u) je urdena jednoznaéne a vietky jej body su vyjadrené
parametrickymi rovnicami (11°). Podmienky b) a ¢) znamenaju, Ze bod (u) nie
je dotykovym bodom doty¢nice nadkvadriky Q. (Toto tvrdenie vyplyva uz
z faktu, ze bod (u) nie je bodom nadkvadriky Q. Ak by aj bol bodom
nadkvadriky Q, aby bol dotykovym bodom doty¢nice nadkvadriky s doty¢nicou
incidujicou s bodom O, musel by spinat negaciu podmienky c). — Pozri
lemu 3.1.)

Spolo¢né body priamky p" snadkvadrikou Q oznatme (r), resp. (r).
Dvojice parametrov (t(;tl') resp.(tg',tl”) prisluiné k bodom (*r), resp. (°r)

Vv parametrickom vyjadreni (11) st korefimi homogénnej kvadratickej rovnice

Q(x) =Q(t,0+t,(u))=0, (12)
po vypocte
t2Q(0)+ 2t,t,2,G, (u) +1Q(u) = 0. (12%)

Z predpokladov a) az ¢) vyplyva:
Q(O) =845 #0; qo(u)¢ 0; Q(u) #0

Teda (12°) je uplna kvadraticka rovnica s dvoma réznymi korefimi

3.8/~ 2400 + T2 ~QLOIRW).Q(O)) (13)
(2 t1)=( - 2000(0)- V20 (W)F ~QIO)QW).Q0)):
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Oznatme: A=—2,,(u), B = [2,6,()] ~Q(O)Q(u), € = Q(O).
Rovnosti (13) maju potom tvar
(t).t')=(A+B,C),(t" 1" )=(A-B,C) (13"

Body
(r)=tio+t (u)=(A+B)O+C(u), (’r)=t'O+t" (u)=(A-B)O+C/u)
st spoloéné body priamky p" a nadkvadriky Q. Podla definicie 3.1
kore$pondencie 7 sbodom (u) kore$ponduje kazdy bod (u’), pre ktory

dvojpomer ((‘r)Cr)(u)(?)) = 4.
Nech hPadany bod (u’) kore$pondujici s bodom (u) ma parametrické

vyjadrenie (u') = 5.0 + 55.(U) s dvojicou neznamych parametrov v lokalnej

ststave stiradnic na priamke p“ so zdkladnymi bodmi O, (u). Bod (u) ma v tejto
stistave vyjadrenie (u) = 0.0 + 1.(u). Plati:

té t ot
_ 1].]so s ty . tgs,—t)s, A+B (A+B)s,—Cs,
(( FX I’XU)(U ) || tl|| 't(:l t1" _té' ‘tglsl_tluso A—B (A B)S —CSO

o 1 s, s

A+B (A-B)s,-Cs, (A+B)(A-B)s —C(A+B)s, (Az—Bz)sl—C(AJFB)s0 (14)

A-B'(A+B)s,Cs, (A-B)(A+B)s,—C(A-B)s, (A’-B’)s,—C(A-B)s,

z toho
A[(A*~B?)s,~C(A-B)s, |=(A*~B’)s,~C(A+B)s,,  (14)
d’alej
J (A-1)(A*-B?)s,=[ AC(A-B)-C(A+B)]s,, (147)
(A-1)(A*-B?)s, =[(1-1)AC—(A+1)BC s, (147)
Odtial
(50,5.)=((2-1)(A*~B?),(A-1) AC~(1+1)BC) (15)

A =173[q, (u)]2 ,B? =[ 7,0, (u)]2 —8,20Q(u), A* - B* =a,,2;Q(u)
AC =-17,0, (U)Q(O) = _aoozg% (U)
BC = \/|:20q0 :' —ayZ oQ aooZ _\/ {[QO :I ooQ )}aoozg =
aoozg\/[% (U ):Iz _aooQ(u)
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Bod (1) = 5.0 + s1.(u) ma teda parametrické vyjadrenie

(W) = (21~ Da22Q@)} 0+ 2~ Dl 2542304 (1)} (2 + Dtz [0 ()T —20eQW) ) =
[(4-1)222Q(u)] 022 {(i—l)qo(u)+(/1+1)\/[q0 (u)]z_aooQ(u)}(u):
a2 {[(-10QW)]- 0~ 2 2~ ) + (2 + A, ~auQ [} (9)

¢o v suradnicovom vyjadreni ma tvar
PUG =200Z;| (A-1DQ(U) +{[(1—z)qo(u)]—[(z +D[aow)] - %@(u)}}uoj
U] = ag,25 (1= 2)ap ()] - |:(/1 +Dy[a, )] - aooQ(U)}}uiv i=1..n pek p=0. (16"

Rovnice (16") ukazuju, ze vSetky suradnice bodu (u’) korespondujuceho
v kore$pondencii Ts bodom (u) — pokial’ bod (u')vébec existuje — su algebrické
kvadratické vyrazy suradnic bodu (u). Tento vztah odovodnuje nasledovni
vetu.

Veta 3.2. Zobrazenie f je racionalne zobrazenie stuptia 2.

Prienikom nadroviny w s nadkvadrikou Q je (n — 2)-rozmerna nadkvadrika
Q(n'z) definovana sustavou rovnic
Q) =0 a7
do(y) = 0.
Analyza rovnic (16°) zobrazenia f rozsiruje defini¢nti oblast’ zobrazenia;
vyjadruje to nasledovny dosledok vety 3.2.

Désledok 3.1. Racionalne zobrazenie f je definované aj vo vSetkych bodoch
mnoziny o \ Q™.

Inverzné zobrazenie

Zo vseobecnych vlastnosti dvojpomeru je znamy nasledovny fakt:

Ak (a) = (a0, a1), (b) = (bo, by), (c) = (o, €1), (d) = (do, d1) je parametrickeé
vyjadrenie Styroch po dvojiciach réznych kolinearnych bodov v lokalnej
sustave suradnic na priamke a dvojpomer Stvorice tychto bodov je
((@)(b)(c)(d)) = 4, tak dvojpomer ((a)(b)(d)(c) = 1/4. (Citatel’ si pravdivost’ tohto
tvrdenia overi elementarnym vypoctom.)

Z tejto vlastnosti dvojpomeru vyplyva nasledovna veta.

Veta 3.3. K racionalnemu zobrazeniu f existuje inverzné racionlne zobrazenie
f.

Dékaz vety sa zakladd na pouziti predchadzajicej vlastnosti Stvorice po
dvojiciach roznych kolinearnych bodov zviazanych danym dvojpomerom
hodnoty A. Ak (u) eP" je bod, v ktorom je raciondlne zobrazenie f definované
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af(u) = (u"), plati (*N)Cr)(u)(x)) = 4, kde {(*r), (r)} = p" N Q. Zobrazenie g:
P" — P" prirad'ujuce k bodu (x") bod (u") tak, ze (‘r)Cr)(u)(w’) = 1/ije
definované vo vSetkych bodoch (1) = f(u) ama v désledku jednoznaénosti
$tvrtého bodu s danou hodnotou dvojpomeru k danej trojici bodov vlastnost’
(") =g = g(f(u)) = (g°AH(u) = (u). (Elementarnym vypoctom sa overi, ze

1=2.12) = ()¢ N(neH@ )@ )) = ([(NEu)@ ), (18)
z ¢oho vyplyva (u) = (u").

Pre vsetky body (u) €U < P", vktorych je zobrazenie f definované, je
kazdy bod f(u) f(U) bodom, v ktorom je definované zobrazenie g; teda
f(U) c U’, kde U’ = P" je mnozina vsetkych bodov priestoru P", v ktorych je
definované zobrazenie ¢. Rovnice zobrazenia g st obmenou rovnic (167)
zobrazenia f s nasledovnymi spresneniami a zmenami: u;, i = 0, 1, ..., n, sa
suradnice bodu f(u) — obrazu povodného bodu (u),u/,i =0,1,...,n, st saradnice

bodu g(f(u)), vietky hodnoty A s nahradené hodnotami 1/4. Takto upravené
rovnice s ozna¢enim (18) zuzené na oblast U N U’ st rovnicami racionalneho
zobrazenia inverzného k racionalnemu zobrazeniu f. Dvojice ((u), f(u))
a(g(m), (u)) pre (), (u) € U N U’ st dvojicami koreSpondujicich bodov
v dvojici (f, g) navzajom inverznych racionalnych zobrazeni asociovanych
s korespondenciou 7. Tento fakt je dovodom na pomenovanie koreSpondencie T
nazvom biraciondlna koreSpondencia.

Pri biracionalnej kore$pondencii je dblezité mat’ stale na pamdti, Ze ak je
dvojica bodov ((u), (#")) dvojicou bodov koreSpondujicich si navzijom
v kore$pondencii 7, nemusi byt bod (z") jedinym bodom korespondujicim
s bodom (u).

3.2 Fundamentilna varieta; mnoZina iregularnych bodov;
mnoZina biregularnych bodov

Podl'a zakladnej definicie fundamentalnym bodom koresSpondencie T sa nazyva
kazdy bod priestoru P", vktorom raciondlne zobrazenie f asociované
s koreSpondenciou Tnie je regularne, co znamena, ze hodnoty vSetkych foriem
z pravych stran ststavy rovnic (16") sa v tomto bode rovnaju 0. Kazdy takyto
bod je korefiom (nulovym bodom) homogénneho idealu v okruhu
K[To, Ty, ..., Tn] generovaného vSetkymi formami z pravych stran sstavy rovnic
(16") po zamene neznamych z tychto rovnic neuréitymi Ty, Ty, ..., Ty, Z ktorych
n je algebricky nezavislych. Mnozina vSetkych koreniov tohto idedlu je
projektivna varieta, ktorda je uzavretou mnozinou v Zariského topologii
priestoru P".

Veta 3.4. Fundamentalnou varietou koreSpondencie 7 je reducibilna zmie$ana

(n — 2)-rozmerna varieta F, ktorej komponentmi st
1) bod O;
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2) kvadratickd (n—2)-rozmernd varieta Q"2 ktord je prienikom
nadkvadriky Q spolarnou nadrovinou ® bodu O vzhladom na
nadkvadriku Q.

Dékaz. Stradnice vietkych fundamentalnych bodov korespondencie T spinaju
rovnice

[(/1—1)Q(y)+{[(1—/1)q0 [/1+1 )La ()] -anQ( )} j:o (19)

f[e-Ha.m)- 9\t -wem |u=0.1=t .0

1) Cavé strany poslednych n rovnic ststavy (19) nadobudaju v bode
O hodnotu 0, pretoze v bode O vsetky suradnice y;, i = 1, ..., n, maji hodnotu 0.
Lava strana prvej rovnice ststavy (19) nadobuda v bode O hodnotu

(l_l)aoozg _{(/1_1) aoozo +(ﬂ+l)\/a§025 _aoo-aoozg }'Zo = (’1_1)(30023 —ang) =0

Tieto vysledky znamenaji, Ze bod O je fundamentilnym bodom
korespondencie 7.

2) Pre kazdy fundamentalny bod (y) € P" rozny od bodu O je aspoii jedna

Z jeho suradnic y;, i = 1, ..., n, r6zna od nuly. Aby boli stradnicami bodu (y)
splnené vsetky rovnice (19), musi platit’
(2 =10 (y) + (2 +Dy[an (0T ~aQly] = 0 (20)

Ak qo(y) =0 a Q(y) # 0, ma l'ava strana prvej rovnice zo ststavy (19)
hodnotu

(2+1)-2,Q(y) %0

bod (y) tejto vlastnosti nemoze byt’ fundamentalny.

Ak go(y) #0 a Q(y) = 0, ma l'ava strana prvej rovnice sustavy (19) hodnotu

(4-12)6 (¥)£(2+1) (¥).

V pripade kladného znamienka ma tento stGcet hodnotu 21ge(y) # O,
v pripade zaporného znamienka ma hodnotu — 2qg(y) # 0, teda v oboch

, , . [ . ., , v ;.
pripadoch stradnica Y, koreSpondujiiceho bodu sa nerovna 0, ¢o znamena, Ze

bod (y) nie je fundamentalnym bodom koreSpondencie 7.

V pripade (y) # O je do(y) # 0 aj Q(y) # 0; bod (y) spiha podmienky vety
3.1, jeho obraz f(y) v racionalnom zobrazeni f asociovanom s kore$pondenciou
T je podla dékazu vety 3.1 definovany, je teda bod (y) Vv zobrazeni f regularny
a nie fundamentalny.

Uvedené argumenty potvrdzuju, ze mnozina vsetkych fundamentalnych
bodov kore$pondencie 7 roznych od bodu O je uzavretd mnozina bodov (Y)
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uréend sustavou dvoch rovnic (17), ¢o je (n — 2)-rozmernd kvadraticka varieta
Q(H-Z)..
Teda: F=0u Q™2

Poznamka 3.3. Kazdy bod fundamentalnej variety F je jednoduchym bodom
tejto variety.

Pre izolovany bod Oe F je toto tvrdenie zrejmé. Kazdy bod (y) e Q"2 je
regularnym (=jednoduchym) bodom nadkvadriky Q (lebo nadkvadrika je
regularna), je jednoduchym bodom nadroviny w (lebo vsetky body nadroviny
st jednoduché) a nie je nasobnym prieseénikom nadroviny w s nadkvadrikou Q
(lebo nadrovina w nie je dotykovou nadrovinou nadkvadriky Q v Ziadnom jej
bode).

MnoZina ireguldarnych bodov koreSpondencie

Ako je zname, iregularnym bodom koreSpondencie 7 sa nazyva kazdy bod
priestoru P", ktory je regularny v racionalnom zobrazeni f asociovanom
s kore$pondenciou T a ktorého obrazom v zobrazeni f je fundamentalny bod.
Ak J je oznafenie mnoziny vSetkych iregularnych bodov, znamena to, Zze
J = f (F). Mnozina J nemusi byt uzavretd v Zariského topolégii priestoru P",
pretoze raciondlne zobrazenie nie je vo vSeobecnosti uzavreté.

Lema 3.1. Pre kazdy bod (m) € Q"? je priamka p™ = O(m) doty&nicou
nadkvadriky Q.

Dokaz pozri v [G 22, str. 21].

Invariantnym bodom koreSpondencie 7" sa nazyva kazdy bod (h) € P",
ktory je prvkom mnoziny vsetkych prvkov koreSpondujucich s bodom (h)
v korespondencii 7.

Podl’a Casti b)2 definicie 3.1 pre kazdy bod (m), ktory je dotykovym bodom
nadkvadriky Q s dotyénicou incidujicou s bodom (m), plati (m) = (m"), kde
(m") je bod kore$pondujici s bodom (m) v koreSpondencii T . (Tento fakt
znamena, ze bod (m) si kore$ponduje sdm so sebou v korespondencii 7'; nemusi
to vSak znamenat, Ze¢ je jedinym bodom, ktory snim koreSponduje.) Zo
vSeobecnych vlastnosti polarity vzhladom na nadkvadriku vyplyva, ze
mnozinou dotykovych bodov nadkvadriky Q so vsetkymi doty¢nicami
incidujucimi s bodom O je prave varieta Q™2 ako prienik nadkvadriky Q
s polarnou nadrovinou @ bodu O vzhladom na nadvadriku Q. To odévodiiuje
nasledovny dosledok.

Désledok 3.2. Mnozinou vsetkych invariantnych bodov kore$pondencie 7' je
varieta Q2.

Trivialny je nasledujuci dosledok.
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Désledok 3.3. Dotycnica d” = O(m) ((m) e Q™?) je priamkou dotykovej
nadroviny 7" nadkvadriky Q v bode (m).

Dotykové nadrovina " nadkvadriky Q v bode (m) € Q™ m4 rovnicu
26 (m)y, =0 (21)
i=1

S neznamymiy;, i =1, ..., n.
(Incidenciu kazdého bodu doty&nice d™ s dotykovou nadrovinou 7" mozno
overit’ elementarnym vypoctom.)

Désledok 3.4. Mnozina vSetkych bodov vSetkych dotyénic nadkvadriky Q
incidujucich s bodom O je kvadratickd kuZelova nadplocha K™, ktorej
vrcholom je bod O a uréujucou varietou Q2.

Kuzel'ova nadplocha K™ ma rovnicu

ZQi (y)yi =0 (22)
i=1
sneznamymiy;, 1 =0, 1, ..., n.

Lema 3.2. Kazdy bod (w) doty¢nice d" rézny od bodov O a (m) je iregularnym
bodom korespondencie 7'; jeho obrazom f(w) v racionalnom zobrazeni f je bod
(m).
Dékaz. V parametrickom vyjadreni bodov priamky d" so zdkladnymi bodmi O,
(m) ma kazdy bod (w) vyjadrenie
(W) =t,.0 + tl.(m), (to, tl) ES (O, O),
t. .
Wy = toZo + tlmo (23)
w; = tm;, i=1,..,n.

Bodu O zodpoveda trieda dvojic s reprezentantom (1, 0), bodu (m) trieda
dvojic s reprezentantom (0, 1).
Rovnice (16) zobrazenia f aplikované na bod (w) davaju vysledok

PW, =
(1-2)9[t,0+t,(m) |-

(241, (toom(m))f—aooo[toom(m)]}(

aﬂozg [(l_l)QI:too*'tl(m):I*'{ tOZO+t1mO)J

pvvi':aoozg{(l—l)qo [t00+t1(m):|—(/1+1)\/[q0 (t00+tl(m))]2_aOOQ[tOOJFtl(m)}}.tlmi ;
i=1 ..,np=0 (24)

Q[t,0+t, (M) | =t3Q(0) + 2t,t,2,0, (M) +t7Q (M) =t7ayz;,
lebo Q(m) =0, go(m) = 0;
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Uo |:too +1 (m)] =1, (O) +14,0, (m) =ty8525, 18D0 Go(m) = 0.

Pre kazdy bod (w) = O, (w) = (m) je ty = 0, t; = 0; dalej ago = 0, o = 0.
Z toho vyplyva:

(W) =((1-2)ttagzev, ), ~ (M)

Poznamka 3.4. Ak oznad¢ime mnozinu vSetkych iregularnych bodov priestoru
P" kore§pondujucich so vietkymi bodmi variety Q™? (t. j. zobrazujucich sa
v zobrazeni f na Q"?) znakom J,, mozno obsah lemy 3.2 sformulovat’ takto:

3, =171 Q"?) = K"\ F.

Nech S = {s} oznaduje trs priamok priestoru P" so stredom (vrcholom)
vbode Oanech B = {p} = S\ K" je podmnozina vietkych priamok trsu S,
ktoré nie st priamkami kuzelovej nadplochy KD, Vsetky priamky
podmnoziny B st sefnicami nadkvadriky Q. Fundamentalny bod
O korespondencie T je bodom kazdej priamky z B.

Mnozinou J; = f *(O) vSetkych iregularnych bodov priestoru P"
zobrazujucich sa v zobrazeni f na bod O je mnozina vSetkych tych bodov (u)
priamok p € B, v ktorych je zobrazenie f definované a f(u) = O.

Veta 3.5. Mnozinou iregularnych bodov J; koreSpondencie 7" koreSpon-
dujucich s fundamentalnym bodom O je nadkvadrika Q° s rovnicou

Q" (2+1fauQ(y)-42la, (V] =0, (25)
kdey;, i=0, 1, ..., n, st nezname.
Dokaz. Ak (y) € P" je Tubovolny bod, v ktorom zobrazenie f je definované,
f(y) = O a priamka p’ = O(y) nie je doty&nicou nadkvadriky Q, je priamka p’

se¢nicou nadkvadriky Q a priese¢niky {(*r), (°r)} priamky p’ s nadkvadrikou Q
maji v lokélnej stistave suradnic na priamke p’ so zédkladnymi bodmi O, (Y)

parametrické vyjadrenie s parametrami (té A ) resp. (tc')' b ) v tvare (13), prip.
(13) .Pretoze (y) je iregularny bod koreSpondencie T kore$pondujtci s bodom
O, plati podla definicie 3.1 ((*r)(r)(y)O) = A. Pouzitim vztahov (13°) na
parametrické vyjadrenie bodov (*r), (r), (y), O v tvare (ts 4 ),(t(;' 1 ) 0, 1),

(1, 0) dostaneme

th 4 |t &

L1011 o _t -t A+B -C_A+B
t ottty -t' A-B -C A-B
0O 1(|1 O

Odtial
MA -B)—(A+B)=0.
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Po elementarnych vypoctoch a navrate k povodnému zékladnému oznaceniu
dostaneme
2

(2+1)° a,Q(y)-44[ 4 (¥)] =0,

¢o je vysledok (25) uvedeny v tvrdeni vety.
Mnozinu vSetkych iregularnych bodov J suhrnne charakterizuje nasledujtica
veta.

Veta 3.6. Mnozinou vSetkych iregularnych bodov J koreSpondencie T je
mnozina

J=Jud=(Q°UK™)\F.
Désledok 3.5. Mnozinou vSetkych biregularnych bodov koreSpondencie 7' je
mnozina

R=P"\(JUF).

4  Zaver

Cast’ 3 tohto prispevku uvadza istii biracionalnu kore$pondenciu v priestore
P"(k) arieSenie jej Standardnych zakladnych tuloh. Siria tematika spojena
s kompletnej$im opisom vlastnosti koreSpondencie obsahuje minimalne este
podrobny vyskum homaloidného systému, vypocet postulacnych cCisel zloziek
fundamentalnej variety, pripadne skimanie singularnych homaloidov a obrazov
nadploch. Tieto témy, ako aj algebrickostrukturdlne aspekty asociovanych
zobrazeni, nezndme v klasickej ére tedrie biracionalnych koreSpondencii, budi
predmetom spracovania V rozsiahlejSom ¢lanku venovanom nastolenej
problematike.
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Strophoids — cubic curves with remarkable
properties

Hellmuth Stachel
Vienna Institute of Technology

Abstract. Strophoids are defined as circular cubic curves with a node
and orthogonal node tangents. These rational curves are characterized
by a series of properties. The aim of the paper is to present some of
these properties; a few of them are new.

Keywords: Strophoid

Strophoids are defined as circular cubic curves with a node and orthog-
onal node tangents. These rational curves are characterized by a series of
properties. The aim of the paper is to present some of them.

e On each cubic with a node N, there is a symmetric relation of points:
pairs (P, P’) of corresponding points are characterized by the condition
that the connecting lines with the node separate the tangent lines at the
node harmonically. For any two pairs (P, P') and (Q,Q’), the point of
intersection between the lines PQ and P’Q’ as well as that between PQ’
and P’Q are again points of the strophoid and even associated. The
tangents at associated points intersect at a point which again lies on the
cubic.

e On a strophoid S, these pairs of ‘associated’ points have additional
properties:
1. For each pair (P, P’') the midpoint lies on a fixed line m parallel to

the asymptote.
2. For each point X € S\ {NN}, the lines X P and X P’ are symmetric
with respect to the line connecting X with the node N.

e Strophoids can also be characterized as circular cubics where the abso-
lute circle-points are associated. The tangents at the absolute circle-points
intersect at a point F' € S, the focal point of the strophoid S. The focal
point F is associated to the real point F’ at infinity.

e Strophoids show up as locus of points at various geometric problems
[2]:

(a) Strophoids are pedal curves of a parabola P where the corresponding
pole lies on the parabola’s directrix [1]. The focal point F of S is
the midpoint between the node N and the focal point F), of the
parabola P (see figure). The lines connecting associated points are
tangent to this negative pedal curve P.

(b) Strophoids are inverse to equilateral hyperbolas H when the center
N of inversion lies on the hyperbola.
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(c) Strophoids are generalized Apollonian circles: For any three non-
collinear points A, A’ and NN, the locus of points X, where the con-
nection X N bisects an angle between the lines XA and XA/, is a
strophoid & with node N and associated points A, A’. The strophoid
S has this ‘bisecting property’ with respect to all its pairs of asso-
ciated points, even when one of the involved points lies at infinity.

(d) The strophoids are focal curves of all conics with two common line
elements. The base points of such a pencil of conics are associated
points of §; the common tangents intersect at the node N of S.

(e) The tangents drawn from a fixed point N to the conics of a confocal
family have their points of contact on a strophoid S. The same
strophoid is also the locus of pedal points of normals drawn from NV
to the confocal conics. The given point IV is the node, the common
focal points are associated points of S.

(f) Strophoids are perspective views of Viviani’s window V, which is
the curve of intersection between a right cylinder C and a contact-
ing sphere & with the center on C. The center of the perspective
is a regular point of V, and the image plane is orthogonal to the
generators of the cylinder C.

(g) For any given triangle ABC, strophoids are the locus of points P
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for which two of the three cevians AP4, BPg, and CPc have the
same lengths.

(h) In plane Euclidean kinematics, the strophoids are the circle-point
curves, i.e., the locus of points whose trajectories have instanta-
neously a stationary curvature. The corresponding curvature cen-
ters lie also on another strophoid, the center-point curve. Both
strophoids share the node, the two node tangents and the curva-
ture center of one of the branches passing through the node. Also
in spherical and hyperbolic kinematics, the circle-point curves and
center-point curves are closely related to strophoids.
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Bodenmiller, Gauss, Wallace-Simson and more
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Abstract. A quadrilateral Q in the projectively extended Euclidean plane gives rise
to sets of “remarkable points and lines” connected to well-known theorems of
Bodenmiller, Gauss, Wallace-Simson and Miquel. For example, the mid-points of
the three diagonal segments are collinear with the Gauss-line g. Bodenmiller’s
theorem states that the Thales-circles over the three diagonal segments belong to a
pencil of circles. Some of these theorems allow a wide range of generalisations either
to higher dimensions or to non-Euclidean geometries. It turns out that the mentioned
theorems are interlinked, if we consider Q as a common tangents of a (dual) pencil
of conics. The article focusses on the fact that a quadrilateral Q defines a (dual) pencil
of conic sections ¢ and discusses the meaning of the points of the “remarkable lines”
for the conics ¢ belonging to Q. For example, it is well-known that the points of the
Gauss-line g are the centres of the conics c. The circles of the “Bodenmiller pencil”
are the orthoptic circles of the conics c. The set of focal points of the conics ¢ fulfils
a circular cubic curve ¢3 through the six points of @ and the Miquel-point F (the
focus of the unique parabola among the conics ¢) of Q. The article gives a summary
of a lecture presented at the Slovak-Czech Conference on Geometry and Graphics
2015 at Terchové, Slovakia.

Key words: Elementary geometry, quadrilateral, theorem of Gauss and Bodenmiller,
theorem of Miquel, theorem of Wallace-Simson

1 Introduction

For triangles and quadrilaterals there exists a confusing and unmanageable set of
elemen-tary geometric theorems and many of them are interlinked or arise from
modifications of other theorems. Dealing with “remarkable” points, lines and
circles of triangles and quadri-laterals one runs the risk of putting old wine in
supposed new skin. For historic references see e.g. [1], actual reference for now
more than 7000 remarkable objects to a triangle see [4], a book in print dealing
with conics is [2], but also [5] collects many results concerning quadrilaterals.

We pick out the theorem of Gauss and the theorem of Bodenmiller, see Fig. 1:
The theorem of Gauss states that the midpoints of the diagonals of a quadrilateral
Q are collinear. The line through this midpoints is called the Gauss-line g. From
the projective geometric point of view this statement is trivial, as g is the “double
conjugate line” to the ideal line with respect to the conics touching Q. We call
this set of conics a “dual pencil of conics”. Bodenmiller’s theorem states that that
the Thales-circles over the three diagonal segments of @ belong to a pencil of
circles. Obviously the common cord b of these Thales-circles must be orthogonal
to Gauss-line g.
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/ “Bodenmiller-
; -line and

Gauss-line -points g

/
Fig. 1: Visualisations of the Theorem of Gauss and the Theorem of
Bodenmiller.

It is also well-known that the common cord of Bodenmiller’s Thales-circles
contains the orthocentres of the four partial triangles of @, such that it, together
with the (in algebraic sense) two Bodenmiller-points common to the Thales-
circles, carries 6 remarkable points of Q.

Next we pick up the theorem of Miquel and the theorem of Wallace-Simson,
Fig. 2: Miquel’s theorem states that if we choose a point on each side of a triangle
arbitrarily, then the three circumcircles through each vertex and the chosen points
on the adjacent sides of this vertex pass through one point, the Miquel-point of
the figure. If we choose the points such that they become collinear we receive a
quadrilateral @ and all four circumcircles pass through the Miquel-point M of Q.

The theorem of Wallace-Simson states that given a triangle T, the three
reflections of a point W at the sides of T are collinear, iff W is a point of the
circumcircle of T. Furthermore the line connecting the reflection points passes
through the orthocentre O of T. (It is also usual to the then collinear pedal points
of W at the sides of T and we call this line the Wallace-Simson line of W with
respect to T, see Fig. 2 (right). We use this concept WS-line for both of the
mentioned lines.)

4@ e

| e

N

=\

M-point .
M

Fig. 2: Visualisations of the Theorem of Miquel and the Theorem of
Wallace-Simson.
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In the following we discuss connections between these four theorems and
their generalisations.

2 Extensions of Miquel’s theorem

J. Steiner and Morley noticed that the four circumcircles of the partial triangles
of a quadrilateral Q have concyclic centres (c.f. e.g. [6]) and the circle through

these four centres also pass through the Miquel-point of Q, see Fig. 3. This circle
is called “Steiner-circle” and its centre “Steiner-point” of Q.

C

Fig. 3: The Morley-circle passes through the centres of the circumcircles
of the partial triangles of a quadrilateral @ and through its Miquel-point.

An extension of Kantor states that given a “5-linel”, i. e. five lines in general
position, then the 5 Steiner-points of the 5-linel’s partial quadrilaterals are
concyclic (c.f. [6]). This circle is “Kantor-circle” and its centre “Kantor-point”
of the 5-line. Looking at the 5 Miquel-points of a 5-line one would notice that
they also lie on a circle, the “Clifford-circle”. All these statements were the
starting point for a chain of similar statements due to Kantor, Clifford, Morley,
Hirano and Hsu concerning n-lines in general positions. For example, the six
Clifford-circles of a 6-line intersect at a point, the “Clifford-point” of the 6-line.
The seven Clifford- points of a 7-line lie on “Clifford's 7-circle, a.s.0. ad
infinitum. Such a configuration is called a “Clifford chain” to an n-line.

Another idea to extend the original theorem of Miquel is the definition of a
“Miquel-mapping”, Fig. 4:

Definition 1: In the Euclidean plane  let be given a triangle T and the arbitrarily
chosen points P, @, R .on each side of T and let M be the corresponding Miquel-
point. Let P, Q, R be not collinear and have the circumcircle c. Then c intersects
the sides of T in a second point triplet (P’, Q’, R") which defines the Miquel-point
M’ as the “Miquel-image” of M under the “Miquel-mapping” pw:m — ntoT.

First of all one has to show that Definition 1 makes sense, what means that
u:m — 1 depends on M and not on the point triplet P, Q, R defining M. It is easy
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to prove that this is indeed the case, as to M and e.g. P the other points Q and R
are already defined. Variation of P lets all the circumcircles of triangle vertex B,
M and P run through a pencil of circles, see Fig. 4 (right). The circumcircles of
the variating triplets P, Q, R have again collinear centres and envelop a conic
touching the sides of T and having M as one focus. It turns out that the image
point M’ is the other focus, see Fig. 5 (right). Obvously the mapping u is
involutoric. Fig. 5 (left) shows that it is quadratic with the base triangle T as
exception set. We collect these results in

Theorem 1: The Miquel-mapping to a triangle T is an involutoric and a
quadratic mapping. It maps one focus of a conic touching T to the second focus.

/
Fig. 4: The Miquel-mapping uses the circumcircle of the chosen triplet
on the sides of a triangle T to get a second triplet, which defines
the Miquel-image point of the first Miquel-point.

I \\ \\ 3 e, L ST R 8 R o g

Fig. 5: The Miquel-mapping to a triangle T is an involutoric and a

guadratic mapping, it maps one focus of a conic touching T to the second
focus
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3 Combining Miquel’s and Wallace-Simson’s theorems for a
triangle T

Given three tangents of a conic ¢ and one of its foci F; one can construct the
second focus by applying theorem 1. Therewith it is possible to find the contact
points of ¢ with the tangents by reflecting one focus at the tangents. This in mind
we might connect this construction with Wallace-Simson’s method to reflect a
given point P at the sides of a triangle T. The reflection points are collinear, iff
P is a point of the circumcircle of T. If P does not lie on the circumcircle, the
reflection points define a circle d with centre P”. Equally the pedal points on the
sides of T define another circle p, the centre P’ of which is the midpoint of the
segment [P, P”’], see Fig. 6. Circle d of the reflection point triangle is a directrix
circle of the conic ¢ touching T and having P, P” as foci. The circumcircle p of
pedal point triangle is the main vertex circle of c.

Fig. 6: Wallace-Simson mappings w,: P - P' and w,: P — P" with respect
to atriangle T; P, P” are foci of a conic touching T and P’ is its midpoint.

Therewith we have defined two “Wallace-Simson mappings” w,:P — P’ ,
w,: P — P" with respect to triangle T. From the coincidence of properties of w,
and the Miguel-mapping p we conclude that these two mappings are the same
even they are defined in different ways. It turns out the mapping w, is a cubic
mapping, see Fig. 7. We collect these statements in following theorems:

Theorem 2: The Wallace-Simson mapping w, with respect to a triangle T in a
projective extended Euclidean plane = maps points P of & to the centre P’ of the
circumcircle p of the pedal point triangle of point P on T. Thereby P is a focus
and P’ the midpoint of a conic ¢ touching T and p is the main vertex circle of c.
The mapping w, is a rational cubic mapping.
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Theorem 3: The Wallace-Simson mapping w, with respect to a triangle T in a
projective extended Euclidean plane = maps points P of  to the centre P" of the
circumcircle d of the reflection point triangle of point P at T. Thereby P is one
focus and P'' the other of a conic ¢ touching T and d is a directrix circle of c.
The mapping w-, is an involutoric and quadratic mapping and acts the same way
as the Miquel-mapping u with respectto T.

Fig. 7: Wallace-Simson mappings w;: P — P' and w,: P —» P"" with
respect to a triangle T; w, is a cubic mapping, w, is quadratic and
identically with the Migquel-mapping u.

4 Combining the theorems of Miquel, Wallace-Simson and
Bodenmiller for a quadrilateral Q

It is well-known that the Miquel-point M of a quadrilateral @ is the focus F of
the single parabola p touching Q. Applying the theorem of Wallace-Simson to
this point W = F we get the Wallace-Simson line as connection of the four
collinear reflection points W; of W at Q. This line must pass through the
orthocentres 0; of the four partial triangles of Q and it acts as the directrix line
of parabola p and as the Bodenmiller-line of @, see Fig. 8. The Gauss-line g of
Q is parallel to the axis of p and its ideal point is the w,-image of F =M =W.

Now we consider the dual pencil of conics ¢ which touch Q. We have already
mentioned that the locus of centres P’ of these conics is the Gauss-line g of Q.
We add now that the pencil of “Bodenmiller-circles” b to @ consists of the
orthoptic circles to the conics c, see Fig. 9. (If a, b are the lengths of the semi-

axes of c, then the radius of b is r =+/a? + b2 )
Now the question arises: What is the locus of the focal points P, P"" of all the
conics ¢ to ? From the Wallace-Simson mappings w;, w, = u follows that
— P, P” must be symmetric to P’ € g and
— the four reflection points of P at @ must be concyclic, the circle being a
directrix circle d to conic ¢ with foci P, P” and centre P’
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ocus of unique

parabola p to Q

= focus of upifue
Gauss-line parabola p to Q

Fig. 8: Theorems of Wallace-Simson, Miquel, and Bodenmiller
to a quadrilateral Q and the single parabola to Q.
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9

Fig. 9: The Bodenmiller-circles b are the orthoptic curves to the conics ¢
touching Q.

These Wallace conditions will give rise to a “focal curve” f to Q. As the
diagonal segments of @ belong to the pencil of touching conics as singular
conics, the three pairs of vertices of Q are already known focal points. The
Miquel-point M = F of Q and the ideal point of the Gauss-line g are additional
focal points, such that f must pass through these 8 points. It turns out that f is a
circular cubic, i.e. f passes through the pair of conjugate imaginary absolute
points on the ideal line of the projective extended Euclidean plane . We collect
these statements in

Theorem 4: The focal curve f of a generic quadrilateral @ in the projective
extended Euclidean plane m is a circular cubic of genus 1. It passes through the
6 vertices of Q and the Focus of the single parabola p to Q and its real ideal point
is the ideal point of the Gauss-line g of Q. The focal cubic f contains all real and
complex focal points of conics touching Q.

If especially Q is a tangent quadrilateral of a circle c, but still general, then f
is a rational circular cubic with its double point at the centre C of c. In this special
case the axes of the conics to Q envelop a parabola p; and the Gauss-line is its
(orthoptic) directrix.

We visualize Theorem 4 in Fig. 10 and 11.
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Fig. 10: The focal curve f to a general quadrilateral Q@ is a circular cubic
of genus 1.

Fig. 11: The focal curve f to a quadrilateral @ , which touches a circle c is

a rational circular cubic. The axes of the conics touching Q envelop a
parabola p; with the Gauss-line of Q as directrix.
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Fig. 12: The focal curve f to a general trapezium @Q (left) and to one
touching a circle (right). The focal curve f is circular cubic of genus 1 (left)
resp. a rational circular cubic (right). The unique parabola p is
degenerated.

Let us consider the diagonals of @: They are axes of singular conics and so
are their normals at the diagonal midpoints. These 6 lines plus the axis of the
unique parabola p envelop the “axis-curve” of Q. For the special case of a
quadrilateral @ touching a circle (but not being symmetric) this axis-curve is a
parabola p;. As the diagonal triangle of Q is a tangent triangle of p,, its
circumcircle passes through the focus F; of p,. The normal at the midpoints of
the diagonal segments are a second tangent triangle of p, such that it becomes
obvious how to get the axis parabola p,, see Fig. 13. The tangents of p, define
the “focal involution” in the rational focal cubic f.
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Fig. 13: The curve enveloped by the axes of the conics to a quadrilateral
Q , which touches a circle c is a parabola p;. The circumcircle of the
diagonal triangle of Q passes through the focus of p; .

The results to Fig. 10, 11 and 12 give rise to sort of a classification scheme
of quadrilaterals:

e The general case of Q and a general trapezium has a circular focal cubic
f of genus 1.

e The focal curve f to Q is a rational circular cubic, if (and only if) Q
touches a circle ¢ but is not symmetric.

e The focal cubic f to a proper Q is reducible (with real components), if
Q is a a parallelogram or Q is symmetric:

- f consists of a circle and the symmetry axis g of Q, if Q is a
deltoid.

- f isan equilateral hyperbola plus the ideal line, if Q is a not
symmetric parallelogram,

- f consists of two orthogonal lines plus the ideal line, if Q isa
rhombus.

We see that classifying quadrilaterals on the basis of their focal curve f leads
to the usual elementary geometric classification of quadrangles. The degenerate
cases of f are visualized in Fig. 14.
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Fig. 14: Focal curves f to special cases of quadrilaterals Q.

For Q with imaginary lines and for “collapsed” quadrangles there are
additional cases to discuss. For example, H. Stachel stated in a lecture given at
the same occasion that if @ contains 1 or even 2 line elements, then the focal
curve f is a rational circular cubic. For conics having a common focus F; and
touching two tangents t;, t, the other real focus F, belongs to a real line through
t; N t, , while the imaginary foci are incident with the isotropic lines through
F, , see Fig. 15.
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1
Fig. 15: The focal curve f to a degenerate quadrilateral Q which consists
of a line element and two lines is a circular cubic of genus 1 (left). The focal
curve f of Q consisting of two real lines and two isotropic lines is reducible
with these isotropic lines and a proper real line as components (right).

5 Concluding remarks

The results described in Chapt. 4 can be used to construct a conic ¢ given by 5
tangents. Usually one applies the theorem of Brianchon (dual to Pascal’s
theorem) to find line elements of ¢ or one interprets ¢ as the perspective collinear
image of a circle, a method widely usual in Descriptive geometry. We propose
to apply the theorem of Gauss to at least two of the partial quadrilaterals of the
5-line to get the midpoint C of c. By reflecting given tangents at C it is possible
to find tangent parallelograms of c. The diagonals of tangent parallelograms are
conjugate diameter lines of ¢ and two such diagonal pairs define the involution
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of conjugate diameters of c. The focal points of ¢ are intersections of the
equilateral focal hyperbola f to one of the tangent parallelograms with an axis of
c¢. As f and c are concentric, one has to intersect an equilateral hyperbola with a
diameter line of it, see Fig. 16.

Conjugate
diame%rvia

reflection

given
diameter

given points
of equilateral
hyperbola

Fig. 16: Intersection of an equilateral hyperbola with a diameter line.

Both, Miquel’s elementary geometric construction as well as the two
Wallace-Simson-mappings have n-dimensional counterparts:

For example, given a tetrahedron T one can start with arbitrarily chosen
spheres g; through the vertices of T such that that intersect the faces of T in planar
Miquel figures, see Fig. 17 (left). As three of the spheres already define the fourth
one, the four spheres must be dependent. It seems to be an open question to
describe this dependency. To the Miquel-figures in the four faces of T one could
apply the planar Miquel-mappings receiving another set of four dependent
spheres ;.

Similarly one can formulate Wallace-Simson mappings for tetrahedral T:
Given a point P, then its reflection points at the four faces of T define a sphere,
the centre of which is the Wallace-Simsom image P” of P with respectto T. The
pedal points of P in the faces of T define another sphere and its centre P’ is the
image of P under the second Wallace-Simson mappings, see Fig. 17 (right). Also
here the geometric meaning of these mappings seems not to be known. In [7] the
locus of P with complanar reflection points is discussed and determined as a
cubic surface.
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Fig. 17: Three-dimensional extensions of Miquel’s and Wallace-Simson’s
mappings.

An obvious way to generalize the quadrilateral version of Miquel’s theorem
is to study the circumspheres of the 5 partial tetrahedra of a “S-plane”, i.e. 5
planes forming the 3D-configuration of Desargues. As two partial tetrahedral
define the remaining three, the five circumspheres must be surely dependent. The
description of the dependency is an open problem, too. This construction can
easily be adapted to an “(n+2)-hyperplane” in an Euclidean n-space.

An affine generalisation would be to consider the Steiner-conics to the four
partial triangles of a quadrilateral. Also here there must be a dependency, which
seems to be not yet treated. A projective geometric object connected with a
quadrilateral @ is the set of 6 Cevians of a point P with respect to the partial
triangles of Q.

Concluding one might see from the presented examples that there are still
many open problems arising from the simple figure Q and its higher dimensional
counterparts and one can surely still will find deeper interrelations between
elementary geometric theorems, which usually are treated for their own. Also a
treatment in non-Euclidean geometries, especially in hyperbolic or elliptic
geometry, is of interest. Because of valid duality in these geometries one receives
results for quadrangles, too.
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An Introduction to Rational Trigonometry
and Chromogeometry

Norman J. Wildberger

School of Mathematics and Statistics, UNSW Sydney 2052 Australia

Abstract. Rational trigonometry is a powerful algebraic approach to
computational geometry that has significant conceptual and practical
advantages. We will look at some interesting applications that bring
out the power and generality of this new way of looking at an old
subject.

Keywords: Rational Trigonometry, chromogeometry

Rational trigonometry was developed in 2005 in the book Divine Pro-
portions: Rational Trigonometry to Universal Geometry by N J Wild-
berger, and gives a much simpler, more powerful and accurate theory of
trigonometry. Computations run much faster, and can often be full preci-
sion or algebraic. The theory allows us to extend Euclidean geometry to
universal geometry: this is metrical geometry with a general bilinear form.
In particular relativistic geometry is in this way brought together with Eu-
clidean geometry. Rational trigonometry works over arbitrary fields, not
of characteristic two, and in particular it has a rich combinatorial aspect
in the case of finite fields.

Universal geometry also leads to chromogeometry: a remarkably in-
tertwined triple of planar geometries which transcends Klein’s Erlangen
program. There are three natural metrical geometries in the plane, de-
termined by the natural basis of two by two symmetric matrices given

o -6 5)6 o))

The first is the usual quadratic form, called blue, which is associated
to Euclidean geometry, while the latter two, called respectively red and
green, give naturally relativistic geometries. The relation between these
three is particularly fascinating, as it turns out that they interact in a
highly non-trivial way. Here for example is an illustration of the three
different coloured Euler lines of a triangle, namely ey, e, and ey, showing
how they are the median lines of the Omega triangle of the original triangle
formed by the respective orthocenters Oy, O, and O,.
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Rational trigonometry gives new views on triangle geometry and conic
sections, a simpler and more general approach to hyperbolic geometry as
well as spherical/elliptic geometry, and opens the possibility of dramati-
cally simplifying high school maths education. In this presentation we will
give an overview of this exciting new approach to planar geometry and
some of the applications to chromogeometry, special functions, and even
the geometry of the ZOME construction system.
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On certain invariants of a knot associated
with a plane curve singularity

Martina Batorova

Department of Algebra, Geometry and Didactics of Mathematics
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Abstract. Basic notions of the theory of knots associated with singular
points of algebraic curves defined over the field of complex numbers are
presented. Their properties and construction are summarized. Some
of their topological invariants — linking number and tricolorability —
are presented and chosen polynomial invariants (e.g. Alexander and
Alexander-Conway polynomial) are mentioned. Their construction or
computation details with notes on their interconnection and possible
mutual conversions are given. Notions are demonstrated using suitable
examples and pictures.

Keywords: knot invariant, linking number, tricolorability, Alexander
polynomial, Alexander-Conway polynomial

1 Introduction

This paper gives basic information about certain invariants of knots asso-
ciated with a affine plane curve singularity.

We recall basic notions of the theory of plane curve singularities (see
section 1.1) and summarize necessary properties and information on knots
associated with them (in section 2). Then we proceed to certain invariants
of these knots, giving some details of their construction resp. computation,
with notes on their interconnection and possible mutual conversions. We
illustrate presented notions using suitable examples and figures. All the
used sources are referenced at the end of the paper.

1.1 Basic notions and definitions

Let A%(C) be an affine plane over the field of complex numbers C and
let f € Clz,y], deg(f) > 0 be a non-constant square-free polynomial in 2
indeterminates x,y. An affine plane algebraic curve is the set

V(f) == {(p1,p2) € A*(C) | f(p1,p2) = 0}.

The polynomial f € Clx,y] is called the defining polynomial of the curve
V(f). We define the degree of the curve V(f) to be the degree of its
defining polynomial f, i.e. deg(V(f)) := deg(f).

The affine plane algebraic curve V(f) is said to be irreducible iff f
is irreducible, otherwise it is called reducible. Any reducible curve can
be uniquely decomposed into a set of irreducible curves, an irreducible
part of the curve is called an (irreducible) component of the curve. Each
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of the components V(f;) is a zero set of an irreducible factor f; of the
defining polynomial f of the curve V(f), ie. if f = f1-...- fs, then
V() =V(f1)U---UV(fs).

The affine plane algebraic curve V(f) C A%(C) consists of two types
of points. The point P € V(f) is called a singular point of V(f), if both
partial derivatives %, g—f vanish at P. A point which is not singular is
called regular. Its multzplzczty is given by the order m of the first non-
vanishing partial derivative of f at P; here, P is called an m-fold point of
V(f).

We say that the curve V(f) is regular if all its points are regular,
otherwise it is called singular.

Figure 1: Regular parabola (left), singular semicubical parabola V(y?—2?)

(middle), singular node curve V(y? — 2® — 2?) (right).

2 Knot associated with a plane curve singularity

A complex curve V(f) € A%(C) can be considered as a real surface in
AY(R) = A%(C). If V(f) is irreducible, its intersection K with a small
sphere S? around the singularity is called a knot associated to a singularity
of V(f), i.e. K := V(f)NS2. The knot is independent of the sphere radius ¢
for sufficiently small € > 0. If V(f) is reducible, the construction V(f)NS3
results in a link £, which is a union of linked knots: £ = (J;_, K;. Here,
each component K; corresponds to one of the s irreducible components of
V(f).

Figure 2 depicts the unknot (trivial knot) corresponding to a regular
point of given curve (left), e.g. a parabola (figure 1.1 left). The tre-
foil (middle) is the knot associated to the singularity of the semicubical
parabola V(y? —2?) (figure 1.1 middle); this is also the simplest non-trivial
knot. The Hopf link (right) is the link associated to the singularity of the
node curve V(y? — 23 — 2?) (figure 1.1 right); this is also the simplest
possible link.

Each singular point of an (ir)reducible curve is associated with a link
(knot) which is unique up to an isomorphism. The equivalence class is
independent of the choice of coordinates. Thus, the topology of given
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singularity is determined uniquely by the topology of its associated knots,
and to classify singularities of curves topologically, we need to classify
only their associated knots (links).

D (==

Figure 2: Basic knots and links: unknot (left), trefoil (middle), Hopf link
(right).

The knot itself can be defined as a topological object (i.e. indepen-
dently of the curve V(f)) as a set K C R? homeomorphic to S* and pro-
vided with an orientation. Link is just a finite set of knots, not necessarily
linked together (see figure 3). This definition encompasses a broader set
of knots than only those associated with singularities of algebraic curves
— these are a proper subset of the set of all possible knots. To study either
type, we use the tools of knot theory.

Figure 3: Link composed of two unknots not linked together — the 2-unlink
— is not associated with any plane curve singularity.

2.1 Knot diagram. Reidemeister moves.

Both knots and links may be represented using knot diagrams. Here, the
initial regular projection of given knot (link) to plane is transformed to a 4-
valent graphs, where vertices are decorated with over- and undercrossings,
optionally with orientation depicted, see figure 4.

DD

Figure 4: Construction of an oriented diagram of a trefoil knot.
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A knot K may be represented by many knot diagrams. These can be
acquired using either different projection of K to plane, or by a proper
change of any available diagram of IC; by a proper change we mean a
succession of local modification of given diagram that does not change
the topology of .

These steps are known as Reidemeister moves (see figure 5) and it can
be shown that they indeed allow construction of various diagrams of the
same knot, resp. transition from one knot diagram to any other diagram
of the same knot.

/ SR VIRV
/
C\ ~ \ / \
Figure 5: The three Reidemeister moves, from left to right: (un)twist
(R1), (un)poke (R2) and slide (R3).

Two knots (links) K and K’ are equivalent when there is a orientation
preserving homeomorphism which maps K to K’ — the knots (links) are
thus studied up to equivalence. It can be shown that equivalent knots
yield diagrams that are equivalent under the three Reidemeister moves,
i.e. a knot diagram of the knot KC can be transformed to a knot diagram
of K’ using only R1, R2 and R3.

3 Invariants of given knot

To study knots (links), e.g. to describe their complexity, topology and
properties, we may use the so called knot invariants. These are intrin-
sic (fixed) values (qualities) invariant under certain group of transforms.
They characterize the structure and topology of given knot (link) either
completely or (to some) extent.

Some invariants are e.g. an algebraic structure (the fundamental group),
a number (the linking number), a boolean (the tricolorability), a polyno-
mial (the Alexander-Conway polynomial) etc. They are mainly used to
distinguish two knots, i.e. to decide whether two knots are equivalent:

‘ K,K' are equivalent <= given invariant is the same for both I, K’.

The ” = 7 part distinguishes two knots that are mot equivalent, the
opposite one is true for complete invariants, but these are in most cases
computationally inaccessible.
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3.1 Linking number

The linking number is a numerical invariant of two intertwined (linked)
knots. It can be calculated as follows. At first, we assign to each crossing
c of the two knots «, 8 (not self-intersections) the number e(c) = £1 using
the rule from figure 6 (left and middle). After that, the linking number is
computed as
1
lk(ar, B) = 5 > (o).
cealp

As an example, we can use the Whitehead link (figure 6 right). Here,
g(c2) = eleq) = +1,e(c1) = e(eg) = —1, thus lk(a, ) = 0. The linking
number of the 2-unlink (figure 3) is also 0. We see that the linking number
of two unlinked knots is 0, but two knots with linking number 0 can be
linked.

Figure 6: To each crossing of the two strands, we assign +1 when the
orientation of the strands is positive (left) and —1 when negative (middle).
The four crossings of the Whitehead link (right).

Reversing the orientation of one of the strands reverses the linking
number, reversing both does not change the linking number.

3.2 Tricolorability

Tricolorability is a boolean invariant of the knots — any knot either is or
is not tricolorable. To determine the tricolorability of the knot, two rules
are used:
1. at least two colors are used (otherwise any knot would be trivially
tricolorable),

2. at each crossing, the three strands are either all the same or all
different colors.
We see that the 2-unlink (figure 3), Reidemeister moves and the trefoil
(figure 7) are tricolorable, the unknot is not tricolorable (thus any trico-
lorable knot is non-trivial). Also, any composition of a tricolorable knot
with another knot is always tricolorable.
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R VAV,
)N

Figure 7: Reidemeister moves and the trefoil (right) are tricolorable.

3.3 Alexander polynomial A(t)

The Alexander polynomial A(t) is a polynomial invariant of knots. It can
be constructed via multiple techniques, we shall use any oriented diagram
of given knot.

Below on the left is the general algorithm. On the right is the compu-
tation of A(t) for the trefoil — it has n = 3 crossings and 5 regions (de-
noted by Roman numerals I — V, taking into consideration also the area
surrounding the diagram). Elements of the matrix My are determined
using the crossing diagram (values +t,+1), value 0 is entered whenever
the region is not adjacent to given crossing.

1. n := # of crossings ~~
n + 2 regions
2. construct incidence matrix Mjc:
rows «~s  crossings
columns «~  regions
regions e 0,1, -1t —t 7t1+1
(see crossing diagram on the right)

3. remove any two columns corre-
sponding to two adjacent regions ~~ I II III IV V
n X n submatrix Mz 1 -t 1 0o -1 t
o 1 -1 -t t
. . . 1 —t 0 t
5. normalize the polynomial: divide
by +t£F so that the absolute term —
. iy . . |M3|=t27t+lw
is positive and the polynomial is K
symmetric in {t,¢71}. ~ A = _%|M31C‘ = l—t—%

4. Ay := determinant of M;’C

3.4 Alexander-Conway polynomial V(t)

To counstruct the Alezander-Conway polynomial V (t) of given knot I, we
again need any oriented diagram of K. We prescribe the skein relations —
recursive formulae used to construct the polynomial:

V(@) = 1
Vi(LT) = V(L) = t-Vi(L°,
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where LT, LY L~ are three possible positions of two strands (see figure 8)
and ® denotes any diagram of the unknot.

o

Figure 8: Three possible positions of two strands.

The Alexander-Conway polynomial of the 2-unlink ¢/, Hopf link H and
trefoil T can be computed directly as follows:

~(©) - ~(0)+(O)

= Vu(©) - Vy(o) =
= 1-1=0

() (G-

t-Vy(®)+1-Vy(L?) =
t-1+1-0=t

t.vfr(@))ﬂ.w(@)):

= t-Vy(L")+1-Vr(0) =
= t-t+1-1=t*+1

"((S2)

(@)

The Alexander-Conway polynomial Vi (¢) is related to the Alexander
polynomial Ak (t) of the same knot K via reparameterization

Vi (t = 1t) = Ax(t?),

where this equality holds up to multiplication by a constant. In case of
the trefoil, we see that truly
Vrt—t) = (t—t)2+1=t2-2-t-t7 ' +t724+1=
= 2 -1+t2=(-1)-A7().
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4 Conclusion

We shortly summarized basic notions regarding knots and links associated
with singularities of complex plane algebraic curves, along with several of
their topological invariants. Their construction or computation details
were given, using suitable examples and pictures.
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Abstract. In this paper we apply the rational Puiseux series to study
the local properties of algebraic curves at their singular points. In
particular we exploit the existence of a bijection between the curve real
branches and set of rational Puiseux series at a given point of the curve.
We determine the quadrant which contains any curve half-branch and
find the mutual position of all the branches. All this information is
extracted from a certain tree representation without the necessity of
computing the Puiseux series explicitly. This study is meant as an
element for our new method for a topologically accurate approximation
of algebraic curves.

Keywords: rational Puiseux series, local topology, algebraic curve,
singularity, branch

1 Introduction

In [2, 3] we proposed a novel approach to study the topology of algebraic
curves. It is based on three fundamental steps. In the first we identify
the singular (and some other critical) points and all the branches at these
points. Then we study the connectivity of these branches. Eventually we
approximate all the connecting segments.

For the seek of completeness let us recall that their exist also a com-
pletely different approach which is based on subdivision. The only cer-
tified algorithm (i.e. one which gives the correct output for every input)
based on subdivision is [1]. This algorithm subdivides the studied region
into regular regions (the curve is smooth inside) and regions with singu-
lar points, which can be made sufficiently small. The topology inside the
regions containing a singular point is recovered from the information on
the boundary using the topological degree.

In this paper we present some results which improves the first step
of our algorithm, more precisely the identification of all the branches
at a singular point. First we describe the system of rational Puiseux
series introduced in [5]. These are certain generalizations of the standard
Puiseux series [6, chapter IV] which are in bijection with real branches
(trough the origin) of a given algebraic curve. We also shortly recall the
algorithm to find rational Puiseux series. In the second section we improve
the ideas given in [4]. We deduce the local position of the branches. The
singular part of Puiseux series determines in which quadrant(s) the given
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branch lies. Also, the singular part implies the clockwise order of the
curve branches.

2 Rational Puiseux Series

Through this paper we suppose that the polynomial f(z,y) € Q[z,y] is a
monic and irreducible in Clz, y]. We denote by Cy the set of corresponding
affine points

Cr ={[z,y] € R* | f(z,y) = 0}.

Definition 1. Let Cf be a curve, ¢ be a variable and [z, 7] € (C[{]\Q)?.
[Z,7] is called a parametrization of C; if f(Z,g) = 0.

Parametrization [Z1, 1] and [Z2, §2] are equivalent if there exists z €
R[[t]] linear in t such that #;(z) = &2 and §1(2) = Ja.

The equivalence classes of irreducible parametrizations of Cy are called
branches.

Definition 2. The field of Puiseux series is
Q) = [ J Q(#'/*)),
k=1

where Q((t'/*)) denotes formal Laurent series in t'/%,

In [6, IV.3] it is shown that Q((z)) is algebraically closed. It means
that the roots of f as a polynomial in y are Puiseux series in . We will
call these roots Puiseuz series of f.

Definition 3. To each Puiseux series Z aiti/ " corresponds the parame-
=
trization [Z,7] defined as follows:

Bty =t" Gty =) ait’. (1)

€L

For applications, the disadvantage of Puiseux series is that more para-
metrizations corresponding to Puiseux series can be equivalent, i.e. that
more Puiseux series can describe the same branch of the curve. Du-
val in [5] introduced the system of rational Puiseux series, where each
parametrization corresponds to precisely one branch.

Definition 4. Let y1,¥2,...,ys be Puiseux series of f and {[;ij,gj]}j-:l
be corresponding parametrization. Let r denote the maximal number of
non-equivalent parametrization (branches) between {[7;,7;]}3_,. System
of rational Puiseuz series of f over Q is the set

{[#5, 751} =1
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of pairwise non-equivalent irreducible parametrization of Cy, which is in-
variant under the action of the Galois group G(C/Q) and for each j,
T = A\jt"i, where n; >0 and A; # 0.

In the following text we will use rational Puiseuzx series to refer to a
parametrization from the system of rational parametrizations.

The key property of rational Puiseux series, proved in [5], is summa-
rized here:

Theorem 1. Let f(z,y) € Rlz,y] and {[Zr, k] }r be a rational Puiseux
series of f over R. Then the branch [Zy,yk] is real if and only if the
coefficient of Ty, and every coefficient of yx are real numbers.

Algorithm for finding a system of rational Puiseux series

The algorithm describes how to find the local parametrization of all
branches above the origin. If we are interested in the branches above
an another point, we can translate the coordinate system. The structure
above the point [a,b] is obtained by examination f = f(x + a,y +b) at
the origin.

The algorithm is recursive and very similar to the algorithm to find
the standard Puiseux series (see [6, IV.3]). It is usually described using
the recursion, but we find more transparent use the terminology of trees.
We can say that the algorithm is based on the tree traversal.

Let describe how to compute the tree of the given polynomial f. The
tree is generally infinite and has nodes of three types

e the root of the tree — a given polynomial,
e nodes of type N (shortly N-nodes) —”Newton polygon edge” and

e nodes of type C (shortly C-nodes) — 7 coefficients of Puiseux series.”
N-nodes and C-nodes periodically alternate.

The number of tree branches is same as the number of curve branches.
The Puiseux series of a given curve branch is fully determined by the
information attached to the nodes on the tree branch.

At the root and in C-nodes we compute Newton polygon of f. It
consists of several edges (children of type N). Every edge is fully described
by its equation pi + ¢gj = [ and certain characteristic equation h(z). To
the node we attach the quadruple (g,p, !, h).

In N-nodes we search for coefficients of Puiseux series (y and d). They
depends on p, g and root p of h(z), so for every o we have one child of
type C. More precisely v = ¢o7¥ and § = o%, where uq +vp = 1. We
also compute new polynomial g. To the node we attach the quadruple
(0,7,9,9)-
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Figure 1: Example of the tree corresponding to some polynomial f.

Usually we are interested in finite number of terms of rational Puiseux
series, i.e. in finite sub-tree. The natural choice is singular sub-tree de-
fined in the following definition. The reason why it is so important is in
Proposition 1.

Definition 5 (with proposition). Let the tree branch be the sequence of
nodes B = (f, N1, C1, No,Cs,...). There exists jo such that for every
k > kg it holds

’Vk:qk::]- and 51@eQ(717517727527'"7’yk075k0)~

The part of the tree branch (f, N1, C1, N2, Ca, ..., Nk, Ck,) is called sin-
gular. The rest of the branch (Nk,+1, Crko+1, Nig+2, Cro+2,---) is called
reqular part of the branch. The sub-tree consisting of singular part of
each branch is called singular sub-tree of T

Proof. The existence can be proven using observation in [6, page 102] and
direct computations. O

Proposition 1. Let By, By ... B, be the branches of the tree of f. The
local topology at the origin is influenced only by singular parts of By, where
k=1,2,...,r.

Proof. See [5]. O

Directly from the recursive equations, we can deduce the parametriza-
tions of Puiseux series:

Theorem 2. Let B = (f,N1,C1, N, Co,..., Ny, Cy) be a part of a
branch of the tree of f. Let the length of singular part of B be kqg. The
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Puiseuz series of the curve branch is

P(B) = [z,y] = | A" Z@ﬁw Z Xjt4 + - (2)

j=ko+1

where

k’o k'()

] [ = H
A= Yk =t 3 n= qk;

k=1 k=1

k ko it b k
=5kH < H Vi k=l+1qk> ) Ck-Z( H Qk>»

=1 \i=l+1 i=1 k=i+1

ko P k
_ 61“1_[ ( H Hk 141 ‘Nv) , dp = Cy + Z Di- (3)

i=l+1 i=ko+1

3 Local geometry over given point

In this part we describe the local topology over a given point. In the
first part we choose two quadrants, where the given branch can lie. In
the second part we determine in which of possible quadrants the branch
really lies. And in the last section we determine the mutual position of
the branches. Any such information easily follows from the first terms
of Puiseux series of the curve branch. Here, we describe how to extract
these characteristics from the singular part of the tree branch.

3.1 Branch position - possible quadrants

In this subsection we describe in which quadrants a given branch can lie.
We can obtain this information very fast from the first two tree nodes. The
disadvantage is that the found quadrants are only possible ones, i.e. the
branch can lie in only one or in both of them.

Assume that the quadrants are numbered as usual (the quadrant num-
ber 1is x > 0 & y > 0 and then counterclockwise.

Definition 6. The point [z, yo] is called regular point of f if at least
one derivative fg(zo,y0) or fy(zo,yo) is nonzero. Otherwise it is called
singular.

The topology in regular point is always clear. We are interested in
local topology in singular points, where should be more branches.

Proposition 2. Let B be a real branch through a singular point deter-
mined by the tree branch. The first N-node (namely p,q) and first C-node
(namely the sign of o) restricts the local position of B as stated in Table 1.
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q D sign(p) possible quadrants
odd odd + 1&3
odd odd - 2&4
even odd + 1&4
even odd - 2&3
odd even + 1&2
odd even - 3&4

Table 1: Local position of a given curve branch using only first two inner
nodes of the tree branch.

Proof. Let (f, N1,C1, Na,Ca,...) be the tree branch corresponding to B.
The Puiseux series using only the first N and C-node is

[’Yltql,dltm}.

The local parametrization of B using the whole singular part of the tree
branch has the form

[zl o2y + 27 ],

k’g k()
with 7 = A" and y; = ijtcﬂ where A = H7 =t ql, n = l_lq;€7
j=2 k=2 k=2
b k ko
& = 6’“1_[ < H Hk quk) and ¢, = Z <pi H qk> . Note that
=2 \i=l+1 =2 k=i+1

the regular part of the tree branch has no effect on topology (see Prop. 1).
The position in quadrants is given by the sign of z-coordinate (y1z¥") and
the sign of y-coordinate, which is near zero influenced only by the first
term 27"

From the previous paragraphs it is clear that the Puiseux series corre-
sponding to first two nodes really approximate the position of the branch.
When the signs of x; for ¢ = +e (suppose e positive infinitesimal) are
different the branch lies in both quadrants, when the signs are equal, the
branch B lies only in one of given quadrants.

Denote B = [By, B, = [yt?,0tP]. Recall that v = ¢~ and § = o™
We can distinguish 3 cases according to parities of ¢ and p. In every
case we treat only the case p < 0, the case o > 0 is similar. Denote
s =sign(p) = —1.

Case p and ¢ odd
We need to find the sign of v and 4.
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sign(7y) = sign(o™") = sign(e™"")
sign(0) = sign(¢") = sign(o"?)
Using the fact that ug + vp = 1 we have

sign(7) sign(8) = sign(o~"?) sign(¢"?) = sign(o~"") sign(o' ") = -1

The last equation is because the difference between —vp and 1 — vp is
1 and therefore one term is odd and one even.

So we have to distinguish two cases:
If sign(p~") = —1 and sign(g*) = 1 then for t = € we have B, < 0,B, >0
and B lies in second quadrant and for ¢t = —e we have B, > 0,B, < 0
and B lies in quadrant 4.

If sign(p~") = 1 and sign(p") = —1 then for t = € we have B, > 0,B, <0
and B lies in quadrant 4 and for ¢ = —e we have B, < 0, B, > 0 and B
lies in quadrant 2.

Case ¢ even and p odd
As in the previous case sign(v) = sign(p™") = sign(o~?) and because
q is even, we have sign(9“?) = 1 therefore

sign(y) = sign(o™"") sign(¢"?) = sign(e™"") sign(o' ~'7) = 1

So, we have two possibilities:
If u is even, then sign(¢*) =1 and for t = e: B, < 0,B, > 0 and B lies
in second quadrant and for t = —e we have B, < 0,B, < 0 and B lies in
quadrant 3.

If u is odd, then sign(p") =1 and for t = e: B, < 0,B, < 0 and B lies
in third quadrant and for ¢ = —e we have B, < 0,B, > 0 and B lies in
quadrant 2.

Case ¢ odd and p even is analogous to the previous one.

Case ¢ and p even can not arise, because it will be in contradiction
with the irreducibility of Puiseux series. O

Ezample 1. To demonstrate the proposition we use the curve defined by
equation f = 2y° —xy> +32%y3 4 202y% — 25y — 23y + 225, We know that
Cy has three real branches through the origin, see Fig. 2. First branch is
solid, second is dashed and third is dotted.

First branch has first two nodes N1 = (1,2,5, —z+2), C; = (2,1, 2, f1),
more explicitly ¢ = 1 is odd, p = 2 is even, o = 2 is positive and therefore
the branch can lie in quadrants 1 and 2.
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Similarly second branch has nodes (1,1,4,—(z — 1)?), (1,1,1, f1),
ie. g =11isodd, p = 11is odd, ¢ = 1 is positive and the branch has
position 1& 3.

And third branch has nodes Ny = (2,1,5,2z — 2), C1 = (1/2,2,1, f1),
ie. ¢ =2is even, p = 1is odd, p = 1/2 is positive and the branch has
position 1& 4.

3.2 Branch position - exact quadrants

The branch can lie in both possible quadrants but does not have to. In

this section we describe how to decide in which of possible quadrants the

branch really lies. Again, this information is contained in the first terms

of Puiseux series. We extract the information from the singular part of the

tree branch, so we do not need to compute the Puiseux series explicitly.
The following observation is corollary of proof of Proposition 2.

Corollary 1. Let B be a real curve branch through the singular point
determined by the tree branch. Let the singular part of the branch has
height 2. Then the branch B lies in both quadrants given in Prop. 2.

Ezample 1 (continuous). The singular part of first and third tree branch
has height 2. Due to Corollary 2 the first branch pass through both
quadrants 1 and 2 and the third branch pass through quadrants 1 and 4.

If the singular part of the tree branch is higher than two, it is possible
that the curve branch lies only in one of quadrants given in Prop. 2.

Proposition 3. Let B be a real curve branch going through a singular
point and the corresponding singular part of the tree branch have nodes
(fyN1,C1,N2,Cs, ..., Ny, Cry). Let i&j are possible quadrants of po-
sition of B given by Prop. 2.
If q1 is odd and g2q3 - - - q,
e is odd then B lies in both quadrants i and j.
e is even then B lies in only one quadrant ¢ or j. Which one can be
recognized by determining the sign of By = X" (see (2)).
If q1 is even and p1g2q3 - - - Gk, »
e is odd then B lies in both quadrants i and j.
e is even then B lies in only one quadrant i or j. The quadrant is
given by the sign of first term of By, i.e. &t°1.

Proof. In the first case (g1 odd) the possible quadrants are given by ;27" .
k

50
Because 1 = At", the signs of z1 for ¢t = +e are different when n = H qi
i=2
is odd. If n is even, the sign of x; is the same for ¢ = +e. The sign
of B, is dependent also on A, i.e. the parities of g; and the signs of ~;
(1=2,3,...,ko). The sign of B, determines the quadrant, where B lies.
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In the second case (q; even) the sign of B, is same for possible quad-
rants and the question is whether B, has same sign for ¢t = +e. The
y-coordinate is near zero influenced only by the first term & ¢, If ¢; =
P1G293 - - qk, is odd, the signs of B, are different for t = ¢ and B lies in
both quadrants. If ¢; is even, the signs of B, are same and B lies only in
one quadrant which is fully determined by the signs of 41,72, v3,- -, Yk
and the parities of a2, ¢3, - - ., Gk, - O

Ezample 2 (continuation). The singular part of the second branch By is
(f, Ny = (1,1,4,—(2—1)2), C; = (1, 1,1, f1), No = (2,1,2, —2+7), Cy =
(7,1/7,1, f2)) ¢1 = 1 is odd and g = 2 is even therefore By lies only in
one quadrant. A > 0 because y1 =1 > 0 and v = 1/7 > 0. n is odd,
because ¢go = 2 is odd. We conclude that B, > 0 for t = +¢ and Bs lies
in second quadrant.

3.3 Mutual position of branches

Every curve branch has two natural half-branches, one for ¢ > 0 and the
second for ¢ < 0. Using singular parts of tree branches it is possible to
resolve the order of half-branches of the curve through a given singular
point. We are interested in the order of half-branches on the right side
(quadrants 1, 4) and left side (quadrants 2, 3) of the point separately.
In this section (without loss of generality) we assume that all the half-
branches are in quadrants 1 and 4. The case of quadrants 2, 3 is analogous.

To compare the half-branches we need to number them. One natural
numbering follows from previous section - let the branch ¢ (numbered in
the tree from the left) consists of half-branches mg;_1 and mo;. It will be
useful to define for every branch 7; associated functions ¢; which gives
the number of quadrant of branch ;.

2

5

-
Figure 2: Numbering of branches
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Definition 7. Assume that branches ¢; = ¢;». Due to the implicit func-
tion theorem, we can consider the branches as the functions of x coordi-
nate, i.e. y = m;(x) resp. y = my(x). We say that m; < 7y if there exists
a neighborhood of the origin, where for every z is m;(z) < m ().

Suppose that ¢; = 4 and ¢g; = 1. It is clear that m; < 7.

Otherwise both compared curve branches are in the same quadrant.
Assume that B = [B,,B,] = [\", Y%, &t%] and B' = [B,,B)] =
By ' Z:é’zl fét’cé] are the parametrizations of the branches using theirs
singular parts of tree branches. We consider same (infinitesimal) values
of B, and B; and we ask whether B, is greater than B, or vise versa.

Without loss of generality assume that ¢; < ¢}. To simplify the no-
tation denote w = ()\/)\’)1/"/. From B, = B!, we can deduce that
t = ()\/X)l/n/ /" = wit™/™" . We denote & := (n/n’)c}.

The reciprocal position of branches follows from the following scheme

o1 =0

- & = wclfl Repeat this decision procedure with cg,c} (resp.
Cit1,Ciyq). As the branches are different, they have different
singular parts of tree branches and the process terminates.

— & < wiE) then B < B'.
— & > wE) then B > B'.

e c; < (1
— ¢ >0 then B > B’

— ¢ <0 then B< B’

e >0
- &w 1 > ( then B < B’

— &w <0 then B > B’

If the half-branch corresponds to ¢t < 0 we substitute £ = —t and
compare the modified local parametrization.

Proof. B < B’ if and only if lim sign(B, — B;) = 1. We have
t—0+

ko ko
. . _ply— 1 . 4Ck _ 1 4c) _
t1_1>%1+ sign(B, — B,) tl_l}(% sign ; &t ]; &Lt

m’

o 1
= lim sign Zik Zﬁk oo | = Jim sign Z*(éw—fu) :

=y
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_ . i=1,...,ko / ’_ i=1,...,ko o /
where m = ming, 5 (ciyci),m' = max;, ;"0 (ci, i) and &5, 5(1‘)
are the coefficients of t* in B, resp. B;.

Let o be the smallest number for which &) # 5(0)' Then

1
. . / _ . . /
tli%ﬂ sign(By — B,) = yl;rglo sign (yo(f(o) — f(o))> ,
which implies the proposition. O

Ezample 1 (continuation). We can number the half-branches of first branch
w1, Ty with ¢ = 1, g = 2. Denote the half-branches of second branch
w9, w3 with ¢o = 1, g3 = 1. Third branch half-branches are 75, mg with
g5 = 1, g¢ = 4. Everything is marked in Figure 2.

On the left side of the origin is only one branch 7. On the right side,
we have five half-branches. In the quadrant 4 is only one branch mg. The
rest of branches is in the first quadrant. Their position is following:

e 75 >m3 becausen=n'=2and ¢y =1<2=c¢} and § =1 > 0.

e 3 > my because n =n' =2, ¢ =c¢f =2, w=1and & = &, but

co=ch=3and & =1/7> —1/7=¢&,.

o my >m becausen =2#1=n/,t' =t?/7Tand ¢; =2 < 4 = ¢ and

& =1/7>0.

4 Conclusion

We have presented an improvement on the existing algorithm for finding
the rational Puiseux series and the corresponding curve branches. We
used the formalism of trees instead of the terminology of recursion. The
output we use to find the position of branches in quadrants and the mutual
position of branches without the necessity of computing whole Puiseux
series.

These information are very important to deduce the correct topology
of the given algebraic curve. We plan to exploit it to improve the global
topology results in [2].
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1 Uvod

V ¢lanku se pokusim shrnout své zkuSenosti s vyuzitim ukazkovych pii-
kladu vytvorenych v GeoGebte jako hlavnich, pfipadné doplikovych ma-
teridla, pii vyucovani deskriptivni a konstruktivni geometrie na stavebni
a strojni fakulté VSB - TU Ostrava.

2 GeoGebra ve vyuce a s tim spojené komplikace

GeoGebra je diky své jednoduchosti ovlddani, rozsdhlym moznostem mo-
difikaci a podporou i pokrocilejsich matematickych funkei idedlni nastroj
pro pouziti ve vyuce nejen matematiky a geometrie na zakladnich a stfed-
nich skolédch, ale i tfeba deskriptivni geometrie na technické vysoké skole.
Za pét let pouziti GeoGebrovskych apleti jsem se kromé pozitivnich re-
akci a prijeti studenty setkal také s mensimi ¢i vétsimi problémy, a praveé
tém bych se chtél dal vénovat.

2.1 Motivace

K pouziti GeoGebry jako hlavniho zobrazovaciho néstroje na cvicenich
deskriptivni geometrie mé ptinutilo instalovani keramickych tabuli, které
jsou na rychlé a kvalitni rysovani naprosto nevhodné, na vSechny ucebny
fakulty stavebni. Tato pohroma byla vyvazena instalaci poc¢itacu a data-
projektort. Pii vybéru kresliciho softwaru jsem zohlednoval jednoduchost
ovladani, moznost krokovani a skryvani konstrukei, rozsitenost a podporu
komunity uzivateli a v neposledni fadé volnou dostupnost pro studenty.
Vsechny tyto pozadavky splnila pouze GeoGebra.
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Obrézek 1: Konstrukei elipsy na zdkladé definice lze provést v realném
case se studenty, hranol ze zadanych prvku také, ale na tikor prehlednosti

2.2 Zacatky

Pavodni myslenka nasazeni GeoGebry byla jednoduchd: budeme se stu-
denty tesit piiklady spole¢né, oni tuzkou na papir a ja v GeoGebfe na da-
taprojektoru. Na zac¢atku semestru, kdyz fesime ulohy o kuzeloseckach
a zakladni konstrukce v Mongeové projekci, to realizovatelné bylo, s né-
stupem komplexnich konstrukei téles ze zadanych prvkia uz ne. Byl jsem
nucen si piiklady pfedem pripravit a na seminafich jenom krokovat a ko-
mentovat. Jelikoz m4 vétsina iloh nékolik feSeni, studenti pfisli o moznost
vybéru a pocit fizeni prace. Vyhodou pripravenych apletu je vétsi pte-
hlednost a celkové lepsi esteticky dojem. Napiiklad studentum velmi vadi
piimky od jednoho okraje po druhy, problémem muze byt i umisténi po-
pist, formdtovaci dialog prekryvajici celou pracovni plochu, coz vyfesil
rychly editovaci panel v levém hornim rohu.

2.3 Skryvani dil¢ich konstrukci

Velmi uziteénym néstrojem GeoGebry jsou zatrhavaci tlacitka na skry-
véni/zobrazovani objektu nebo jejich skupin. Pii skryvéni diléich kon-
strukénich celkt se pracovni plocha zpfehledni, ale to muze zpusobit
problémy jak studentum rysujicim pomalu, tak i ostatnim, protoze piijdou
o orienta¢ni body ve vykresu. K piehlednosti nepfispivaji ani konstrukéni
prvky z predchozich kroku, které ale budou jesté pouzity pozdéji. Bylo by
je mozné skryt a nasledné znovu vytvorit, ale to pridava dalsi konstrukéni
kroky, kterych je i bez toho v naroc¢néjsich konstrukeich pies 400.

2.4 Modifikovatelnost zadani

S vyuzitim posuvniku nebo odeéitanim souradnic volné pohyblivych bodu
Ize v GeoGebie vytvorit volné modifikovatelné fesené piriklady doplnéné
piipadné i animacemi napiiklad pohybu bodu dotyku teénych rovin. Tuto
moznost rychlého generovani dalsich verzi ptikladu pouzivam pii tvorbé
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Obrézek 2: Na obrazku vlevo jsou zobrazeny vSechny konstrukéni kroky,
vlevo pouze zavéreéna faze nalezeni vrcholu horni podstavy a viditelnost

zadéni rysu a domdcich tkolu. Upravovatelné piiklady kromé vyssi né-
rocnosti na vytvofeni piinaseji riziko nespravné urcené viditelnosti, coz
je v deskriptivni geometrie zdsadni problém. Elegantni feSeni této situace
prinesla GeoGebrab s 3D modelovacim modulem. Bohuzel modely do-
plnéné o alespon zakladni konstrukéni prvky byly studenty nekompro-
misné odmitnuty pro idajné naprostou nepiehlednost.

3 Zavér

Zde uvedené problémy ale nepievazi pozitivni piinos pouziti GeoGebry
na cvicenich i prednaskdch. Moznost kdykoliv se vratit o nékolik kon-
strukénich kroku zpét, ptiblizit a zveétsit konkrétni neptehlednou oblast,
pripadné skryt nepotiebné prvky klasické rysovani kiidou na tabuli ne-
nabizi. Pro studenty podle jejich komentaiu je idedlni kombinace obojiho
- rysovani na tabuli doplnéné krokovanim konstrukce v GeoGebie a 3D

modelem s tim, ze maji vSechny soubory volné k dispozici ke stazeni pro
doméci pfipravu.
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[1] F. Cervenka: http://mdg.vsb.cz/wiki/index.php/UZivatel:Cer0007



88

Cervenka Frantisek

XY=12 x,=9
e S
si woll
X513 2515

X5 =4
oA

.
7% 12 yK.= 8

X Z 11 zK.= 8
=3
%

X =2
2 .

Xe = =4

erons

Ye = z, =

.C .L
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1 Softvér GeoGebra

Vyucbovy softvér GeoGebra zacal vznikat' na prelome tisicro¢i pod vedenim
Markusa Hohenwartera, teraz uz profesora, na univerzite v Linzi. Ako je
zrejmé uz znazvu, povodny zamer bol vybudovat softvér podporujuci vyucbu
geometrie v nadvédznosti na algebru, teda priblizit Zziakom prepojenie medzi
algebrickym vyjadrenim a geometrickou reprezentaciou, spociatku rovinnych,
objektov.

Do sucasnej doby sa tim tvorcov GeoGebry rozsiril na 40 T'udi priamo
pracujicich na GeoGebre a viac nez 160 I'udi sa venuje prekladu, ¢i uz priamo
programu, napovedy alebo web stranky Medzinarodného GeoGebra Institiitu
do viac nez 60 svetovych jazykov.

Koblibenosti GeoGebry medzi ucitelmi a ziakmi prispelo viacero
faktorov. GeoGebra je vel'mi jednoducho a intuitivne ovladatelny softvér. Ma
jednoducht a v kazdej chvili l'ahko dostupntl napovedu k jednotlivym funkciam
a prikazom. GeoGebra ma moznost vytvorit' vystup vo viacerych formatoch,
napr. ako animovany GIF obrazok, obyc€ajny obrazok vo formate .png, .eps
alebo aj ako html stranku na ulozisku http://tube.geogebra.org/. Applety
vytvorené pomocou GeoGebry st na tomto tlozisku dostupné podla autorovho
nastavenia, avSak vd¢§inou verejne pre vSetkych pouZzivatelov a Studentov.
GeoGebra je na nekomeréné ucely volne Siritelny program, ¢o tiez prispieva
kjeho masivnemu roz§ireniu. Vneposlednom rade zavaz aj skutoénost,
7e tvorcovia GeoGebry nestagnuji na jednom mieste a stale kracaju dopredu
S novymi technoldogiami. Od tohto roku je dostupna aj verzia pre i-phony,
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pracuje sa na skvalitneni zobrazovania 3D objektov a prace s nimi, tiez je
mozna praca s ruéne pisanymi rovnicami na dotykovomdispleji.

Obr. 1:GeoGebra — priebeh funkcie

2 Vybrané funkcie a prikazy

GeoGebra ako vyucbovy program bola primdme zamerand na vyucbu
matematiky na strednych a zakladnych Skolach, ale vzhl'adom na jej roz$irenie
do viacerych oblasti matematiky je vyuztelnd aj na vyuébu matematiky
nauniverzitich, ako aj na vyucbu deskriptivnej geometrie, resp. inych
pribuznych technickych, ¢i ekonomickych predmetov.

Vsucasnosti je mozné pomocou GeoGebry vyuclovat (aj rieSit) Siroké
spektrum tém. Jednotlivé prikazy su prehl'adne usporiadané do nasledovnych
obalsti:

e 3D e  Optimaliza¢né prikazy

e Algebra e Pravdepodobnost

e  Diskrétna matematika e  Skriptovanie

e Finan¢né e Specialne prikazy pre CAS
e Funkcie a analyza o Statistika

o (GeoGebra e Tabulky

e Ceometria o Text

e  Crafy, diagramy e Transformacie

o  KuZelosecky e \ektory a matice

e Logika e Zoznamy

Vprispevku priblizujeme nicktoré prikazy zo skupiny Funkcie a analyza
vyuzitelné pri vyucbe matematiky ako na strednych $kolach gymnazidlneho
typu, tak aj na univerzitach.

Napriklad pri vyuébe témy priecbeh funkcie st velmi uzitoéné prikazy
Koren, Extrém, Inflexny bod, Asymptota, ktoré v spojeni s posuvnikom (Obr. 1
a2) pomozu Studentovi lepSie porozumiet’ danej téme.
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Obr. 3: GeoGebra — dolny integralny stcet

Dalsie uzitoéné prikazy pri vyucbe tém matematickej analyzy st napr.:

e Derivacia e Horny integralny sucet
e Parametrickd derivacia e [avy integralny sucet
e Limita sprava e Pravy integralny sucet
e Limita zlava e Urcity integral

e Limita e  Parcialne zlomky

o Integral e Taylorov polynéom

¢ Dolny integralny stcet

Jednotlivé prikazy je mozné zadavat viacerymi spésobmi, napr. pre prikaz
Derivacia s moznosti zadania nasledovné:
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Derivacia] <Funkcia> ]

Derivacia] <Krivka> ]

Derivacia] <Funkcia>, <Cislo> ]

Derivacia[ <Funkcia>, <Premenna> ]
Derivéacia[ <Krivka>, <Cislo> ]

Derivéacia[ <Funkcia>, <Premenna>, <Cislo> ]

Vzavislosti na zadani potom bude vysledkom funkcia jednej alebo viac

, . . 3x+7 .. . .
premennych. Vezmime napr. funkciu a(x) = f o> pri priamom derivovani
X2

—3x% —14x —15
x*—10x2 +25

a ¢isla napr. 3 dostaneme ako vysledok tretiu derivaciu funkcie a(x), funkciu
c() = —18x* —168x> —540x* —840x —450

x8-20x6 +150x* -500x2 +625
viac premennych a vyS$sich radov.
Alebo si priblizme prikaz Integral, pre ktory st moznosti zadania
nasledovné:
Integral[ <Funkcia> ]
Integral[ <Funkcia>, <Premennad> ]
Integral[ <Funkcia>, <x od>, <x do>]

Integral[ <Funkcia>, <x od>, <x do>, <Logickd hodnota> ]
3x+7
x2-5

vysledok funkciu d(x) = 11—0(7\/§+15)ln(|x—\/§|)+11—0(—7\/§+15)ln(|x+\/§|). Pri zadani
funkcie aintervalu, napr. (4,6) dostaneme ako vysledok hodnotu ur¢itého
integralu ¢islo 2,305 s moznost'ou zaokrithlenia az na 15 desatinnych miest.

dostavame ako vysledok funkciu b(x) = , pri zadani funkcie a(x)

. Obdobne méZzeme derivovat’ aj funkciu

Pri jednoduchom integrovani napr. funkcie a(x) = dostaneme ako

3 Zaver

Zaverom mi zostava len opédtovne poukdzat na jednoduché a intuitivne
pouzivanie GeoGebry, Sirokospektralnu paletu prikazov a funkcii vyuzitelnti
navsetkych stupfioch avo vSetkych oblastiach vzdelavania v matematike
a d’al§ich pribuznych technickych a ekonomickych predmetoch.
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Abstract. From our experience we know that students expect to study materials
that are interactive, move and ideally they are talking about. A series of similar
materials already available to students, but materials in the form of annotated video
yet for the subjects Descriptive Geometry still not created. Students such materials
familiar subject Bachelor of Matematics I, Il, and was very popular with them.
Therefore, we plan to create a website with virtual models step by step problems of
solution and annotated videos.

Keywords: Descriptive Geometry, video, virtual model

Klic¢ova slova: Deskriptivni geometrie, video, virtualni model

1 Zpusob feSeni projektu

Pti tvorbé studijnich materialtl budou vyuzity zkuSenosti z vyuky deskriptivni
geometrie na VSB-TU Ostrava a dale zkuSenosti z predchozich projekti,
jejichz soucasti byla tvorba multimedialnich studijnich materialt.

Vyuka deskriptivni geometrie, az na vyjimky, probiha v u¢ebnach, Které
nejsou vybaveny projektorem s moznosti pfipojeni notebooku. Proto ve vyuce
muizeme uzivat pouze klasickych prostfedktt — kiida, tabule, sesit, rysovaci
pomicky. Studenti jsou tak ochuzeni o moznost naucit se rysovat s vyuzitim
vypocetni techniky. I pfes tyto nepfiznivé podminky chceme studenty seznamit
nejen s klasickym rysovanim, ale i s moZnosti nahradit ho praci s vypocetni
technikou. Student si bude moci zvolit pro né&j vyhodné&jsi zpuisob prace.

Pii feSeni projektu chceme vyuzit dobrych zkuSenosti s moznosti nahravat
videa pomoci interaktivni tabule, stiihat je a zvucit pomoci programu Camtasia
Studio, které mame jiz k dispozici. Dale budeme pracovat ve volné dostupnych
programech GeoGebra, SketchUp, Metapost a prosttedi VRML.

Vytvorené materialy budou umistény na webovych strankach katedry, které
jsou volné piistupné.
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2 Cile reSeni

Aktudlni cilovou skupinu tvofi studenti Stavebni fakulty (pracovisté Ostrava),
Fakulty metalurgie a materialového inzenyrstvi (pracovisté Ostrava), Hornicko-
geologické fakulty (pracovisté Ostrava, Most), Fakulty strojni (pracovisté
Ostrava, Sumperk, Uhersky Brod). Hlavnim cilem je vytvofeni komentovanych
videi a webovych stranek s interaktivnimi materialy, které budeme aktivné
pouzivat ve vyuce.

Pro vSechny studenty i1 pedagogy chceme =zajistit lepSi dostupnost
multimedialnich studijnich materiald. Vzhledem ke své povaze, jsou materialy
dostupné i studenttim se zdravotnim handicapem.

3 Vystupy

Pro potieby studentl vznikaji feSené tlohy v GeoGebie s komentovanymi videi
téchto uloh a interaktivni webové stranky.

3.1 Prvni vystup

Uloha vyiesena v programu GeoGebra umoziiuje studentim prochézet
krokované teseni a vyuzit ho k nacviku konstrukce na papife. Student si voli
vlastni rychlost postupu, miize se libovoln¢ vracet zpét.

Conle TR e T T -
Soubor Upravy Zotvazt Nastavend Nistiofe Okno Népoveda Phiést

ZIe o Pohybovata nakresnou
N ] et ooy (5 st

"DEac-

1031103 2 Plenai

Obr. 1: Konstrukce ve 2D GeoGebte

Pokud to uloha vyZaduje, pouzivame interaktivni tabuli k nakresu od ruky.
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Obr. 2: Nékres na interaktivni tabuli

Dale mame moznost vyuzit 3D nakresny v GeoGebie a ukazat studentiim,
jak vypada tuloha vyfeSena v prostoru. I tento obrazek se objevi ve videu nebo
si ho mohou studenti prohlizet ptimo v programu GeoGebra.

1 30 s
Imwhmnmmw»nm P
Alslsloleleldle] <] x]=<[F] 0o

5]+ oty nine 20

Obr. 3: Nahled na ulohu ve 3D GeoGebie

Video vznika dle naroénosti tlohy. Jednodussi konstrukce vyzaduji pouze

Mewr oo

postup ve 2D GeoGebie a hlasovy komentat. Slozitéjsi uloha je slozena
Z nékresu na interaktivni tabuli, nakresu ve 3D GeoGebie a nakonec krokované
konstrukce ve 2D GeoGebfe.
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Sbirka pfikladi bude doplnéna o pracovni listy, na kterych bude zadani
uloh. Pro studenty budou tyto pracovni listy dostupné ve formé, ktera jim
dovoli ménit vzhled stranek.

Sestrojte fez kosého$estibokého-hranolurovinoup.«
Dolni-podstavahranolu-- pravidelny Sestituhelnik - je-dana stfedem-$-{0,4,0]
a-vrcholemA{0,0,0],-podstavaieziv-primétné. Stred horni-podstavyje-S'-
[8,6,7].%

Rovinafezuma-soufadnice p(8,12,4).9

Obr. 5: Ukazka pracovniho listu
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3.2 Druhy vystup

Druhym vystupem budou interaktivni webové stranky, které budou obsahovat
krokovany postup tulohy, virtudlni model a video s ndvodem, jak si model
vytvofit v programu SketchUp.

# Boz nézvu - SketchUp.

Sobor Uravit Zobrast Kamera Kiesenl Nisyoe ko Plgns Nigowida
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Obr. 6: Ukazka prace ve SketchUpu

4 Zavér

Vzniklé materidly maji slouzit nejenom k aktivnimu vyuziti pfi vyuce, ale i
samostatnému procvi¢ovani probrané latky.

Zejména studenti kombinovaného studia z detasovanych pracovist, ktefi
nemaji moznost okamzitych konzultaci, velmi vyzaduji podrobné&jsi studijni
materialy, na které jsou uz zvykli z predméta matematika I, 1.

Od projektu si slibujeme snizeni studijni neuspéSnosti studentil
kombinovaného studia z diivodd nizké casové dotace. Pfedpokladame, ze také
dojde Kk rozsifeni a zkvalitnéni vyuky deskriptivni geometrie prostfednictvim
vytvofenych interaktivnich pomdcek.

Snizeni netspésnosti studentll a zejména zvyseni kvality studia je v souladu
s dlouhodobym zdmérem VSB-TU Ostrava.
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Abstract. In many (not to say in the vast majority) designs for detached with multi-
slope roofs, as the base of the object is assumed a rectangular polygon. Such an
assumption brings various problems: among others, the designer can obtain
sophisticated roof sculpture; but also reduce the span of the building about the quite
extensive outline. The last feature is important as far as the structural mechanics
and the building construction technology. In particular, it refers to determining the
possible application within carpenters constructions types. From the viewpoint of
many criteria, creating an optimal, geometrical design solutions requires, among
others, algorithms to calculate span of the buildings and analysis of the carpenters
constructions types based of the projection of a rectangular polygon. The paper
proposes an appropriate algorithm, whose implementation has been made in the
programming language VBA.

Key words: Roof, span of roof, span of building, carpenter construction, rafter

1 Basic information

By asking the question about the optimal shape of the solid of building,
author noticed that it may also be determined by the type of carpentry
construction of roof. When designing the roof can be distinguished several
cases resulting from the way of use: non-habitable attic space, non-habitable
attic space with the possibility of later adaptation and habitable attic space. The
last two cases can be reduced to the case habitable attic space. Assuming span
of the roof construction introducing an additional condition to optimize the
shape of the building. These issues can be solved using one of many computer
programs, but there is the need to transfer large amounts of data. In the first
place this causes problems with the transmission (various formats) and
consequently prolongs the cycle of calculations. In addition, each change of
program requires user intervention, which further adversely affect the time
calculation. Hence the need to develop an algorithm that allows to perform
calculations in one application (MS Excel) [14, 15], in which introduces the
initial data, boundary conditions as well as the optimization criteria.

2 Span

The aforementioned requirement as span of carpentry construction of roof
as a result of technological constraints (limited length of components) seems to
be an effective limitation of the size of the building structure. The main
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question is: how to determine this size? Assuming a rectangular polygon [7, 8]
as the basis of the roof, can be determine the location of the roof vertices. On
this basis, it is possible to obtain span of a rectangular polygon (Fig. 1a).
Similarly, for a model that is a simplification of the building, with a projection
of rectangular polygon, it is possible to repeat the previous considerations and
receive span of a prism (Fig. 1b). Ultimately looking for a span of the building,
it is possible to conclude that the earlier considerations in this case allow for
unambiguous determination of the desired size. This span in comparing to the
model in Figure 1b is smaller for the double size of the overhang (Fig. 1c).

a) b) c)

RN
AR

span of prism

span of rectangle polygon span of building

Fig. 1: Hlustration of span: a) plane figure (rectangular polygon [7]); b)
prism; ¢) building

3 Carpenters constructions

For complex use of the algorithm besides the span is needed a data to determine
the suitability of geometric solutions. For this purpose, based on the research of
literature [1, 2, 3, 4, 5, 9, 12, 13, 16] done summary of carpenters constructions
of roof. Prepared according to the formula set out in the Table 1, the database
has the following structure. The first column contains index number, the second
name of carpenter construction. The third and fourth column stores data related
to a minimum and maximum span of the construction type. The last column
provided data about the source of the information.
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Table 1. Format of the table used to create a database of carpenters
constructions of roof

: name of span .
index . — - literature
construction minimum maximum
1.
4 Algorithm

Knowing the basics of descriptive geometry [3] and knowing what shapes take
the slope of the multi-slope roof [6, 11] could be developed algorithm allows to
determine the vertices of roof. The first step of the algorithm, developed by the
author, consists in determining the coordinates of vertices of the polygon of
eaves and creating direction vectors containing different eaves edges k
(Fig. 2). The second step (the description for one edge) contains a calculation of
the normal vector of rectangle polygon plane fi; . In designating vector product

of vector k and A, obtain vector fi,. Then, based on an assumed angle of the

slope & we define the vector V,, = (X1 Yn,»[eftger) belonging to the slope

plane, where [fi;|=1/nj +ng +ng . Using the vector product again, this time

for vectors Vv and k we receive vector

p

A B Cc
V=[AB,.C]=V,xk=|k, k, k, |, normal vector of slope plane.
n Yo, [Aiftga
Substituting into the general equation of plane coordinates of one vertex edge

of eaves and the wvector V  we obtain general equation
AX+ By +Cz + (- Ax,, — By, —Cz,)=0 of plane which is a lope of the roof.

-vector of rectangle polygon plane
ﬁ’o - normal vector of rectangle polygon plane
V -normal vector of slope plane

X

' - projection of vector V,

‘/ﬁ vector of line

Fig. 2: Designation of an equation of a slope plane
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Knowing the equation of the slope of a roof takes the third step of the algorithm
- determination of vertices. Searching starts from the identification of the eaves
edge forming a triangular slope (Fig.4a)[6]. The resulting of projection of slope
is a triangle with angles 45°,90°, 45°, height routed from the vertex containing
the right angle is equal to half the length of the edge of the eaves. Obtained
value is the size by which to thinning output polygon (move all edges inside a
polygon). New smaller polygon is built (Fig. 4b) [10]. By searching the
resulting set of coordinates of the smaller polygon, we find the vertices that
occur two times, these are the searched vertices (Fig. 4b, point 1). Successively
we make the next search of set to find the point of the same coordinate x or y
such as found double point and we receive second vertex of the ridge (Fig. 4b,
point 2). However, where in the set are two double points, we have traced two
vertices of the ridge. Such a situation may occur on the last thinning (four
walls) or in the situation shown in Figure 3.

a) b)

N h
N SN S IR SN
\\ \\ AN N

Fig. 3: Occurrence of two double points a) thinning b) slope view

Another operation of thinning a polygon begins, as before, from the search for
the eave line generating a triangular slope, i.e. giving the size of thinning. This
condition is not sufficient, and should check distance between the parallel
edges of the polygon eaves (Fig. 4c). The smaller of obtained values is used to
generate the next polygon and the designation of further vertices (Fig. 4d,
points 3 and 4). This procedure is repeated until it is impossible to create a new
polygon (Fig. 5b). Then we obtain all the vertices of the roof (Fig. 5c, d).

b) c) d)

Fig. 4: The steps in determining the vertices of the roof

a)
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a) b) c)

Fig. 5: Further steps in determining the vertices of the roof
The fourth step of the algorithm consists of assigning vertices to each planes.
This assignment consists in determining the distance between the points and
planes.

d)

Ax, +By, +Cz, + D
RRRRCRCAL

Va2 1 B2 12

A value of zero means that the condition of belonging to the plane is
fulfilled.

As a result we get a set of vertices determine each slope.
The last step is associated with determination of capabilities of construction.
From the prepared database containing span of carpentry construction of roof
are printed those that can be apply in a given solid. Verification of this
condition consists, in the first place, on the determination of the distance of
vertices projections belonging to particular slope from the edge of the eaves.
With all the calculation is taken the maximum value. This size we double and
then subtract from it double size of the overhang and get the search span. The
second step of that calculation consists in searching the prepared database of
carpentry construction of roof and writing appropriate types of construction.

5 Conclusion

The proposed algorithm allows for multiple, and according to the author fast
enough, find the vertices of the roof, with a simultaneous specifying the type of
construction suitable for the use. The obtained parameters are used in further
work related to an attempt to optimize the shape of the building.
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Abstract. Multifocal lemniscate is a set of points in E?, whose product
of distances to a finite set of fixed points is a constant. In our work,
we look for a set of foci and a corresponding radius value, so that
the resulting lemniscate approximates the input data set sufficiently
accurate. Our algorithm searches for approximating lemniscate by
adding exactly one focus per cycle, appropriately changing the radius
value and optimizing parameters of the achieved lemniscate. We
also adapt our algorithm to approximate points in R® by use of 3D
lemniscates, which are the space analogues of the classical multifocal
lemniscates in E2.

Keywords: Multipolar coordinates, multifocal lemniscates, 3D lem-
niscates, approximation, reconstruction, quasi-Newton’s method in
optimization.

1 Introduction

In Euclidean plane, an approximation of a given input data set can be
performed by polygons or by splines for example. Another possibility is to
use algebraic curves. We pick curves called multifocal lemniscates, which
are algebraic curves defined by use of multipolar coordinates. Similarly,
surface reconstruction of a given input set of points in R? can be performed
by 3D lemniscates — space analogues of the multifocal lemniscates.

In our present work, we are focused on approximating the input data
set in E? using multifocal lemniscates and also points in R® using
3D lemniscates. We try to find an appropriate lemniscate approxima-
tion for the input data set, i.e. we try to find a collection of suitably
located foci and a radius value so that the resulting lemniscate minimizes
an approximation error. We examine an iterative algorithm of adding one
focus per cycle, which was inspired by our previous methods of doubling
and removing lemniscate foci.

2 Brief overview of lemniscates
2.1 Polar coordinates in Euclidean plane

Polar coordinates determine point in Euclidean plane E2? by a coor-
dinate pair (r,0), where r € R represents a distance of the point from
a fixed pole and 6 € (0, 27) represents a polar angle measured with respect
to an axis passing through the pole.
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A special case of polar coordinates, where the polar angle is substituted
by a distance to another fixed pole are bipolar coordinates, which deter-
mine a point in E2 by a bipolar coordinate pair (rq,72), where r,79 € R
represent distances of the point from two different fixed poles.

Dimensional inhomogeneous generalization of bipolar coordinates are
multipolar coordinates, which determine a point in E? by a redundant
system of multipolar coordinates (r1,7a,...,7,), 7 € RE, i = 1,...,n,
where r; are distances of the point from n fixed poles. [2]

2.2 Multifocal lemniscates

A set of points {z € E2|riry...7, = R}, where z = (11,79,...,7,) is
the point defined by its multipolar coordinates, r; = [z — z|, i =1,...,n
are distances of the point z from n fixed poles z1, 22,...,2, € E? and
R € RT is a selected constant, is called multifocal lemniscate in E? with
the foci zq, 29, ..., 2z, and the radius R.

It is a compact algebraic curve of degree 2n. Such a curve consists
of one or more connected components and each component contains in-
side at least one focus. The number of lemniscate components changes
according to the position of the foci and the value of the radius but there
are no more components than is the number of lemniscate foci.

If we consider a lemniscate with a large radius and only one compo-
nent, which encloses all the foci, by decreasing the radius, the lemniscate
tends to split into several components. On the other hand, if we consider
a lemniscate with a several components and small enough radius, by in-
creasing the radius, the lemniscate components tend to merge into less
components till the lemniscate consists of only one component limiting in
a circular shape. When the radius value changes, the relevant lemniscate
may contain a singular point, in which its components split or merge. [3]

2.3 3D lemniscates

The spatial analogues of the classical multifocal lemniscates in E? are
3D lemniscates. It is the set of points in R3, whose product of squared
distances, to a finite set of fixed points is equal to a constant.

They are bounded algebraic surfaces, whose degree is twice the num-
ber of their foci. 3D lemniscate may consist of one or more connected
components of a surface. Each of lemniscate focus is enclosed in some
of these connected components but there might be a component enclosing
inside no lemniscate focus.

If the lemniscate radius is decreasing, 3D lemniscate tends to split
into more small spherical components. On the other hand, if the radius
increases, components of 3D lemniscate merge together to one component
with spherical shape. The points of 3D lemniscate, in which components
split or merge, are called singular points. [1]
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3 Data approximation using lemniscates

Our research is focused on the searching for a suitable approximation
of an input set of points. For this purpose we have chosen above men-
tioned objects, curves called multifocal lemniscates. Motivation for this
choice was fact, that with these curves, we are able to achieve a good
approximation using a small amount of data, what is stated in Hilbert’s
lemniscate approximation theorem [8] which says, that an arbitrary curve
in plane, smooth enough, can be approximated by a multifocal lemniscate
with a desired accuracy.

In our work we are looking for a collection of optimally located foci
and a suitable radius value, so that the resulting lemniscate approximates
the input data set sufficiently accurate in Euclidean metric. Our aim is
to minimize the number of used foci and an error of achieved lemniscate
approximation.

We have already examined a few iterative algorithms of adding and
removing lemniscate foci and a suitable estimation function for location
of new foci. The methods use Sampson’s distance [9] as an approximation
criterion and quasi-Newton’s method L-BFGS [7] for optimizing parame-
ters of an approximation lemniscate.

The main difficulty in our process of gaining a suitable lemniscate ap-
proximation is the question: where to place new lemniscate foci and how
to suitably adjust the radius value. In our previous work [4, 5], we have
proposed Algorithm of doubling lemniscate’s foci and Algorithm of dou-
bling and removing lemniscate’s foci in [6]. With these methods we have
achieved quite good results, but by doubling the foci there are occasionally
lemniscates with certain redundant foci although the lemniscate topology
does not change and combination of doubling the foci and removing one
focus, if it is necessary, still does not allow us to add only one new focus.

So in our present work we have proposed an iterative approximation
method, inspired by removing one focus process from mentioned previous
algorithm, where only one new lemniscate focus is added in each iteration,
even at the cost of possible change of lemniscate topology. Steps of this
Adding one focus method can be described as follows (for an illustration
of its behaviour see fig. 1):

1. Determination of parameters for a starting circle.
The center z; of the starting circle k(z1, R), which is also first focus
of an approximating lemniscate, is computed as a center of gravity
of an input set of points. An appropriate radius R, for the start-
ing circle, has to minimize the product of distances of the input
set of points from z;. The radius is computed from the equation
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L F(R) =0, where

. 21, R (Pi) 2
R=2 (Ilvk )(pm) o

the number of points in the input data set is n and the points p;,
i =1,...,n are from the input data set.

. Optimization of the starting circle parameters.

Parameters are optimized using the L-BFGS method.

. Adding one focus.

Now, the algorithm adds to current approximating lemniscate one
new focus and is searching for its suitable location. Positions of
the foci we already have are one by one tested and the lemnis-
cate radius is appropriately modified. The algorithm finally chooses
the position for location of new focus, so that the approximation
error improves the most. The error is computed as

n

L(217227"'7ZN;R)(pi) 2
F ... = 2
(Zl’ Z27 ’ZN7R) ; (” v L(Zl’ Zz’ . ’ZN; R)(pl)” ) ( )

where L(z1,...,2n; R) = 0 stands for the lemniscate equation with
the foci z1, ..., zy and the radius R, the points p; are from the input
data set.

Foci motion step.

The algorithm is passing through an actual set of foci and choosing
one of them. The chosen focus is moved in a direction of the axes
z and y about a specific constant. A focus motion is realized in
one of eight possible directions or a focus can remain in the initial
position. The algorithm finally chooses the direction for the focus
motion, in which the error value is smallest. When the algorithm
has completely modified the positions of all foci, a new radius value
is computed similarly as it was done for the starting circle above.

. Optimization of the approximation lemniscate parameters.

Parameters are optimized using the L-BFGS method.

. Iterating from adding one focus step.

If the total error is too high, the algorithm jumps to the step three
and increases the number of the lemniscate foci.
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Figure 1: An illustration of adding one focus method approximating input
set of points in E? by appropriate multifocal lemniscate: black crosses —
input set of points, red points — lemniscate foci, green curve — approxi-
mation lemniscate. (The approximation error is rounded to five decimal
points.)

Whereas the 3D lemniscates are the space analogues of the multi-
focal lemniscates and so they have very similar characteristics, we de-
cided to adapt mentioned approximation method from the planar case
to the spatial case. This adapted adding one focus method, which looks
for a suitable 3D lemniscate approximation for an input set of points in R3,
brings quite good results as we were expected (see fig. 2).

4 Future work

In the future, we plan to explore another possible ways to get good
lemniscate approximation by an appropriate foci displacement and mod-
ification of the radius.

We want to try another approach for handling points from the in-
put data set by our iterative approximation methods. Instead of dealing
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with all points at once, we find suitable approximation for only two points
at first. Then, we add one more point and find again good approximation.
In this way, we will add points till the appropriate lemniscate approxima-
tion of the whole input point set will be achieved.

Also interesting idea is to glue segments of some lemniscates together
by suitable blending functions.
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(a) input set of points in R3 (b) 3D lemniscate with one focus

and approximation error = 4.49377

(¢) 3D lemniscate with two foci (d) 3D lemniscate with three foci
and approximation error = 0.98679 and approximation error = 0.22279

(e) 3D lemniscate with four foci (f) 3D lemniscate with five foci
and approximation error = 0.07069 and approximation error = 0.00044

Figure 2: An illustration of adding one focus method adapted to ap-
proximate input set of points in R? by appropriate 3D lemniscate: black
points — input set of points, yellow surface — 3D approximation lemniscate.
(The approximation error is rounded to five decimal points.)
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Abstract. An Interactive Geometry Software (e.g., the GeoGebra
system) can stimulate and encourage students to reveal new constructi-
ons. Features of such systems are very helpful as they are able to
suggest possible answers and also reject wrong ideas. Despite advances
in the CAS (symbolic calculations) development, the geometric proofs
of correctness of such constructions must be usually performed. The
paper brings a lot of examples of construction of a point which divides
a given segment at a ratio of 1 : (k — 1), for positive integer k < 20.
Presented constructions can serve as task resource for practicing proofs
in plane geometry. Proofs of the correctness of those constructions need
knowledge of elementary geometry rules and theorems, especially the
similarity of triangles and the power of a point to a circle theorem.

Keywords: Plane geometry, segment division, Euclidean constructions

Kli¢ovd slova: Planimetrie, déleni usecky, eukleidovské konstrukce.

1 Uvod — hled4ni co nejkratsi konstrukce déliciho bodu

Tématu elementarnich eukleidovskych konstrukei jsme se vénovali jiz v [1],
kdy jsme se zabyvali dokazovanim spravnosti téchto konstrukei vyuzitim
znalosti dostupnych stiedoskoldktim. Protoze jde o uziteéné cvicéeni zaklad-
nich planimetrickych vztahu a schopnosti provadét dukazy na tvrzenich,
kterd nejsou abstraktni, ale jejichz obsah je studentum srozumitelny a je
dobfte zobrazitelny, uvedeme nékolik dalsich konstrukei spolu s inspiraci,
jak takové konstrukce hledat s pomoci programu dynamické geometrie.
Specidlnimu pfipadu, kdy lze dukaz spravnosti provést s vyuzitim moc-
nosti bodu ke kruznici, jsme se vénovali v ¢ldnku [2].

Pfipomenme, zZe cilem bude nalézt (a posléze dokdzat spravnost nale-
zeného postupu) néjakou co nejkratsi eukleidovskou konstrukei (méfeno
poctem jejich krok), kterd sestroji bod v jedné k-tiné uisecky AB, mame-li
pii zacdtku konstrukce sestrojeny pouze dané body A, B (a k je pfirozené
¢islo). V cldnku [1] jsme ukdzali jakési ,univerzalni“ konstrukce, které
jsou znamé a nékdy mylné vyddvané za nejkratsi, a také to, ze bod
v jedné k-tiné tsecky AB dokdzeme pro k € {1,2,3,4,6} sestrojit pomoci
nejvyse péti kroktu. Krokem konstrukce nazveme sestrojeni jedné piimky
nebo kruznice a vSech jejich pruseciku s diive sestrojenymi pirimkami
a kruznicemi. Smime vsak sestrojit (narysovat) pouze:
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e kruZnici s danym (jiz sestrojenym) stfedem prochézejici danym (jiz
sestrojenym) bodem,

e kruznici s danym (jiz sestrojenym) stfedem a s polomeérem, ktery se
rovnd délce néjaké tisecky ohrani¢ené dvéma danymi (difve sestro-
jenymi) body,

e piimku danou dvéma body.

Nemame tedy ndastroj pro sestrojeni rovnobézky ¢i kolmice k jiné
piimce.
Nadéle tedy budeme hledat Sestikrokové konstrukce pro dalsi pfirozena
k. V [1] jsme Ctendfe vyzvali k jejich hleddni pro k < 20. Nyni nékolik
takovych konstrukei predvedeme. Provedeni dikazu jejich spravnosti viak
prenechame ¢tenari.

2 Hledani konstrukcei

Prvymi kroky kazdé konstrukce musi byt dvojice z car:

e kruznice se stiedem v bodé A o poloméru |AB|,

e kruZnice se stfedem v bodé B o poloméru |AB|,

e piimka AB.

Moznosti pro treti krok konstrukce jesté dokazeme vyjmenovat, ale vycet
moznych ¢étvrtych kroka uz je dlouhy. Pro ilustraci hleddni konstrukei
si v dalsi textu vybereme nékolik variant z moznych pocdtecnich ¢tvetic
kroku a pro kazdou z nich ukazeme nékolik moznych pokracovani ke kon-
strukci néjakého délictho bodu vyse uvedenych vlastnosti.

Ve vsech ukazkovych konstrukcich v celém textu bude kazda sestrojena
primka a kruznice v kazdé konstrukci oznacena ndzvem p nebo k s dolnim
indexem — ¢islem kroku, v némz byla sestrojena. Hledany bod, ktery lezi
v jedné k-tiné tusecky AB, budeme vSude oznacovat P.

2.1 Varianta I

Obrazek 1: Vychozi ¢tverice kroku pro konstrukei délicich bodu dsecky
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1 1
AP = — |AB AP = - |AB
AP = < |AB AP~ £ 1AB)

D1

Obrézek 2: Konstrukce bodu v 1/16 tisecky AB a v 1/8 tsecky AB

V ukazkach prvé sady vyjdeme ze Ctvetice na obr. 1, kde jsme kromé
stfedu sestrojenych kruznic vyznacili i bod-prusecik D, ktery ve vybranych
konstrukcich vyuzijeme.

Z uvedené vychozi konfigurace sestrojime napiiklad bod P v 1/16
a v 1/8 usecky AB (obr. 2). Na obr. 2 vlevo je sestrojena ptimka ps = CD
a jeji prusecik F' s kruznici k. Hledany bod P v 1/16 dsecky AB je
prusecikem piimky AB a kruznice kg se stfedem v bodé F', kterd prochézi
bodem B.

V podobné konstrukci na obr. 2 vpravo je kruznice k5 urcena sttedem D
a bodem B a protind kruznici ks v dalsim bodé E. Bod F je stfedem
kruznice kg, kterd prochézi bodem A a protina tsecku AB v bodé P v jeji
osming.

Na obrézku 3 sestrojime bod v 1/12 dsecky AB. Stfed kruznice ks lezi
ve druhém pruseéiku kruznice k4 s pifmkou AB (bod H). Kruznice ks
s polomérem r = |ED| protind kruznici k4 v bodech F, G. Kruznice kg,
kterd mé stied v bodé G (nebo v bodé F') a prochdzi bodem B, protind
piimku AB v hledaném bodé P.

Na obr. 4 vlevo vidime konstrukci bodu v 1/7 uisecky AB. Patym kro-
kem konstrukce je kruznice k5 se stfedem v bodé D, kterd prochéazi bo-
dem C'. Ta protind kruznici k4 v bodech G, F', které urcuji primku pg, kterd
proting piimku AB v hledaném bodé P. Pokud bychom vedli kruznici ks
se sttedem v bodé D bodem A, protnula by vySe sestrojend piimka pg
piimku AB v bodé @, ktery lez{ v 6/7 tsecky AB. Bod P bychom tedy
ziskali také | pravo-levym prevracenim“ konstrukce na obr. 4 vpravo.
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1
AP = = |AB]

Obréazek 4: Konstrukce bodu v 1/7 tsecky AB a v 6/7 tisecky AB

2.2 Dalsi varianty

délici body. Pii dalsim objevovani pak muzeme napiiklad nahradit ve zvo-
lené zakladni étverici kroku étvrty krok — kruznici k4(B, |AB|) — jinou
kruznici. Nékolik takovych variant konstrukeci véetné obrazku jsme uvedli
v uplné verzi ¢lanku na adrese
http://ksvi.mff.cuni.cz/~holan/24scg_35cgg-2015/.
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3 Dalsi priklady konstrukci

Vyse uvedené konstrukce jsme doprovodili obrazky. Dalsi ukazky jiz uve-
deme pouze zapisem konstrukce. V jejich zapisu se budeme drzet umluvy,
kterou jsme uvedli vyse a ktera je ve shodé s vySe uvedenymi piiklady
a obrazky. Krok konstrukce je sestrojeni jedné piimky nebo kruznice
a vSech jejich pruseciku s difve sestrojenymi piimkami a kruznicemi.
Z téchto pruseciku vsak vzdy vyznacéime (popiSeme) pouze ty, které pouzi-
jeme v dalsf konstrukei (a vysledny délici bod, ktery budeme vsude pro
srozumitelnost oznacovat P). Piiklady:

Zapis p1 = AB oznacuje sestrojeni piimky AB v prvnim kroku kon-
strukcee.

Zépis ko = k(A, B) oznacuje sestrojeni kruznice se stfedem A, kterd
prochéazi bodem B, ve druhém kroku konstrukce.

Zépis k4 = k(C, |AB|) oznacuje sestrojeni kruznice se stfedem C' s po-
lomérem |AB| ve ¢tvrtém kroku konstrukee.

Prusecik oznatime symbolem N, existuji-li prusec¢iky dva, oznac¢ime
novym nazvem ten, ktery dosud oznaceny nebyl, nebo je ocislujeme podle
jejich orientovaného pofadi na kruznici (tj. pro bod @ podle velikosti ori-
entovaného thlu X S@Q, kde SX je polopiimka orientovand ,,na vychod*).
Naptiklad Q = p1 N ks (2).

Protoze prvym krokem vsSech vybranych konstrukei bude sestrojeni
piimky p; = AB, nebudeme tento krok v konstrukcich zapisovat.

k=5 k=17
ko :(A B),C=kaNp1 kzi(A,B),CZkQﬂpl
k3=(B A) D =k3Np1, k’3=(B,A),kgﬁk:3={E,F}
ko Nks = {E, F}
ky = (E,|CDI) ps=EB,G =psNks
ps = EB,H = ks Np5 (2) ps =CG,H = ks Nps (1)
ps = HEF, P =p1 Npe ke = (H,A), P =p1Nks
k=38 k=9
ko = (A,B),C =kaNp1 ko = (A,B),C =kaNp1
ks = (B, A) ks = (B,C),D=ksNp1
ka = (C,B),D = kaNks (2) k‘4:(D,A), =kaNka (2)
ks = (C,|ADI), ks Nks = {G, H} ps = DE,G = ko Nps, H = k3 Nps
pe = GH,P =p1 Npsg ke = (C |GH‘) P=piNks (1)
k=10 k=11
kQZ(B A),C =kaNpy kQZ(B,A),C:kgﬂpl
ks = (B |AC‘) ks Np1 = {E, D} ks = (B,‘ACD,D:]C?, N p1 (2)
k4:(D C) =kaNp1, k4=(D,C),E:k4ﬂk3 (2)
G=ksNks (2)
k5=(FG) = ko Nks k5:(E,C),G:k4ﬂk5,H:k2ﬂk5
ke = (H,E), P =p1 Nke ps = GH,P =p1 Npe
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k=12 k=13

ko = (A,B),C =kaNp1 ko = (B, )C:k2mp1

ks = (B,C), D =ksNp1 ks = (C,B),D = ks Np1, F =kaNks (2)
ka=(D,A),E =kaNka(2) ks = (B,|AD|),ka Np1 = {H, G}
ks = (C,|EB|), ks N ks = {G, H} ps = FG,J =ps Nks (2)

pe = GH, P = p1 Nps ke = (J,H), P =p1 Nk

=14 k=15

ko = (A,B),C =kaNp1 ko = (A,B),C =kaNp1

ks = (B,C), D =ksNp: ks = (C,B),D = ksNp1
k4:(D,C),E—k‘4ﬁp1 k4:(D,A),k4ﬁk27{E,F}
k5=(E,A),k‘2ﬂ]€5={G,H} k5=(E,F),k‘5ﬂk3={G,H}
pe = GH,P = p1 Npsg pe = GH,P =p1 Npsg
kQZ(A,B),C:kgﬁ}n kQZ(B,A),C:kgﬂpl

ks = (A, |BCD,D = k3 Np1 (2) k3 = (B, |AC|),D = k3 Np1 (1)
k4:(D,C),E:k4ﬁk3(2) k4:(DC),E:k4ﬂk3(2)
k:5=(E,B),F=k‘2ﬂk?5 p5:AE —kQﬁps,G=k4ﬂp5
ke = (F\, B), P = p1 Nks ke = (H,|BG|), P =p1 Nk (1)
k=18 k=19
kQZ(B,A)C—kgﬁpl kQZ(A,B) =kaNp1
de(A,C) —kdmpl de(C,B) —k‘5ﬂp1
k4=(D,B) kg Nko = {EF} k4:(D,C) k4ﬂk3—{FE}
ks = (C,|EF|), ks Nka = {G, H} ks = (E,|AD|),G = k2 Nks (2)
ps = GH, P = p1 Nps pe = F'G,P =p1Npe
4 Zaveér

V ¢lanku jsme ukézali konstrukcee, jejichz dukazy muzeme snadno provést
v hodinéch planimetrie a které jsou svou naro¢nosti dostupné pro vétsinu
studentu i pro samostatné zkouméani. Mohou také slouzit jako inspirace
k hledéni podobnych konstrukci. Pro dukaz spravnosti uvedenych kon-
strukei vyuziji studenti znamé planimetrické véty a vztahy, zejména po-
dobnost trojihelnik a mocnost bodu ke kruznici.
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Mnoziny bodti danych vlastnosti v GeoGebie

Loci investigation in GeoGebra

Roman Hasek
Jihoceskd univerzita v Ceskijch Budéjovicich, Pedagogickd fakulta

Jerongmova 10, 371 15 Ceské Budéjovice
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Abstrakt. Through particular examples of different complexity
possible ways of the use of GeoGebra dynamic mathematics software
to investigate loci are presented in this paper. The features of dynamic
geometry and computer algebra, which the software offers, allow a user
to carry out a procedure of investigation from the dynamic geometry
sketch through numerical verification to symbolic solution.

Keywords: loci, dynamic geometry software, curve, equation of a curve.

Klicovd slova: mnoziny bodi danych vlastnosti, program dynamické
geometrie, kfivka, rovnice kfivky.

1 Uvod

MnoZinou bodu dané vlastnosti rozumime v tomto ¢lanku mnozinu vsech
bodi v roving, které spliuji n&jakou stanovenou podminku. Naptiklad,
kruznice se stfedem S a polomérem r je mnozinou vSech bodii v roving,
jejichz vzdélenost od bodu S je rovna r. Kruhem uréenym stejnymi prvky
S a r pak rozumime mnozinu vSech bodu v roving, jejichz vzdalenost od
bodu S je mensi nebo rovna r. Na mnozinach boda danych vlastnosti
nis zajima jejich podoba a jejich matematické vyjadieni. Pro podporu
zkoumani téchto mnozin jsou svym prostiedim a néstroji pfedurceny pro-
gramy dynamické geometrie. My se v ¢lanku zaméfime na vyuziti zdarma
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Obrazek 1: Zadani a zobrazeni kruznice k a kruhu K v GeoGebre

dostupného programu GeoGebra (www.geogebra.org), ktery patii mezi
svétoveé nejrozsitendjsi programy pro podporu vyuky matematiky.
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2 Vysetifovani mnoZin boda v programu GeoGebra

MozZnosti vyuZiti tohoto programu pii vySetifovini mnozin boda danych
vlastnosti jsou opravdu Siroké. Mnozinu, ktera je dana rovnici ¢ nerovnici,
pfipadné jejich soustavami, muZzeme zadat v prostiedi CAS a bezpro-
stfedné zobrazit v Ndkresné, jak pro vySe uvedené piiklady kruznice a
kruhu ilustruje Obr.1. Nezndme-li rovnici mnoziny, mizeme ji popsat
vhodnou soustavou algebraickych rovnic a potom vyuzit prostiedi CAS
k nalezeni rovnice fefenim této soustavy eliminaci proménnych.

Nadéle se zaméfime na mnoziny boda danych vlastnosti, které maji
povahu kiivek. Kromé uvedenych ,,standardnich® postupt dovoluje propo-
jeni prostiedi dynamické geometrie a poc¢itacové algebry, které je v GeoGe-
bfe realizovano, kombinovat geometrické a algebraické nastroje k vysetieni
takovychto mnozin prostiednictvim geometrického modelu. V dynamickém
prostiedi Ndkresny lze na modelu simulovat vznik zkoumané mnoZiny a
prostiednictvim funkce Stopa objektu a nastroje MnoZina bodd (p¥ipadné
funkce MnozinaBodu) ziskat informace o jeji podobé. Pti dodrZeni ur¢itych
podminek konstrukce geometrického modelu je navic mozné v fadé pri-
padt uréit rovnici zkoumané mnoziny. K automatickému vypoc¢tu rovnice
mnoziny v takovém piipadé slouzi funkce RovniceMnozinyBodu, za kterou
se skryvaji postupy automatického odvozovani a dokazovani geometrick-
ych vlastnosti. Funkce pocitacové algebry programu GeoGebra jsou za-
fourier.ujf-grenoble.fr/~parisse/giac.html), které je soucésti instalace sta-
vajici verze GeoGebry 5.0. Pro externi vypo¢ty je v pripadé pfipojeni k in-
ternetu vyuzivan robustnéjsi systém Singular (www.singular.uni-kl.de) [4].

Pro v8echny mnoZiny, které muzeme v programu dynamické geometrie
zkoumat popsanym postupem je charakteristické, ze vznikaji jako trajek-
torie bodu T' (v angli¢ting tracer), jehoz poloha je prostiednictvim pifs-
lusné vlastnosti zavisla na poloze jiného bodu M (mover), ktery je volné
pohyblivy po néjaké piimce ¢i kiivce. Syntaxe vyse uvedenych funkci je po-
tom MnozinaBodul[T,M], resp. RovniceMnozinyBodul[T,M]. Uvedené pos-
tupy sinyni budeme ilustrovat prostiednictvim tlohy vychézejici z definice
paraboly pomoci ohniska a fidici ptimky.

Hledame mnozinu vSech bodi X v roving, které maji stejnou vzdélenost
od daného bodu F' a od dané piimky d, kterd timto bodem neprochéazi.
Zadani modelujeme v GeoGebie pro konkrétni F a d, napf. F = [0,1] a
d:y=—1, viz Obr. 2, vlevo.

Nejprve budeme hledanou mnozinu zkoumat pomoci nastroje Stopa
objektu. Vzdalenost bodu X mnoziny od danych prvkit F' a d nazveme
v a pro jeji hodnotu zaloZzime v Ndkresné posuvnik, viz Obr.2, vpravo.
Na pfimku d umistime libovolné bod P a v ném sestrojime kolmici na d
a kruZnici s polomérem v. Jejich prusedikem (uvaZujeme jenom ten nad
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osou x), ktery nazveme K, vedeme rovnobézku s d. Potom sestrojime
kruznici se stfedem F a polomérem v. Jeji priseéiky X, X' s uvedenou
rovnobézkou jsou body, které splhuji pozadovanou vlastnost, jsou stejné
vzdaleny od pfimky d i od bodu F. Nakonec u boda X, X’ aktivujeme
funkei Stopa zapnuta. Pohybujeme-li posuvnikem, pohybuji se i tyto body
a svymi stopami vykresluji tvar zkoumané mnoziny, tj. paraboly.

5|y
4
3
2
FEO
0 X
-4 -3 -2 -1 0 1 2 3 4
dy=-1
- “IP - : v=44
N I.—/
F=10,1,d: y=-1 Funkce Stopa zapnuta pro X a X’

Obrazek 2: Mnozina bodu stejné vzdalenych od bodu F a od piimky d

Nyni pouzijeme funkci MnozinaBodu. Jejim vysledkem je numericky
vypocitand mnozina boda v Ndkresné, kterd odpovida viem moznym polo-
ham piislusného bodu geometrického modelu. Pro vétsi pfehlednost funkci

Parabola_definice_posumk Mrnceinaggh - —— = | 5 |
Soubor Upravy Zobrazit Nastaveni Nastroje Okno Napovéda Prihlasit. ..
G- SEGNO -
» CAS » Nakresna
Il - N\ H
1 | mnozinal:=MnozinaBodu[X,v] \ : Yy
\
® | - mnoinal := MnozinaBodu [X, v] \ i TR
2 | mnozina2:=MnozinaBodu[X',v] b 2 \\‘
i ’ |
® - mnozina2 ;= MnozinaBodu [X",v] |- 'K X - X" q
| i ie i
RovniceMnozinyBodu[X, v] ! LS
3 - . . R / X
— Lituji, vstup neni akceptovatelny a J|3 _2\ i 0 T 3 N
A RovniceMnozinyBodu[X', v] d |
— Lituji, vstup neni akceptovatelny :P ST YG= 2.2
Vstup: =

Obrézek 3: Pouziti funkce MnozinaBodu

zaddme v prostiedi CAS, stejnou sluzbu by vSak vykonalo jeji zadani
na vstupnim fadku, pfipadné pouziti nastroje Mnozina bodi v Ndikresné.
Vysledek je zaznamenan na Obr. 3. Vidime, Ze funkce vykresli jenom tu
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¢ast mnoziny (paraboly), kterda odpovida trajektorii konkrétniho bodu
geometrického modelu patfictho do mnoziny. Pro zobrazeni kompletni
paraboly tak musime zadat funkci MnozinaBodu pro oba body X a X'.
Jako druhy parametr pouzijeme posuvnikem ovlddanou hodnotu v, jak je
patrné na fadcich 1 a 2 okna CAS na Obr. 3.

3 Rovnice mnoZiny bodi

Na fadcich 3 a 4 na Obr. 3 je pouzita funkce RovniceMnozinyBodu pro
vypocet rovnice zkoumané mnoziny. Bohuzel vSak, bez nélezitého vysledku.
Duavodem je skutecnost, Ze automaticky vypocet rovnice mnoziny bodi
dané vlastnosti je zaloZen na feSeni soustav algebraickych rovnic. Geo-
metricky model feSené tlohy tak musi byt pfevoditelny na soustavu alge-
braickych rovnic. P#i pouziti posuvniku je tato algebraicki reprezentace
problematické. Idedlni je realizovat geometricky model pomoci Euklei-
dovskych konstrukei, tj. konstrukci podle prvnich t¥i Eukleidovych pos-
tulati, [2].

Pro efektivni vyuziti funkce RovniceMnozinyBodu tak modifikujeme
nas geometricky model tak, aby nepracoval s posuvnikem, viz Obr.4. Na

> Parsbola_definice_Rovmice.ggb - — e [P

Soubor Upravy Zobrazit Nastaveni Nastroje Okno Napovéda Prihlasit. ..

7 (N "y N

» CAS DJ[» Nakresna X
1 | mnozina1:=MnozinaBodu[X,M]

4

- X:|Xz‘ 77| =

15
3-5 -

|
I
- mnozinal := MnozinaBodu [X, M] e

» | mnozina2:=MnozinaBodu[X',M]

N

3 f:=RovniceMnozinyBodu[X,M]

® - fi=x’_4y=0 g T

I

¥ |
~ mnoZina2 := MnozinaBodu [X’, M] ! h
I

I

|

|

|

|

I

I

Vstup:

Obrézek 4: Pouziti funkce RovniceMnozinyBodu

kolmici na pfimku d v bodé P umistime pohyblivy bod M, kterym vedeme
rovnob&zku s d. Poté sestrojime kruznici se stfedem F a polomérem
Usecka[P,M] a uréime jeji praseciky X, X’ s onou rovnobézkou jdouct
bodem M. Jak vidime na Obr.4, nyni jiz je vysledkem zadani funkce
RovniceMnozinyBodu [X,M] rovnice #2 —4y = 0 piisludejici parabole uréené
ohniskem F' a tidici pfimkou d.

Jako dalsi pfiklad ilustrujici pouziti funkce RovniceMnozinyBodu pro
automaticky vypocet rovnice mnoziny bodud dané vlastnosti si uvedeme
ilohu na Apolloniovu kruZnici.
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Hledame mnozinu v8ech bodi X v roviné, pro které je pomér jejich
vzdalenosti od dvou danych bodi A, B roven kladné realné konstanté k,
tj. |AX|/|BX| = k.

Mozny zptlisob feSeni této ulohy v GeoGebfe je zaznamenén na Obr. 5.
Pro vétsi variabilitu konstrukce je hodnota konstanty k volitelnd posu-

€2 Apllonowskummice KomtmkcePolomensgg L L | =

Soubor Upravy Zobrazit Nastaveni Nastroje Okno Napovéda Prihlasit...
15 7,

= | v S5O | x= x= f&” (] \

» CAS X|» Nakresna X
1 I:=RovniceMnozinyBodu[X,M]
| ® |~ £:=3x*—10x+3y* = -3

| 2

Vstup: [E1

Obrézek 5: Apolloniova kruznice

vnikem. Body A, B jsme umistili na osu « se soufadnicemi A = [—1,0], B =
[1,0]. Body X, které vyhovuji zadani, budou potom priiseéiky kruznic se
stiedy v A a B, pro jejichz poloméry |AM|, resp. | BN| plati vyse uvedeny
pomér. KruZnici se stiedem v A sestrojime pomoci nastroje KruZnice dand
stedem a bodem, kde jako urcujici bod volime bod M, volné umistény na
osu x. Potom v bodé A sestrojime kolmici na z, na kterou naneseme body 1
a K tak, 7e |Al| =1 a |AK| = k, a ur¢ime polohu bodu N tak, aby platila
podobnost AMAK ~ AN Al. Nakonec sestrojime kruznici se stifedem B
a s polomérem Useckal[A,N] a urc¢ime jeji prusetiky X, X' s kruznici
se stfedem v A. Po zadani piikazu RovniceMnozinyBodu[X,M] v CAS
dostaneme rovnici hledané mnoziny — Apolloniovy kruZnice, viz Obr. 5,
Cervend kruznice. Za povSimnuti stoji skutecnost, ze na rozdil od numer-
ického vypoctu mnoziny bodt pifkazem MnozinaBodu, ktery bylo nutné
aplikovat na oba pruseciky X, X', pro automaticky vypodcet rovnice staci
zadat pitkaz RovniceMnozinyBodu jenom pro jeden z nich, viz Obr.5,
Ffadek 1 prostiedi CAS. Je to dano tim, Ze p¥i algebraické reprezentaci
geometrické tlohy neni rozdilu mezi priseciky dvou kruznic, pocita se
tedy s ob&ma. Stejné by to bylo i v pfipadé priiseéiki piimky a kruZnice.
Tato nejednoznacnost algebraické reprezentace geometrické tlohy v nék-
terych pripadech vede k tomu, Ze vysledkem piikazu RovniceMnozinyBodu
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je rovnice popisujici mnozinu rozsihlej$i, nez je skuteéné feSeni dané
tlohy. Tento jev ilustruje nasledujici uloha prevzata z [5], str. 139: Je ddina
kruZnice k a jeji tétiva AB. Vysetrete mnoZinu vsech priseciki viysek tro-

Juhelniku ABC, probihd-li bod C kruznici k, viz Obr. 6.

| N

Obrézek 6: Urcéete mnoZinu boda O

Je ziejmé, ze thel ACB je obvodovy uhel pfislusejici oblouku AB.
Jestlize jeho velikost oznacime @, je tthel AOB pro O uvnit¥ trojihelniku
ABC roven 7 — ¢, pro O vné trojuhelniku ABC' je pak roven . MnoZinu
v8ech poloh bodu O tak miZeme chapat jako mnozinu v8ech vrcholi dhlu
velikosti 7m — ¢, resp. ¢, jehoZz ramena prochézeji body A, B. Touto mnozi-

nou je kruZnice osové soumérna s kruznici k& podle pfimky AB.

{3 Mnozina Ortocenter_C_kruznice.ggh b IR B2 .. | P |
Soubor Upravy Zobrazit Nastaveni Nastroje Okno Napovéda Prihlasit. ..
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VBN ES BRI (oo B N 1 -
» CAS [X]|» Nakresna X
1 r1:=RovniceMnozinyBodu[ O, C] N JEURLYA IQ
® |- rl:= x4+x2y2+4x2y710x275y2720y= —25 K\\"" : .
H N | Y
Rozklad[LevaStrana[r1]-PravaStrana[r1]] A S :O [
2 ST - K
- (¥*=5) (+y’+4y-5) S ! X
- K I_// ~
3 \ .
I o
I
I
I
\_’/‘./
Vstup: &

Obrazek 7: Mnozina ortocenter uréend v GeoGebre

Jak to dopadne, kdyZ se na rovnici zkoumané mnoziny bodu zeptame
GeoGebry, vidime na Obr. 7. Stied kruznice k o poloméru r» = 3 jsme volili



Mnoziny bodid dané vlastnosti v GeoGebfe 125

v bodé S = [0,2]. Body A, B jsou pruseciky kruZnice k s osou z. Vysled-
kem pfikazu RovniceMnozinyBodu[0,C] jsou kromé ocekdvané kruznice
jesté dvé primky prochazejici body A a B kolmo na osu z. Tyto pfimky
oCividné nejsou soucasti vySetfované mnoziny. P¥i¢inou jejich pfitomnosti
v Ndkresné je nemoznost rozlisit mezi dvéma priseciky kruznice k s osou
2. Program potom vyhodnotil i takové konfigurace, v nichz misto dvou
riznych prasecéiki figuroval vzdycky stejny prisecik dvakrat.

4 GeoGebra 3D

Vratme se jestd k dvodni tloze, kterd vychéazela z definice paraboly jako
mnoziny vSech bodid v roviné stejné vzdalenych od daného bodu a dané
pfimky. Program GeoGebra nam poskytuje unikitni prostfedi pro objas-
néni souvislosti této definice s definici jinou, ktera parabolu charakterizuje
jako prunik rota¢ni kuzelové plochy s rovinou, kter4 je rovnobézné s pravé
jednou jeji povrchovou pifimkou. Pfislu§ny material vytvofeny v prostiedi
Grafickyj ndhled 3D je zachycen na Obr. 8. Misto rotaéni kuzelové plochy

7 Parabola_Definice3D.ggh = o 5|
Soubor Upravy Zobrazit Nastaveni Néstroje Okno Napovéda Prihlasit..
&
DL‘
» Graflcky nahled 3D » Pohled na rovina i
d
d Q
F 4
P
M
Vstup: 1]

Obrézek 8: Parabola jako fez rotac¢niho kuzele rovinou

si v pfipadé paraboly vysta¢ime s rotaénim kuzelem, jehoz podstava lezi
v roviné zy. Rovinu fezu p, kterd musi byt rovnobézna s pravé jednou povr-
chovou pfimkou kuZele, je vhodné sestrojit pohyblivou (rovinana Obr. 8 se
posouva spolu s bodem M). K¥ivku fezu kuZele touto rovinou zobrazime
prostiednictvim néstroje Prinik dvou ploch. Vime, ze touto kiivkou je
parabola. Jeji ohnisko a fidici primku sestrojime uplatnénim Queteletovy—
Dandelinovy véty pro parabolicky fez rotaéni kuzelové plochy. Plyne z ni,
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7e ohniskem paraboly, kterd je fezem kuZelové plochy rovinou, je bod
dotyku F' této roviny s kulovou plochou, ktera je vepsana rota¢ni kuzelové
plose a dotyka se roviny Fezu, [6]. Ridici pfimku d potom dostaneme
jako priise¢nici roviny fezu s rovinou kruznice, v niz se vepsana kulova
plocha dotyka kuzelové plochy, viz Obr. 8, piimka d. Nyni zbyva zvolit
na parabole libovolny bod P a ukézat, Ze je stejné vzdalen od F i od d.
Pii argumentaci nam podstatné pomuize moznost manipulovat s 3D mod-
elem. Bezprostiedni souvislost s definici paraboly jako mnoziny bodu dané
vlastnosti v roviné pak prokdzeme pouzitim funkce Vytvorit 2D ndhled z p,
kterou aktivujeme vybérem z kontextové nabidky po pravém kliknuti na
rovinu fezu. Vysledkem je otevieni nové ndkresny v okné GeoGebry, v niz
je zobrazena situace ve vybrané roviné, v naSem pfipadé v roviné fezu,
viz Obr. 8.

5 Zavér

V ¢lanku jsme se na konkrétnich piikladech sezndmili s moznostmi, které
program GeoGebra nabizi uzivateli pro vySetfovani mnozin bodi danych
vlastnosti. Vidéli jsme, Ze kromé grafickych a numerickych funkei nabizi
GeoGebra také funkce pro automaticky vypocet rovnice zkoumané mnoziny.
Implementace algoritmu poéitacové algebry do programu GeoGebra je jed-
nim z tkoli, na kterych jeho tvirci v soucasnosti intenzivné pracuji, viz
napf. [1]. Dalsi ptiklady vyuziti GeoGebry pii vySetfovani mnozin bodu
danych vlastnosti lze najit naptiklad v [3].
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Abstract. Monomial curves are studied in the connection with the search for
solution of known problem: Find the least number of surfaces of which the
intersection is given affine algebraic variety in n-dimensional affine space. We deal
especially monomial curves in 4-dimensional affine space and their associated
ideals. We showed for classes monomial curves which associated prime ideals have
five or six generators that are the intersection of three hypersurfaces and are hence
set-theoretic complete intersections.
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1 Introduction

The open problem of the classical algebraic geometry is: What is the minimal
number of surfaces of which the intersection is an algebraic afinne variety in
n-dimensional afinne space?

When we have d-dimensional variety in n-dimensional afinne space, we know
that this number is not less than n-d. For centuries the aim is to show that this
number is equal to n-d. In connection with this open problem it is studied
a special class of affine varieties - monomial curves.

Let K be an arbitrary field, R = K[x4, ..., x;] the polynomial ring in |
variables over K. C = C(ny, ..., n;) a monomial curve in affine space A, over K
having parameterization x; =t™,i=1,...,l, where n,,..,n; be positive
integers with g.c.d. equal 1 and n, ..., n; is a minimal set of generators for the
numerical semigroup H = (ng, ..., n)).

The ideal P of all polynomials f(x,..,x;) € R such that
f(t™, .., t") =0, t transcendental over K, is the associated prime ideal of
local ring Ry, Of the monomial curve C. When the associated ideal P of
this monomial curve has [ — 1 generators, the monomial curve C and ideal P
called ideal-theoretic complete intersection. When the ideal P is radical of an
ideal a, a < P and the ideal a has [ — 1 generators, the monomial curve C and
ideal P called set-theoretic complete intersection. The number [ —1 is also
height of the ideal P. In general, the ideal I in R is called set-theoretic complete
intersection (s.t.c.i.,, for short), if there are s= ht(I) (height of the ideal 1)
elements g4, 92, g3, - - - gs, such that rad(I)=rad(g,, 9., g3, --- gs)-
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We can divide the directions of interest into three basic groups:
» Associated ideal P
J. Herzog, W. Gastinger, E. Kunz.
»  Properties of numerical semigroup H
H. Bresinsky, W. Gastinger, D. Patil.
» Coresponding with projective curves
J. Stiickrad, B. Renschuch, A. Thoma.

We also mentioned some of the authors who have dealt with these directions. It
is not possible these particular line of research completely separate.

E. Kunz [6] showed that every monomial curve in 3-dimensional affine space is
s.t.c.i. In 4-dimensional afinne space A, W. Gastinger in [5] proved that
monomial curves and their associated prime ideals are s.t.c.i. if P has four
generators.

In [2] H. Bresinsky dealt with Gorenstein curves where numerical semigroup
H = (n4,n,,ns,n,) is symmetric. Numerical semigroup H called symmetric
if exists m € Z — H that for each j €N is m+j € H and for each ¢ € H,
m — c € H. He showed that Gorenstein curves are s.t.c.i. and their associated
prime ideals have three or five generators. For all associated ideals of
monomial curves in A, which have five generators we proved that they are
s.t.c.i. (see [8]).

2.1 Set of generators for ideal P in A,

Let a binomial term []f,; x;7i — [T, x;%i € P, where y;9; = 0, i = 1,2,3,4. It
is clear that Y7_, y;n; = Xi-; 9;n;. We have basically two types of binomial
terms of P:
i Yj P _
xli) = xka L) ke B = (1,234, vivvey # 0 or

J
T

xR i, de 1} = {1,2,34} 7 # 0,

. . ; aij ; : N = - ..
We denote the binomial term x;* — x; “x;*x" by (x;") if r; is minimal and
LTl . T aj Ajx Aj . ..
by (x,x7) if x, —x, "% % € P with ; minimal and aj; = 13, @y =

a;; = 0. Every generating set for P contains for each i (i = 1,2,3,4) at least one
Aij ik

polynomial x;* —x; X, x; ™ with 7; minimal. We also denote polynomial

! Coan @ ! . L . .
Xt — x}fx”x,‘f”‘xl“” by (x;t (k, 1)) if r;/ is minimal with respect to the condition
either a;, # 0 or a; # 0. We define as H.Bresinsky a set B in three cases as

follows:
+ For binomials (x;°),s =1i,j,k,L{i,j k 1} ={1,2,3,4}, with at least two
exponents ag, not zero, h € {i, j, k, 1} — {s} let B = {(x; "), (xjrj), (), (¢}
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« Let (x;° X 7y € P, but (%, xY) & P. Then either
B = {(x\ "), (), (] D} or B = {(x", x”’) (), (x{ Y, (k, 1)},

*B = {(x;" X N CHIEID) Vo= {(X’(k ), (! (l N}

We write x”‘1 y“zxy‘z Jy” if either y; >y, and yj; <y, or the
inequalities are reversed

For binomials we write x; Jy” xpFiat < x”lzxjy’2 —x,*x]" if < holds
between the first and second monomials of this binomials, i.e. if
xy”xy]l <xy12xy]2and xYk1 Yu <xr/kz Yzz.

J
We next define a set D”,l *J, {l j} < {1,2,3,4},

Dy={f = =5l (k0238 =@ <n

for the polynomials (x (k D) if h € {i,j}, for the polynomials (xhh(z ) if
h € {k,1} and for each binomial term f’ = x"”xy’1 x)Fix/vep, f#fis

f' < f}.

In [1], H.Bresinsky gives the following theorem.

Theorem 1. M = BU D;; U Dy U Dy, {i, ), k, 1} = {1,2,3,4} isa
minimal generating set for the associated prime ideal P = P(ny,n,, ns, n,) of
the monomial curve in 4, .

2.2 Prime ideal P with 5 generators

As we mentioned, H. Bresinsky dealt with Gorenstein curves in A, and their
associated prime ideals have three or five generators. We succeeded in [8]
generalize of his results for all associated prime ideals of monomial curves in
A, with five generators.
These prime ideals have the minimal generating set
={x'— % ”x,‘:”‘xl“”, x}r xa”xa’kx ok xa“x]ak’xf”,

x,! xa“xj Lx; b x Tx,"1}, where {i,j,k,1}={1,2,3,4} and the only one
of the following cases occurs :
I) onlyayor aj; can be zero and all exponents must satisfy next equations:

N = a'ﬁ + Ay + ag, T} = al-j + alj, Tk = Qg + a]-k, (1)] = ai]-,

n=w +a; 0=t 0= Ay, W=+
I1) a; =0, only a; canbe zeroand itisu € N, that all exponents must

satisfy next equations:

nn=a;+ U+ Dag +ay, 17 = ag; + agj, T = Qe + wy,
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n=ay+ @+ Dag, W+ D = ag + ajp, 0; = a; + aj; + uay;,
(A)J = aij' W =T, — Qi = ajk —Uury, w; = a; + [247]

We found expression of polynomials g; € P,s =1,2,3 such that P =
Rad (g4, 92, 93) and so we proved that these ideals are s.t.c.i. as well as the
corresponding monomial curves in A,.

; ; - Tjk ALl — Tk aki, Fkj, Akl
Binomials g,, g; are g, = x}. —x x xl . gz =x —x; ‘x] X,
{i,j, k3 ={1234}. Let f; =x/ —x““x o= '—xj /X, Cikx, %t then
we have for case I)

Ttk _ _ apj(@jiret @)
flj =X, 7 ! g1 mod(gz, g3),

Ttk __ . QAT+ AT T~ A A Ri AL
fzj = (—1)TJ”‘xl. J7] J J J

g1 mod(gz, g3),

for case II)
TjiTk _ _ QljX Okl
il =27 g, mod(g, gs),

fzrjrk = (- 1)r17’k a”a”rk+uakla”rk+akl(rjrk wkoq])gl mod(gz,gg).
We present assomated prime ideals P of monomial curves in A, with five
generators which are s.t.c.i. We know that the associated prime ideal P of
monomial Gorenstein curve (non ideal-theoretic intersection) in A, belongs to

case I) and a; =a;; = 0 (see [2], [3]).

2.3 Prime ideal P with 6 generators

When we take necessary conditions on a minimal set of generators for an
associated prime ideal P of a monomial curve in A, and we also suppose that a
minimal generating set M has six generators

T a a T aji Xjk Aj1 T agi Qkj _«a
Z{X-l x. Ux ka il x_]_x_ Jlx J x J'x k_x_ klx‘ ]x kl'
j j i k l k i j l
a j . wi j Yj
x/t—x; liy U xR = x ’xl 1 b= x2S,
] J J

where {i,j, k,1} = {1,2,3,4}, a; and a;, can not be zero, we get that it is
u € N, and all exponents must satisfy next equations:

n=a;tag+ @+ Day, 17=a;+ag; + (u+ Day,

Ty = Qi T A, T =W+ a5 =Y +ay,
u+Dn=ay+a;+ay, o =a;+ay; +ua,

w; =a; + Qjj, W = Ajg, W = Ay + ay; —un,

Vi = ot oo tuay; = atoag,

Yk = Qi Y1 = @ + Qg — urm. 1)

In [9] we proved next theorem.
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Theorem 2. Let P be the associated prime ideal of the monomial curve C in 4,.

_ g Ti S i e TG % @k %L Tk ki, %k @kl
If M = {x; XXX X XXX, X L A
e %y wp, o P o Y Ve Vi Yy s ;
X, Xp X, X XX, XX X; X } is a minimal generating

set for the prime ideal P, where {i,j, k, [} = {1,2,3,4}, ay and aj, are not
equal to zero and exponents satisfy equations (1) for some u € Ny, then this
prime ideal P (monomial curve C) is a set-theoretic complete intersection.

We found expression of polynomials g, s = 1,2,3 that P = Rad(gl,%z,'gg.
Binomials g,,g; € M are g, = x,* — xia’“xj M, gy =x"— xlfx”xj Y and

o - @ d a _ ai '
{i,j,k, 1} ={1,2,3,4}. Let F, = x].’ - X; ”xk’kxl tF, = x;t— x; Y, Fikx, il
then we have

TRTL — QUK A jQ T+ ajar
F1 = X]. g1 mOd(QZJgS)I

u+l)agitag; i i A
x].( AUARLJ —x,®xF,  mod(gs, gs) and it is easy to see that

((u+Dagj+agrery ryr
xj j+ Q) Fz kTl

= (_1)Tkrl(xiakix;1kj)aikrl(xfllix;llj)“ilrk}?‘lrkrl mod(g,, g3)
We know that R/(g,, gs) is a module over K[x;, x;] and {g,, gs} is a Grobner
basis for (g,, g;) with respect to the lexicographic order, taking x; > x;, >
x; > x;, R/(9g2, g3) is free module over K[x;, x;] and its rank is r,r; (by [4],
Chapter 1, §3, Exercise 4). Therefore

TRTT — TR CkiikT o (@ e+ Qi k)
E, = (—1) k lxl-

2 91 mod(g,,93) and
When we use same properties as above, we have consequences
W, Wk wj_wp\Tk _
(xi xk - xj xl ) =
ayre(aptyvi—aj) ajplagiritagja
(_1)rkrlxi l k( ity JZ)X. jk( kjritaj kl)

g g1 mod(gz, g3),

. : TkTL v . L AiYIT
Yi, Vi Yi Yk — TRT L EkiQikT I AR X RV Tk
(xl. X[ =X, ) = (1", X; g1 mod(gs, g3)-

Hence P = Rad(g,, g2, g3) and the proof is completed.

3 Conclusion

We can on the basis of the above pronounce the following hypothesis: If an
associated prime ideal P of a monomial curve C in A, is
P = Rad(fy, f2, f3, fa) where f; € M =BUD;jUDy UDy, s =1234 and
{i,j, k, 1} ={1,2,3,4}, thenthe ideal P is s.t.c.i.

We believe that our particular results may help solve the said open problem of
the classical algebraic geometry.
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Vizualizacia blossomov v GeoGebre

Visualization of blossom in GeoGebra
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Abstract. Blossoming is a process which turns a degree n polynomial
into a symmetric n-affine function. Two difficult representations of the
same object are concerned. The article deals with terms in inner structure
of these two representations and task of visualization in GeoGebra3D
analyzed through the theory of quadratic and cubic Bézier curves.

Keywords: blossoming, Bézier curve, modified de Casteljau algorithm,
envelope of one-parametric system curves and surfaces, interactive software.

Kliiéové slovd: blossoming, Bézierova krivka, modifikovany de Casteljauov
algoritmus, obalové krivky a plochy, interaktivny softvér.

1 Uvod

V geometrickom modelovani m4 blossoming velmi délezité uplatnenie. Ide
o proces, ktorym sa polynomickd funkcia n-tého stupna transformuje na
symetricki m-afinni (multiafinnii) funkciu. Podla Ramshawa je princip
blossomingu nasledovny:
Teoréma. Nech F : R — R%u — F(u) je polynomické funkcia stupiia n,
n € N,n>1de {1,234} Potom existuje prave jedna symetrickd
n-afinnd funkcia f : R® — RY (uy,...,un) — flug,..., un), spfﬁajﬁca
podmienku f(u,...,u) = F(u).
Funkcia f sa nazyva multiafinng blossom (poldrna forma) funkcie F'.

Blossom polynomickej funkcie 2. stupiia F'(u) = u2+1 je funkcia dvoch
premennych

f(ul, UQ) = ujus + 1,

t.j. hyperbolicky paraboloid.
Ak F(u) = u® + 2u® — u + 1 je polynomické funkcia 3. stupiia, tak jej
blossom je funkcia troch premennych

2 1
flug,ug,uz) = ugusug + g(u1u2 + uyuz + usug) — §(u1 +us +ug) + 1.
Ked'7e polynomické funkcie st rovinné krivky, ich tvarové moznosti si
pomerne obmedzené. V stucasnosti vSak existuji moznosti pre generova-
nie kriviek zalozené na takej reprezentécii, v ktorej je bod krivky re-
prezentovany ako linedrna kombindcia vopred zadanych riadiacich bo-
dov. Pomocou nich vieme vytvorit konkrétny tvar vyslednej krivky. Takd
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reprezentacia nepredstavuje ziadny problém pri prechode z 2D do 3D a
s vyhodou sa d4 pouZit pri modelovan{ blossomov polynomickych funkcii.
Jednou z takychto reprezentacii je reprezentacia polynomickej funkcie
Bézierovou krivkou.

Bézierovu krivku stupna n dant n + 1 riadiacimi vrcholmi Vg,...,V,
mozeme generovat pomocou zndmeho de Casteljauovho algoritmu. Modi-
fikaciou de Casteljauovho algoritmu spocivajicou v tom, ze v jeho i-tom
kroku (7 > 0) realizujeme prislusni linedrnu interpoldciu parametrom wu;
(miesto u), je mozné ziskat jej blossom f(u1, ..., uy,).

Na vizualizdciu blossomov polynomickych funkcii reprezentovanych
Bézierovymi krivkami 2. a 3. stupnia sme pouzili interaktivny softvérovy
systém GeoGebra5. Vd'aka 3Dgrafike tak mame moznost Iubovolne si zvo-
lit riadiace vrcholy Bézierovej krivky, menit ich polohu a tym tvarovat
nielen vyslednu krivku, ale aj jej blossom.

2 Geometricky vyznam a vizualizacia blossomov
Bézierovych kriviek

2.1 Blossom Bézierovej krivky 2. stupna

Kvadraticks funkcia (jej segment) sa d4 reprezentovat Bézierovou krivkou
2. stupna s riadiacimi vrcholmi Vg, Vi, V5 v tvare

BEK?(u) = (1 —u)*Vp + 2u(l — u)Vy + u?Va,

kde u € (0,1). Blossom takejto krivky bude funkcia bk(u,v) dvoch pre-
mennych u,v a modze byt definovanid modifikovanym de Casteljauovym
algoritmom nasledovne:

Vstup : Vi = [z, 91, 2i), 1 =0,1,2; (u,v) € (0,1) x (0,1)
Algoritmus :  lkrok: V() =V i=0,1,2
2ok : V() = (1—wVO() +uVi, ()i i=0,1
3.krok . VE(u,v) = (1 —v)Vg(u) +vVit(u)
Vystup : bk(u,v) = V@ (u,v).

Vystupny vztah po rozpisani dava funkciu bk(u, v) dvoch premennych u, v
bk(u,v) = (1 —u)(1 —0)Vo + [u(1l —v) + v(1 — w)]V1 + uvVa,

pre u,v € (0,1). Koeficienty pri riadiacich vrcholoch v tejto rovnosti si
symetrické vzhladom na zdmenu u, v, ich stéet sa rovnd 1 a pre v = u
dostaneme BK?2(u). Spliia teda vlastnosti blossomu. Kedze bk(u,v) je
afinna kombinécia riadiacich vrcholov Vj, V1, Vs, lezi v rovine nimi uréenej.
Blossom bk(u,v) je teda rovinnd plocha v Ej.

Vzhladom na vizualizdciu tejto rovinnej plochy je vhodné popisat jej
vnutornu Struktdru. Ak sa pozrieme na izoparametrické krivky plochy,
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Obr. 1: Izoparametrické krivky a blossom bk (u,v)

tak pre konstantny parameter v = vy a premenny parameter u dostavame
u-krivku plochy s vyjadrenim

bk(u,v0) = (1 —u)(1—vo)Vo+ [u(l —vo) + vo(1 — w)]V1 + uvgVa
= (1 —w)Vg (vo) + uVy (vo)

z ktorého vyplyva, ze ide o tsecku s krajnymi bodmi V!, V! leziacimi na
ramenach VoVy, V1 Vs. KedZe sd to zroveii body v predposlednom kroku
de Casteljauovho algoritmu, je zrejmé, ze ide o doty¢nicu Bézierovej krivky
2. stupna v bode vg.

Vzhladom na symetrickost sa podobné ivahy daji previest aj pre v-krivku
plochy (s konStantnym parametrom u = ug a premennym parametrom v).
Izoparametrické u-krivky a v-krivky st teda dotycnice Bézierovej krivky
2. stupna a lezia v konvexnom obale jej vrcholov.

Opisané dva systémy, ktoré sa lisia len oznac¢enim premennych z toho
istého defini¢ného oboru, tvoria jednoparametrické systémy rovinnych kri-
viek. Nie je fazké ukdzaf, Ze obdlkou systému izoparametrickych kriviek
je dana Bézierova krivka 2. stupna.

Blossom bk (u,v) potom mozno charakterizovat ako priamkovii plochu
dotycnic Bézierovej krivky 2. stupna, ktorad je naviac obalkou systému
tychto dotyénic.

Volbou riadiacich vrcholov Bézierovej krivky 2. stupila a animéciou
jedného z jej systémov izoparametrickych kriviek pomocou néstrojov im-
plementovanych v GeoGebra3D dostaneme krivociary trojuholnik V7 Vo
ako blossom danej Bézierovej krivky 2. stupna (obr. 1).
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2.2 Blossom Bézierovej krivky 3. stupna

Segment kubickej funkcie mozno reprezentovat Bézierovou krivkou 3. stupiia
s riadiacimi vrcholmi Vg, Vi, Vo, Vs a vyjadrenim

BE?(u) = (1 —u)®*Vo + 3(1 — u)?uV; + 3(1 — w)u’Va + uVs,

kde u € (0, 1). Jej blossom je funkcia troch premennych bk(u, v, w), ktord
mozno definovat modifikovanym de Casteljauovym algoritmom v tvare

bl(u, v, ) = (1 — )V (1, 0) + w7 (u, ), uyv,w € (0,1),

pricom Vi (u,v) a V2 (u,v) st blossomy Bézierovej krivky 2. stupiia uréené
riadiacimi vrcholmi Vy, Vi, Vs a Vi, Va, V3. Vzhladom na to, Ze ide o krivo-
ciare trojuholniky VoViVa, ViVoV5 leziace v dvoch rovinach a majice
spoloénti stranu V1 V,, mozeme blossom povazovaf za priestorovy objekt.
Rozpisanim tohto vztahu dostdvame blossom

bk(u,v,w) =(1—u)(1—v)(1—w)Vo+
+u(l—v)1—w)+ (1 —u)v(l —w)+ (1 —u)(1 —v)w]V1+
+Huv(l —w) +u(l —v)w + (1 — w)vw|Va+
FuvwVs

ako afinnt kombindciu vrcholov Vp, Vi, V5, V3, pricom koeficienty pri nich
spliiaji vlastnosti blossomu (symetrickost, afinnost, diagonalnost).

Pre redlnejsiu predstavu o vyslednom priestorovom objekte je potrebné
popisat jeho vnttorni struktiru pomocou izoparametrickych podobjek-
tov. Dvom konStantnym parametrom vg,wy a premennému parametru u
prislicha u-krivka

bk (u, vo,wp) = (1 — u)VOQ(vo,wo) + qu(vO,wo),

¢o je usecka spdjajica prostrednictvom parametra u body V2, V2.
Pre rovnaké konstantné parametre vy = wy dostaneme $peciadlny pripad
u-krivky
bk (u, vo, v0) = (1 — u) Vg (vo) + uV7 (vo),

kde

VO2(’U()) = (1 — U0)2‘/[) + 2’[}0(1 — U(])Vi + 1}(2)V27

Vi (vo) = (1 — v0)?Vh + 200(1 — vo) Vo + v3 V5,
t.j. tsecku spdjajucu body parabolickych oblikov VoVa a ViVs (body z
predposledného kroku de Casteljauovho algoritmu). Mnozina $pecidlnych
u-kriviek je teda plocha doty¢nic priestorovej Bézierovej krivky

X(u,v) =1 -u)(1—v)*Vo+ [21 —u)(1 —v)v+u(l —v)}|Vi+

+[(1 = w)v? + 2u(l — v)v] Vo + wv?Vs.
Analogické tvahy (vzhladom k symetrickosti) platia aj pre v-krivky a
w-krivky objektu.
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Obr. 2: Plocha dotyénic BK3(u) ako obalka izoparametrickych
pléch bk(u, v, w)

Izoparametrickd uv-plocha pre premenné parametre u, v a konstantny
parameter w = wy je plocha

bk(u, v, wp) = (1 — wo) VE (u, v) + wo Vi (u, v).
Jednoduchou tipravou tohto vztahu dostaneme vyjadrenie
bk(u,v,wg) = (1 —u)(1 —v)Vo + [u(l —v) + (1 — u)v]V1 + uvVy,
t.j. blossom Bézierovej krivky 2. stupna s riadiacimi vrcholmi

Vo = (1 —wo)Vo +woVi,
Vi=(1-wo)Vi+wola,
Vo = (1 —wo)Va + wo Vs,

z vyjadrenia ktorych vyplyva, ze lezia na ramendch riadiaceho polygénu
Bézierovej krivky 3. stupna. Samotni Bézierovu krivku 2. stupia s ria-
diacimi vrcholmi Vi, V1, Vs dostaneme pre v = v a d4 sa ukdzat, ze
tdto BK2(u) a dand BK?®(u) maji v spoloénom bode wy rovnaky sme-
rovy vektor dotyénice. Izoparametricks uv-plocha je teda blossom BK?(u)
s riadiacimi vrcholmi Vg, V1, Vo, ktord sa dotyka danej BK3(u).
Vzhladom na symetrickost podobné tivahy platia aj o izoparametrickych
uw-plochach a vw-plochéach.

Mame teda tri systémy izoparametrickych ploch, ktoré sa lisia len
oznaéenim premennych z toho istého definiéného oboru. D4 sa ukézaft, ze
tieto izoparametrické plochy lezia v oskula¢nych rovinach danej Bézierovej
krivky 3. stupna. Je zname, ze obédlkou systému oskula¢nych rovin pries-
torovej krivky je plocha jej dotyénic. Z toho plynie, ze plocha dotyé¢nic
Bézierovej krivky 3. stupna je obalovou plochou systému izoparamet-
rickych ploch blossomu krivky BK?(u), ktord je zéroven hranou vratu
tohto systému (obr. 2).
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Obr. 3: Izoparametrickd plocha (vlavo) a blossom bk(u,v,w) (vpravo)

Blossom bk(u,v,w) je teda objekt, ktory mozno charakterizovat ako
priestorovy krivoc¢iary stvoruholnik, ktorého tri ramena tvori riadiaci po-
lygén Bézierovej krivky 3. stupiia, stvrtym je BK?3(u) a ktory mozno vy-
tvorit spojitym pohybom krivociareho trojuholnika (blossomu BK?(u))
tak, 7e jeho riadiace vrcholy sa budi pohybovat po ramenéch riadiaceho
polygénu Bézierovej krivky 3. stupna, pricom zakrivenou stranou sa jej
bude dotykat.

Ked'7e bk(u,v,w) je funkcia troch premennych, jej vykreslenie ndm
GeoGebra3D neumoziiuje. Vzhladom na to, Ze izoparametrické plochy
st krivoéiare trojuholniky (blossomy BK?(u)), ich animdciou dostaneme
celkom redlnu predstavu o blossome Bézierovej krivky 3. stupiia (obr. 3).

3 Zaver

Nové verzia softvéru GeoGebrab je schopnd modelovat 3D grafické re-
prezentacie objektov, obsahuje preddefinované ndstroje, ktoré dovoluji
vytvorit ich dynamické konstrukcie. Ked'ze blossoming je vo vieobecnosti
sposob reprezentacie kriviek, ktory vedie k novym moznostiam urcovania
ploch, je tento softvér vhodnym nastrojom na ich modelovanie.
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Abstract. We consider M&bius group of plane. A brief survey of the types
of its elements and properties is provided and certain subgroups generated
by well chosen elements such as Schottky groups are considered. The limit
behaviour of certain compositions of maps is interesting. The obtained sets
are visualized.
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1 Introduction

Mobius group is an important group of transformation in geometry of a
sphere or Euclidean space. Its importance cannot be overestimated since
it serves as a container of isometries for both Euclidean and hyperbolic
geometry.

There is an extensive literature written on the topic and one can find
many aspects in [4, 3], history can be found in [6], deeper studies are in
[5], [2], [1] and popular version is [7].

2 Elementary Facts
2.1 Homographies of projective line

Having a complex projective line P1(C), one considers all its projective
transformations. In an affine subspace C C P!(C), it is locally given as
f: C — C, where

az+b
cz+d’

f(z)= a,b,e,d e C, ad—bc+#D0.

The extension at oo has to be played with since P!(C) = S? (see fig.1).
Clearly, the matrix
a b
(¢ 4

represents the map f up to a non-zero complex multiple in the underlying
vector space V2(C) of P1(C).

All the maps above are called homographies, form a group and they
preserving orientation of the sphere. We denote the group Méb™(2) ~
PGL(2,C) ~ PSL(2,C).

In order to find Mobius group of S? (or sometimes of R?), we add
orientation reversing maps given by complex conjugation Z of the variable
z in local coordinates. A composition of a homography with complex
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N =(0,0,1)

Figure 1: Stereographic projection of a Gaussian plane on the sphere
serves as a mapping of two-dimensional sphere via real plane. Analogous
mapping in all real spaces with positive dimensions is available.

conjugation (or reflection of R?) is sometimes called antihomography and
it has form f: C — C

flz)= %, a,b,c,d € C, ad—bc#0,

and again the extension at oo either in the domain or codomain has to
be defined. The resulting group is called M&bius group and denoted by
Mob(2).

In this group, one can find very special maps such as inversion with
respect to the unit circle given as f(z) = % and reflection via line of reals
f(z) = z. In fact, all reflections and all inversions can be found inside.

It is not difficult to prove that any three distinct points of S? can be
mapped on any three distinct points of S?. Moreover, cross-ratio of any
four points is an invariant of such an automorphism. The image of a circle
on $? is a circle.

2.2 Classification of Elements of two-dimensional Mébius group
The trace of the map T'r f = a + d classifies the elements of the M&b(2).
Geometrically, the position of the two invariant (fixed) points is consid-
ered. The map is

parabolic: (Tr f)? = 4 (translation, fixed points coincides)

elliptic: 0 < (Tr f)? < 4 (rotation, see fig. 2(a))

hyperbolic: (Tr f)? > 4 (special case of loxodromic element)

loxodromic: (Tr f)? € C — [0,4] (complex or non-real phenomenon, see
fig. 2(b))
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Figure 2: The movement of the points using a Mobius map of the sphere.
(a) Elliptic map of the sphere. (b) Loxodromic map of the sphere.

2.3 Higher dimensional spheres
The group generated by inversions with respect to any sphere of dimension
d and reflection of R4! fixing S? is called M&b(d).

Clearly, Is(S?) C Mob(d), due to generating by reflection. Also,
Sim(R?) C M&b(d) using stereographic projection. It is the group of all
anti/conformal maps of S¢. The dimension of Méb(d) is 1(d+ 1)(d + 2).
Any element of the group can be composed of at most d + 2 inversions
or reflection. Cross-ratio is an invariant. Subspheres of S¢ are mapped to
subspheres.

3 Connections with hyperbolic geometry

An upper half-plane model of hyperbolic geometry has group of isome-
tries given by PSL(2,R) € M&b™(2). By stereographic projection, the
halfplane maps to a halfsphere.

Using Cayley map K(z) = Z& one transforms the halfplane to a unit
disk, which is mapped to a lower halfsphere after the stereographic pro-
jection. This is a well known Poincaré conformal disk model of hyperbolic
geometry.

Any map of the halfplane model can be conjugated to a map of the

Poincaré model by T/ = KTK~'. Any such a map has matrix of the form

u v
<v u) (1)
with |ul? — [v|?> =1, u,v € C.

There are all three types of maps, but the loxodromic ones are always
hyperbolic, since the trace is always real.

4 Schottky subgroups

Unlike orthogonal group of Euclidean space, we can find a very special
subgroups of M6b(2) generated by two loxodromic elements.

Let C,C’ be two circles in R?. Using a Mobius transformation, one
can map the outside of C to inside of C’. The choice is not unique and we
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pick a loxodromic mapping. A more detailed computation can be done as
follows. First, shift the circle C' so that its center S, is in origin and scale
it to a unit circle by 7’51, where r, is a radius of C'. Then, an inversion
is with respect to the unit circle is performed by % Then, the scaling by
rc¢s and shifting by Ser is done. Before the inversion, one can do a free
Mébius mapping which is invariant on ID? — e.g. taken as Poincaré disk
model of hyperbolic geometry. Hence such a map is given by the matrix
in (1).

Taking two pairs of such circles (see fig. 3), we get a basic setup for con-
structing Schottky group and its visual presentation. In order to provide
some algebraic background, we formulate it briefly in terms of generators
of the group.

Let a,b be two elements of Mob(2) and A, B be its inverse elements.
The group generated by a, b, A, B contains elements represented as words
generated by symbols a,b, A, B, free of consecutive pairs of a4, Aa and
bB, Bb, provided a, b are not related otherwise.

Let us take for a, b previously mentioned loxodromic mappings. Find
the images of circles under every word composed of a, b, A, B in the group.
Special positions of circles, such as tangent circles, makes the construction
more interesting though restricts the set of available loxodromic maps.

Figure 3: Basic setup for construction of limit of the Schottky group.
The two pairs of circles (blue and red, black and grey) and picked M&bius
transforms. The transforms are applied, which is demonstrated by the
images of the four circles each within them.

Using a tool for rendering (such as POVRay), one gets a special type
of visualization using constructed spheres over the corresponding circles
in the limitting sequence (see fig 4).



Mébius group and some of its substructures 143

——
“e ;L':‘ _‘ﬁh’ﬁ"i?
FEang ‘*:’" .ﬁ,'?
4 mE el el
gt T L TN
' - A b 5
& = = s 4
e 5, . %W Y L N
i o TR it Y‘ﬁ'"ﬂ ]
b O et b2 iy, b *
g ey AR S
L W M it
5 Ly
s
PR o

Figure 4: Visualized limits of Schottky groups.

5 Conclusions

We described a construction of special subgroup of two-dimensional Moébius
group with fractal limit depending on parameters. The structure and al-
gebraic properties have to be studied further.

During the study of the material, I found the topic of Mobius group
(especially two-dimensional) educationally very attractive due to several
reasons.

1. The notion connects Euclidean geometry, hyperbolic geometry and

geometry on a sphere. The connection can be looked at in geometric,
algebraic and not so difficult computational way.

2. It introduces non-linear behavior of maps which are still fairly easy
to manipulate with.

3. Many asked questions can be formulated in elementary notions.

4. Fractals can be generated by a geometric construction and their
properties can be explored exactly as well as experimentally. This
provides a lot of topics for exercises.

5. Many maps or relations can be visualized either on plane or on
sphere.

6. The generalization to higher-dimensional space is straightforward.

There are several questions arising with the construction. An inter-
esting one deals with the dependence of the structure of a fractal limit
on the traces of the used maps. A question of generation of fractals with
dimension at least two in higher-dimensional situation is also not clear.
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Abstract. In this article we highlight the role of geometry in the advancement of
science and the need for the development of spatial thinking. Good spatial sense
can be supported also by anaglyphs, which are built in the newest version of
program GeoGebra. This is the reason, why we deal with history of anaglyph and
its application in science, art, and teaching geometry.
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1 Introduction

Geometry is one of the most colourful and most interesting areas of
mathematics, mainly in terms of diversity of ideas and methods used to cope
with the problems. Geometry has a long history intimately connected with the
development of mathematics. Euclid's Elements, considered first axiomatic
construction of geometry, captured ancient mathematics usually formulated in
the language of geometry. The geometry is therefore an integral part of our
culture, being a vital component of numerous aspects of life and science from
astronomy to architecture, from biology to physics. What is more, geometry
appeals to our visual, aesthetic and intuitive senses [1].

2 Geometry and its impact on sciences

We have captured the beginnings of geometry in ancient Egypt and Babylonia
in the form of what could be characterised as practical recipes for calculation of
specific volumes, surfaces required in preparing various tools, buildings, and
other needs for human activities. The first mathematical theory was created
according to the many specific tasks of the same type by generalization. The
ancient Greeks were the first to introduce an abstract logical method to
systemise previously known facts in mathematics. Their aim was to create a
logically consistent foundation of mathematics. At that time several Elements
of Mathematics were created, the first of them was written by Hippocrates, the
other fell into oblivion under the shade of the Euclid's Elements [2]. Euclid's
Elements gained widespread recognition as such a systematisation of
mathematical knowledge which in terms of logical rigor remained
unsurpassable nearly for 2,000 years. The new axiomatic systems fulfilling the
growing demand for mathematical strictness were created at the end of the 19th
century (Pasch, Peano).
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Euclid's Elements remained the only original source of school education
geometry for a long time. Hilbert's axiomatic construction of geometry was first
published only in 1899.

Geometry was changed and evolved, specialisations arose, which were
responsive to the diverse theoretical and practical challenges. Today
classification distinguishes more than 50 geometric disciplines. Such
development was not an end in itself, geometry provides the basis for the
natural sciences.

The Pythagoreans was the first to understand the difference between the real
performing and the thought experiment in mathematics. Eudoxus' method of
exhaustion allowed getting arbitrarily close to the point in which we know that
it can be never achieved. This geometric idea led to the discovery of irrational
numbers in mathematics and also to the method that creates the basis of
Dedekind's theory and the infinitesimal calculus.

J. von Neumann laid mathematically unshakable foundations of quantum
mechanics using operators of linear Hilbert space [3].

One day C.F. Gauss wrote down in his scrapbook "Large geometric
discovery". A sentence, which he called "Theorema egregium" (excellent
theorem) enabled a new view of space in which we live. Gauss figured out that
the main curvature (which is thereafter referred to as Gaussian curvature) is
invariant intrinsic property of each area. This discovery (published in 1828) is
the germ of the Riemannian geometry and the Einstein's general relativity at the
same time [3].

In 1917 A. Einstein published his theory of gravity, which provides a
convincing argument that our physical space shall be closed in the sense that
when a line is continuously lengthened then finally it gets back to the starting
point. Maybe it is contrary to our experience, but our analytical capabilities
(thanks to Gauss) allow detailed study of such space.

H. Minkowski in 1907 showed that Einstein's two postulates from 1905,
which are demolishing Newton's concept of absolute time and absolute space,
have rather geometric than physical characteristics [3]. The unification of
space and time into a single four-dimensional (Minkowski) geometry has a
large contribution to the successful completion of Einstein's ideas.

Today's physics still struggles to understand the dimensionality
(macroscopic and microscopic dimensions) of a space where the physical
actions happen. The fact that our space has three macroscopic dimensions was
adopted at the time of Ptolemy. Modern science still lacks a deeper theory
substantiated evidence of the origin of this number [4]. Moreover, string theory
requires at least ten dimensions [5].

Time is even much more mysterious then space. There is a sharp contrast
between our perception of time and what the modern physical theories show us
[4]. All of these "mysteries” of modern science are closely related to the
geometry and its deep understanding.
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3 Geometry in education and anaglyph

Geometry is often seen only as a part of mathematics helping to solve technical
problems. This view neglects a strong influence of geometry on philosophy and
art throughout history. Reducing the number of teaching hours in school
geometry curriculum in recent decades, it seems, has negative effects not only
on technical training but also the training of mathematics teachers themselves.
Author of article [6] is convinced by his experience in teaching geometry to
mathematics and engineering students that geometry finally helps to save time
in education and problem solving processes. “Besides this more or less
practical effects geometry helps built a (natural scientific and philosophical)
view of the world and allows to get deeper insight into a lot works of fine art.
So geometry is of general educational value.”

Spatial geometry is a very important part of geometric knowledge. Many
people say that they are not very good in space vision or that they have poor
spatial sense. The typical belief is that the child is either born with spatial sense
or not. But we know that rich experiences with shape and spatial relationships
(consistently provided) can develop the spatial sense to a large extent.

Dynamic geometric program GeoGebra [7] is a very useful helpmate for
rigorous visualization of geometric relations in plane and in space. For
visualization the shapes in the space we can use two types of outputs. The first
one is the widely used parallel projection of the given 3D object (can be
changed to central projection, but in this case the parallel lines project into
nonparallel lines and the picture could be not suitable for teaching basic
geometric properties or relationships). The second and the newest possibility
for visualization of spatial objects in GeoGebra is to choose anaglyph. The
program creates two central projection images into one picture in red and cyan
colour. Using anaglyph filter glasses we can see the spatial object in space
partly in front of and partly behind the screen. This is a perfect tool for training
spatial geometry abilities, mainly for students with lower spatial sense.

4 Anaglyph

Anaglyphic stereogram (anaglyph) is the name given to the spatial effect
achieved with encoding each eye's image using chromatically opposite (usually
red and cyan, occasionally red and green in Europe) filters. “Anaglyph” is
derived from two Greek words meaning “again” and “sculpture”. (So we again
find ourselves discovering this technique in the 21st century.)

Anaglyph images contain two differently filtered coloured images, one for
each eye. The images are created from two central projection images projected
from the centres approximately 6.5 centimetres apart, which is the centre
distance typically between human eyes. The central projection of the object
projected from the left centre is green coloured, the image projected from the
right centre is red coloured. Viewing an anaglyph stereo image is then easy: we
need a red filter over the left eye and a green filter over the right eye. The eye
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that is covered with the red lens will see only the green image in black.
Similarly, the eye that is covered with the green lens will see only the red
image in black. If colours on the glasses fit with the colours on the printed or
displayed material, we must not see the red image through the red glass with
left eye, respective the green image through the green glass with right eye. Each
eye will see only the image prepared for it (see Figure 1) and so the perception
of depth will be created.

Fig. 1: The principle of anaglyph

The first method to produce anaglyph images was developed in 1852 by
Wilhelm Rollman in Leipzig, Germany. In 1858, a French gentleman named
Joseph D'Almeida used this technique to project anaglyphic stereo lantern
slides onto a theatre screen [8]. The audience viewing the exhibition was
adorned with red and green goggles to witness the very first 3D slide show
ever. William Friese-Green created the first 3D anaglyphic motion pictures in
1889, using a camera with two lenses, which were first shown to the public in
1893. Anaglyphic films called “plastigrams” enjoyed great popularity in the
1920s. These used a single film with a green image emulsion on one side of the
film and a red image emulsion on the other. In 1922, an interactive plastigram,
entitled “Movies of the Future,” opened at the Rivoli Theater in New York [8].

Anaglyphic images have been used in comic books, newspapers, and
magazine ads. In 1953, 3D comic books were invented and distributed with red
and green “space goggles.” But anaglyphs were used not only for
entertainment. Some descriptive geometry textbooks with anaglyph illustration
also arose. One of them is the textbook [9]; its first edition is from the year
1959,

Anaglyphs are used today in science for instance to map the topography and
geology of the planets and moons. Stereo images can reveal geologic features
of the planet not otherwise visible. Just as the early stereogram images allowed
people around the world to experience different places and events, stereo
images of the planets help us to experience these different worlds in a more
tangible way. Scientists at the Jet Propulsion Laboratory used anaglyphic
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images to look at the surface of Mars using pictures sent back by the Pathfinder
spacecraft (Figure 2). This allowed the scientists to experience the planet in a
more familiar way. The features of the surface and the rocks could be analysed
in more detail using these images. The Viking spacecraft that visited Mars in
the 1970s also returned some images in stereo, as did the Apollo missions to the
Moon in the 1960s and 1970s [8]. Anaglyphs allow us to create and view
complicated artificial stereo images and improve our spatial sense this way.
(Figure 3, red-green glasses are recommended to view the images correctly).

Sad NS AT . - * e

Fig. 2: Anaglyph image of Mars surface

Fig. 3: Anaglyph created by A. Osipenkov [12]

5 Using anaglyph in dynamic program GeoGebra

Monge projection is a short name for orthogonal projections to two
perpendicular (horizontal and vertical) planes.
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The double-view orthogonal
projection is named after
Gaspard Monge, the French
mathematician, the inventor
of  descriptive  geometry.
Monge projection has a wide
range of uses in technical
drawing and computer
graphics. This is the reason,
why Monge projection forms
a basic part of the subject
Constructive  Geometry in
teacher training study.
Despite the fact that the
program GeoGebra does not
support Monge projection, it
is possible to display a front
view and a top view of the
objects quite successfully. As
an example we show the
solution of an intersection
problem from the university
textbook [10]. The task
requires  determining  the
intersection of two triangles
. o ABC and MNP in Monge
Fig. 4: Monge projection in GeoGebra projection.

The coordinates of the
vertices are given as A[-1, 0, 6], B[-4.5, 4.5, 0], C[2, 7, 1.5], M[0.5, 1, 0.5],
N[3.5, 3, 4.5], P[-2.5, 7, 5].
The x axis of the plane coordinate system in the graphics screen of GeoGebra
is used as an xi, axis in Monge-projection. That means that the top view of the
triangle ABC is given by (see Figure 4) A([-1, 0], B4[-4.5, -4.5], C4[2, -7], and
the front view is given by A,[-1, 6], B,[-4.5, 0], C,[2, 1.5].
The top view and the front view of the triangle MNP are given similarly. In
general, the top view of a space point X[a, b, c] is a plane point X,[a, -b], and
the front view is given by X,[a, c]. The further solution of the task is identical
with the solution in paper form. The advantage of this dynamical geometry
form of solution is that the coordinates of basic points are variable. We can
create a new task from the previous one and confront the solutions. This
variability has only an assumption that the front view and the top view of each
point move on a perpendicular line to the x;, axis.
A problem appears, when some students are not able to imagine these objects in
3D space. Program GeoGebra can be helpful in this case too. We can use the
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3D version and display the objects in space. To increase the perception of depth
and to have full stereo image, we can use the newest function of the program,
which divides the 3D picture into two central projections in green and red
colours, i.e. creates anaglyph of the original picture. Figure 5 shows the
anaglyph of the left side picture (red-green glasses are recommended to view
the image correctly). After using the rotation function of the program and view
the image through red-green glasses, we receive a full spatial experience with
rotating black-and-white objects in front of and behind the screen.

Fig. 5: 3D picture and its anaglyph

The second ideal usage of anaglyphs in geometry teaching appears in the
subject Curves and Surfaces [11] for computer graphics study. Anaglyph is a
great support for students with lower level of space vision. As an example we
show the bilinear surface with parabola diagonals. Students are able to compute
the equation of the curve on the surface but often, they are not able to imagine
it in space. Figure 6 shows the situation in space (of course, red-green glasses
are recommended to view the image correctly). To increase the spatial
experience, we can choose a rotation function of the program.

6 Conclusion

In the article we emphasized the role of geometry in the advancement of
science and the need for the development of spatial thinking. The aim of the
paper was to demonstrate the usefulness of anaglyph in the program GeoGebra
for teaching spatial geometry relationships. At first we dealt with the history of
anaglyph, than we discussed, how a perfect 3D experience was created. We
have showed the usefulness of this feature of the program GeoGebra on the
seminars of geometry in subjects Monge Projection and Curves and Surfaces.
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Fig. 6: Anaglyph of the bilinear surface with diagonals
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Abstract. The paper shows the development of the teacher&pective on gothic
window tracery. It is a wonderful combination ofogeetry and architecture; it
returns to an initial impulse in the book of Aldiruhar and continues to present
works of students of FA CTU.
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Klicové slovairozetova okna, kruzba gotickych oken, ApolléniaNghy

1 Kruzba gotickych oken v minulosti

Kruzba gotickych oken je nadhernymiikladem spojeni geometrie a
architektury. Ve vyuce na fakgltarchitektury CVUT se tato problematika
objevuje jiz ténsi dvacet let. S vyvojem technickych prestiki se ale rani
zpisob pojednani. Prvni setkani s problematikou getdckého zkoumani
kruzeb gotickych oken bylo v knize Alojze Struh&#ometrickd harmonia
historickej architektury na Slovensku. Zde jsounprkonstrukce provedeny jen
za pomoci pravitka a kruzitka.

Pri hledani geometrickych zakladgotickych oken jsme se obratili na
vyucujici c&jin architektury a na zaklgédejich rad jsme spot&é se studenty
zatali hledatttvercové a trojuhelnikové sigotickych oken. Hklady najdete na
nasich webovych strankach.

2 Kruzba gotickych oken v sokasnosti

V soutasné dob se zcela zgnil piistup k zadavani uloh tykajicich se kruzby
gotickych oken. S pomoci vypetni techniky a grafickych programneni
obtizné zobrazit spragrokno. Na zaklag existujicich okerfeSime teoretické
ulohy, napiklad Apolléniovy Ulohy, dale sesmujeme souvislostem geometrie a
historie, jak se ®ni kruZba v zavislosti na délvzniku okna, ale i v zavislosti
na geografickém vyskytu.

Posledni dva roky zadavam v rdmci semestralnicbi jea rozetova okna.
Ukolem studerit je ukeni pd@tu primych symetrii a Ghlu oteni, dale pak
zakladni tideni rozetovych vzar podle nepimych symetrii nattdy C,a D..
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KATEDRALA NAROZENI P. MARIE, MILAN

Zakladni kamen milanského dému byl polozen r. 1383.

Dém byl vysvécen o sto let pozdéji a zaklenuti kupole se dockal
az na konci 18. stoleti. Plan vychazi z idealniho katedralniho typu,
ktery je pfizplisoben italskym zvyklostem. Chér a ochoz jsou
uzavieny tfemi stranami osmithelniku, kaple v ochozu chybé&;i.[5]

Obr. 1: Ukazka stranky ze semestralni pracérgtelanusove, 2015
3 Zavér
Na z&¥r bych citovala prof. M. Couceira (Faculdade de uitectura da
Universidade de Lisboa) ,Geometry is the hiddenl sol architecture.”

(prednaska Deskriptivni geometrie architekta, konaRaaze na FACVUT v
dubnu 2015).

Podékovani
Dékuji vSem naSim studeinn, kteri prekraiuji svym zajmem povinny ramec
prednetu deskriptivni geometrie.
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Abstract. Mutual conversions between triangular and quadrilateral meshes need
the same degree of both diagonal and boundary curves of quadrilateral meshes.
New approach to quadrilateral patches, S-Patches, offers such possibility. The
Bézier subclass of Smart patches (S-Patch) in the bicubic case is analysed.
Biquadratic and bicubic cases of S-Patches are compared.
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zaplata, bikubicka zaplata

1 Uvod

BeZne pouzivanym nastrojom geometrického modelovania je parametrické
modelovanie. Toto vedie k vyslednej aproximacii povrchu $tvoruholnikovou
sietou. Z druhej strany, ¢astym nastrojom modelovania ploch su trojuholnikové
siete. Vzhladom na réznost’ geometrickych vlastnosti oboch pristupov je ich
vzajomna konverzia dlhu dobu v oblasti zdujmu mnohych autorov. Prehlad
skimanych pristupov najde zaujemca v [3].

Za novy pristup v tejto oblasti mozno povazovat’ [6], kde je sformulovany
pojem S-zaplata (Smart-Patch). V [3] je spravena ur¢ita revizia: na rozdiel od
[6], kde st zaplaty formulované ako fergusonovské, v [3] je pouzita
bézierovskd noticia. Toto dovoluje jednoduchu a jednotnu formulaciu
problému nielen pre bikubické plochy ale pre 'ubovol'ny stupeit modelovanych
ploch. Naviac je tu zavedend podtrieda S-zaplat — BS-zéaplaty, ktord dovoluje
priamu konverziu medzi bézierovskych $tvoruholnikovych sieti na bézierovské
triangulacie.

Praktickd pouzitel'nost bikvadratickych BS-zaplat je dost obmedzena
faktom, Ze ked” vyzadujeme hladké napojenie susednych zaplat, siet’ riadiacich
bodov musi byt tvorend iba kartézskym sicinom dvojice linearne lomenych
¢iar [2], [3]. V [5] je ukazané ze pre kvadraticky pripad su rozdiely S-zaplat
a BS-zaplat nepodstatné.

V porovnani s bilinedrnym pripadom vSak vidime zna¢ny posun, ¢o dava
motivaciu skimat’ koncept S a BS-zaplat pre vysSie stupne.
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Tento prispevok preto priamo nadvdzuje na [3] ast viom ukazané
zakladné vztahy pre bikubické S- a BS-zaplaty.

2 Zakladné definicie a vzt'ahy

Uvazujme parametrickt plochu s rovnakym stupfiom oboch parametrov n,
Roo =+ R 1 ' (1)
XUv)=uRv =@l u - u") ]
Ro = Ry AV
Je evidentné, Ze vo vSeobecnom pripade su obe hlavné diagonaly

D,(u)=X(u,u)=uRu",  D,(u)=X(ul-u)=uRd"
krivky stupiia 2n,
kde =@t 1-u @-u} - @-u))-

Cielom je sformulovat’ podmienky pre riadiace body plochy (1) tak, aby
obe hlavné diagonaly p (u) D,(u) boli krivky stupfia n. Také plochy nazyvame
S-zdplaty (S-Patches) [6].

V [3] bol analyzovany bikvadraticky pripad, tj. n=2. Uzito¢nost
a dolezitost  bikvadratickych  Stvoruholnikovych  sieti a kvadratickych
triangulacii je demonstrovana napr. v [4], [1].

Podobne, ako bolo dokazané v [3], mozno pre bikubicky pripad ukazat, ze:
1. Dbikubicka zaplata (1) je S-zaplata prave vtedy, ked’
ROO ROl ROZ R03 . (2)
Rl() Rll RlZ R
- RZO RZl 0 O
R, —R 0 0

R

2. Bézierova forma bikubickej S-zaplaty

1 0 O -3 3 -1

0 1
3)
. |-3 3 00| |0 3 -6 3|,
X(u,v)=urRv' =u P
3 -6 30 0 0 3 -3
-1 3 -3 1 0 0 0 1
vedie k uréeniu riadiacich bodov vztahom
1 0 00 (1-3 3 -1\"

b_|3 3 00 0 3 -6 3
| 3 -6 30 0 0 3 -3
-1 3 -31 0 0 0 1

¢o po roznasobeni déva sustavu

H: AER! (4)
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ktora detailne vyjadrend ma tvar
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VzhPadom na R je ststava (4) preuréend. Pre zistenie toho, ¢i 11-tica bodov
Pij jednoznacne definuje S-zaplatu, staci vygenerovat zo (4) prislusnu
podstistavu rovnic a zistit, ¢i jej matica je regularna. Obr. 1 a) — d) ukazuje
priklady takych 11-tic riadiacich bodov, ktoré nemézu definovat’ S-zaplatu.
Naopak, konfiguracie bodov 1e) — 1g) jednoznaéne definuju S-zaplaty.

*hd L B X N J L R N N L X I LR B N J L X LR B N J
ee . eee. ese. -se. e " eee. ee
) b) c) d) e) f) 9)

Obr. 1: Zakladné konfiguracie jedenastic riadiacich bodov pre
bikubicku S-zaplatu: a) — d) zavislé konfiguracie, €) — g) nezavislé
konfiguracie.
Z Obr. 1 vidime, ze napr. nemozno zadat S-ziplatu rohovymi riadiacimi
bodami a trojuholnikom (obr. 1a)). Taktiez vidime, Ze pre definovanie S-

zaplaty nemozno pouzit’ celt hranicu (obr. 1e)).
Napr. pre situaciu z obr. le) dostavame z0 (4) podsustavu

[, =AR, (4.1)
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P 9000000000 O
P 9300000000 O
P 9030000000 0],
P, 96 03000000 of™
R01
RlU
Py 9060030000 0},
Py 909009000 O0f"
1 Rll
=§ Rzo
R
Py 0 00 9 R“
Ps 9 39 300 2
RZl
RHO
Py 93903900309 -3,
P, 96 93690369 -6
Py 9999999999 0

Vzhladom na jej regularitu moézeme vyjadrit’
R= (Al )71 I

a ostatné riadiace body [T, = (P, P,,P,,, P,,, P,;) dostaneme zo vztahu
Hz =AR=A, (’5‘1)71 Hl
kde A: je prislusna podmatica (riadky 5, 8, 9, 12, 14) matice A v (4).

3 Kubické BS-zaplaty

V [2] je zavedeny pojem BS-zdplata. Je to S-zaplata, ktora naviac spliiuje
podmienky

1 0 0 0YPRy 1 0 0 0YPyg
-3 3 0 0|R; -3 3 0 0|R,

Dgs1(u)=u , Dpsa(u)=u \ (7)
3 -6 3 0[Py 3 -6 3 0[Py
-1 3 -3 1) Py -1 3 -3 1) Py

tj. diagonalna krivka je bézierova krivka diagonalnych riadiacich bodov. Ked
pre riadiace body v (7) vyuZijeme vztahy z (4), dostavame vyjadrenie
diagonaly Dgsi(u) na zaklade R :

1000 O0OO0OO O OO0OO 8

0110 %300 0 00 0|, (8)
DBSl(u):u R

0 0012310232300

0000 O0O1 Y3 13 11
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Diagondlna krivka pre S-zaplatu vyjadrena pomocou R ma tvar

)

D, (u)=u R

O O O
O O - O
O O p» O
O = O O
O = O O
O = O O
= O O O
» O O O
_ O O O
» O O O
o O o o

Porovnanim (8) a (9) vidime, ze ked" vyzadujeme, aby S-zaplata bola BS-
zaplatou, musi pre R platit’
R=Ri1=Ria=Rp1=0 (10)

Porovnanim diagonal Dgsz(u) a Dso(u) dojdeme taktiez k podmienkam (10).
Pre BS- zaplaty tak zo (4) dostdvame sustavu

Poo
Po1
Pio
Po2
R
P20
Po3
P2
P21
P30
Pi3
P22
P31
Po3
P32
Ps3

Roo
Ro1
Rio
Ro2

(11)

Ros

R3o

© © © © © © © © © © © © © © © ©
© O © W O ©W O W o W O wo O w o
© © O © OO W ©W O W O O w O w O o
© W W O W W O O W W O O w o o o
© © W W W O W W O O w o o o o o
© O ©W O O ©W O O O VW O o o o o o
© © O ©W O O ©W O O O O O O o o o

Podobne ako v pripade S-zaplat, teraz mézeme vytvorit sedmice riadiacich
bodov, definujicich BS-zaplatu — Obr. 2.

Obr. 2: Priklady konfiguracii riadiacich bodov pre bikubicku BS-zaplatu.
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4 Zaver

V ¢lanku je dany prehlad délezitych vlastnosti S-a BS-zaplat pre bikubické
plochy. Je ukazany spdsob, ako najst’ vztahy pre vypocet zavislych riadiacich
bodov. Vidime, ze (Obr. 2) Ze tvarova expresivita bikubickych BS-zaplat
zostava bohuzial' na urovni bikvadratickych BS-zéaplat, tj. ked vyzadujeme
hladké napojenie susednych zaplat, siet’ riadiacich bodov musi byt’ tvorena iba
kartézskym sucinom dvojice linearne lomenych &iar [2], [3]. Toto sa da
ocCakavat’ i pre BS-zaplaty vyssich stupiiov. Preto d’al$iu pracu v tejto oblasti je
treba smerovat’ na detailnej$iu analyzu kubickych S-zaplat.
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Abstract. In the first part we present variabiles in art design, the next part
introduces several proposals for use of variables in mathematical, geometrical and
creative education, in the last part we deal with modelling of variabiles in the
geometric system GeoGebra.
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1 Variabily vo vytvarnom umeni

1.1 Dva svety geometrie

Pri hladani styénych bodov medzi vytvarnym umenim a matematikou sa
stretdvame S pestrou Skalou rdznych obsahov pojmu geometria. Velmi
zjednodusene by sme mohli povedat, Ze na okrajoch tohto vyznamového
spektra existuju dva svety:
a) geometria sveta je realita mimo nas askama tvarové, metrické
a incidenéné vzt'ahy realnych objektov,
b) svet geometrie je realita naSich predstav a v kazdom z nas je tento
svet iny a neopakovatelny.
Napitie medzi tymito dvoma svetmi je hybnou silou interakcie medzi vedou
aumenim uz od staroveku. Geometrické tvary aich vzajomné vizby su vo
vytvarnom umeni metaforickym dorozumievacim jazykom, ktorym odovzda-
vaju umelci svoje posolstva o prezivani a precitovani realneho sveta.

1.2 Variabily

Variabil je slovo muzského rodu. Vzniklo zlucenim dvoch matematickych
pojmov:
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a) Variabilita je slovo latinského povodu a znamena schopnost’ menit’
sa. Pouziva sa v $tatistike.

b) Varidcia je pojem, ktory sa da v slovenéine nahradit’ slovami
obmena, zmena, premena, striedanie. PouZiva sa v kombinatorike.

Vo vytvarnom umeni sa s pojmom variabily stretneme pri popisovani
diela troch predstavitelov sucasného geometrického umenia: Radoslava
Kratinu (1928 Brno — 1999 Praha), Viktora Hulika (1949 Bratislava)
a Mariana Drugdu (1945 Detva). Ich variabily su na prvy pohlad odlisné,
spaja ich vSak podobna filozofia tvorby, ktori mézeme zhrnit do troch
zakladnych principov:

a) Umelecké dielo (obraz, reliéf, socha,...) nema statickii podobu, ale

predstavuje pohyb, proces a dej.

b) Kompozicia diela je vytvorena z jednoduchych tvarov, ktoré st

zviazané geometrickymi pribuznostami.

c) Divak sa moze aktivne z(castiovat’ na premendch vnltornej

Struktary diela.

Kazdy zuvedenych autorov pouziva nielen iné materidly, ale aj iné
vyjadrovacie prostriedky a konstrukcie, ktoré su zaujimavé aj z matematického
hladiska. Ak ich v8ak chceme pouzit vo vyuCovacom procese, je potrebné
urobit’ najprv dosledny rozbor ich myslienkovych postupov a procesov
hladania.

Vsetci traja vytvarnici svojou tvorbou reagovali na vedecké a technické
objavy 20. storoéia, v ktorom vedci skiimali geometrickii podstatu hmoty,
podoby chaosu a jeho premeny v ¢ase. Variabily st ich posolstvami o vnimani
krasy ukrytej v geometrickom poriadku realneho sveta.

Obr. 2: Variabily Viktora Hulika (http://www.artgallery.sk)
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1.3 Variabily Mariana Drugdu

Variabily Mariana Drugdu su zévesné objekty zo sololitu zloZzené z viacerych
farebnych vrstiev, ktoré maju tvar S$tvorca, Sestuholnika alebo kruhu.
Asymetricka kompozicia vyrezov v jednotlivych vrstvach ma pevnu §truktaru
vytvorenu z rovnych alebo zakrivenych linii. Pri ich konstrukcii vyuziva r6zne
geometrické transformacie, najcastejSie posunutie a dilataciu. Premeny vni-
tornej Struktury variabilov pri skladani vrstiev su zavislé od poctu vrstiev a ich
tvaru. Z geometrického hl'adiska menlivost' je dosiahnutad rotaciou a 0sovou
stmernost'ou. Pocet roznych kompozicii je kombinatoricky problém a venovali
sme sa mu v ¢lanku [6]. Na obr.3 je ukazka jedného variabila pozostavajticeho
z troch vrstiev uloZzenych na &iernom podklade — bielej, Zltej a Cervene;.
V hornom riadku st uvedené samostatne dve vrstvy a v dolnom je kompozicia
vytvorena zo vsetkych troch vrstiev. Zobrazili sme ich v Styroch réznych
polohach ziskanych ota¢anim okolo stredu Stvorca. Z hl'adiska geometrie je to
sice ta istd kompozicia, ale ¢lovek ju vnima ako 4 rézne Struktury.

Obr. 3: Variabily Mariana Drugdu (foto Pavel Koren)

2 Variabily vo vyucovani

2.1 Ciele

Proces tvorby variabilov u Mariana Drugdu integruje viacero matematickych
disciplin s umenim, ¢o mdzeme vyuzit' na rdéznych typoch i stupnioch $§kol.
Nacvik rysovania aosvojenie si geometrickych pojmov na hodinach
matematiky moze pokraCovat materidlnou realizaciou kompozicii na
polytechnickej alebo vytvarnej vychove. Po manualnom zostrojovani navrhov
mézeme vo vySSich ro¢nikoch pokracovat’ ich modelovanim v PC. Vychovné
a vzdelavacie ciele tejto témy by sa dali zhrnut’ do troch zakladnych bodov:

a) Zazitkové osvojovanie geometrickych pojmov.

b) Rozvijanie manualnej zruénosti, vnimavosti a kreativity.

c) Nacvik poznavacich procesov.
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2.2 Hras variabilitou

Je vela spésobov, ako vyuzit mySlienku variabilov vo vyuébe. Je tazké
motivovat Studentov k hladaniu vlastnych kompozicii, pokial si sami
nevyskuSame nieco vytvorit. Dolezité je ponukat’ moznosti, nie hotové navody,
aby sa mladi ludia manualnou c¢innostou sami dopracovali k osvojeniu
a k pochopeniu mnohych geometrickych javov. Uvadzame niekol’ko navrhov,
No préca so ziakmi ndm urcite pontikne mnozstvo d’alsich nametov.

1. krok: volba tvaru vrstvy (pravidelny n — uholnik alebo kruh)

a konstrukcia vnutornej Struktiry

Obr. 4: Navrhy $truktar v trojuholniku a v $tvorci

2. krok: volba poctu vrstiev a tvorba vyrezov

lAAAAAAA

Obr. 5: Navrhy vyrezov a ich kompozicie

Aj variabily vytvorené ru¢ne mézeme v pocitaci d’alej farebne upravovat
a vytvarat’ rozne zaujimavé efekty.

2.3 Modelovanie variabilov v GeoGebre

Jednou z alternativ rozvijania geometrického vnimania je modelovanie tvarov
aosvojovanie si geometrickych transformacii na hodindch informatiky.
V stcasnosti existuje niekol’ko softvérovych systémov, ktoré si l'ahko dostupné
a je vhodné ich pouzit’ pri vizualizacii geometrickych a matematickych javov
v priebehu vyuéovania.
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Na modelovanie variabilov pomocou IT je pouzity softvérovy systém
GeoGebra. Jeho T'ahko ovladatelné grafické rozhranie umoziiuje jednoduché
vytvaranie apletov variabilov s rotaciou jednotlivych vrstiev. V l'avom okne je
tvar, konstrukcia vnutornej siete a Struktara vrstiev vymodelovana pomocou
ovladacich tlacidiel v hornom menu. Po vol'be a usporiadani vrstiev je potom
v pravej nakresni mozné spustit’ animaciu variabilov pomocou nastrojov
a transformacii implementovanych v systéme.

Sior Upray VINVad Mastawnis NASIES DO Nipowca Pildsns.
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Obr. 6: Aplet modelovania variabilov v patuholniku
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Obr. 7: Aplet modelovania variabilov v sestuholniku
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3 Zaver

V dnesnej dobe sa geometria vd’aka vypoctovej technike matematizuje a stava
sa vysoko abstraktnou vednou disciplinou. V takejto podobe je pre vécsinu
I'udskej populédcie nezrozumitel'nd. V procese vzdelavania by sme vsak mali
rozliovat’ medzi vedomost'ami a schopnostami. Vedomosti sa daju otestovat’,
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priCom ocakavame jednoznacnu odpoved. Testy vSak nepodéavaju vierohodny
obraz o schopnosti ucit’ sa, tvorit’ i objavovat. Su nielen obrazom intelektu
Studenta, ale ikvality uclitela ajeho schopnosti zaujat a vysvetlit. Vo
vyuéovacom procese by sme sa mali zamerat predovSetkym na rozvoj
kreativity a vnimavosti, ktoré su aj zakladnymi piliermi vedeckého badania.
Historia i $tatistické metddy nam davaji jasne najavo, ze su to tazko meratel'né
schopnosti, ktoré sa u kazdého z nas prejavuja v inej oblasti. Pri kazdej tvorivej
¢innosti je nevyhnutny individudlny pristup k informacidm. V tomto ¢lanku
sme uviedli niekol’ko nametov, ako poznavanim geometrie sveta obohacovat
nas vlastny vmitorny svet geometrie.
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Abstract. At present time we feel technical people shortage, which is responsible
of unsatisfactory knowledges of children about engineering and construction
machinery. By reason of these situation is system of education in Czech and Slovak
Republic. We decided turn back this situation already five years ago, namely in
PREFA KOMPOZITY, a.s. Brno and CMA. We would like excite interest of
preschool age children about machinery, math and geometry. It was the reason,
why we work out and test system of ‘Technical kindergarten® in Brno kindergarten
‘PRAMINEK® .

Keywords: Technical Kkindergarten, technical thinking, creativity, manual skill,
verbal capability

Klicova slova: Technické $kolky, technické mysleni, tvofivost, manualni zru¢nost,
verbalni schopnosti

Projekt ,,Technické Skolky* souvisi s dlouhodobym programem ,,Popularizace
védy a techniky pro mladez*. Myslenka TS vznikla v CMA (Ceska manazerska
Asociace) a autorem je ing. Milos Filip, feditel firmy PREFA Kompozity, a.s.
Brno. Tento projekt zvitézil v soutézi Ceskd inovace Vroce 2011 a ziskal
i Hlavni cenu.

Hlavnim motivem vzniku tohoto projektu bylo:
- velky nedostatek technickych kadri,
- katastrofalni stav u¢novského a stiedniho skolstvi,
- chronicky nezajem mladeze o technické védy, matematiku, geometrii,
fyziku,
- Skoly i skolky nedavaji moznost seznamit mladez se zékladnimi
technickymi znalostmi a neumoziuji rozvijeni manualni zruénosti.

Snahou je vzbudit u déti zajem o techniku, podpofit celkovou technickou
avédeckou gramotnost. Chceme wu déti zlepSit schopnost pfijimat
S porozuménim zakladni poznatky védy a techniky a uvédomovat si, jak
prakticky ovliviuji zivot kazdého z nas.



168 Mihalovi¢ Ladislav

Cilem projektu ,,Technické Skolky*“ je hravou formou, pfiméfenou vékovym
moznostem déti, podporovat a rozvijet jejich:

- technické myslenti,
- tvofivost,
- manualni zru¢nost,

- verbalni schopnosti

Dalsi zvlastnosti tohoto projektu je to, Ze neni striktné udavan pocet hodin
,vyuky“. Bude zalezet na Sikovnosti déti a na vybavenosti §kolni dilny nebo
pracovni ucebny a hlavné na osobnim piistupu pedagogt a dalSich osob,
naptiklad z fad rodica.

Duvody proc je dobré investovat do vychovy déti:

Timto fenoménem se zabyval prof. James J. Heckman, jinak nositel Nobelova
ceny za ekonomiku za rok 2000. Dokazal, ze mimo jinych aspekti je vyhodné
investovat do vychovy déti i z hlediska ekonomického. Nize uvedeny graf to
dokazuje.

Mira
navratnosti Predskolni programy

/

Vyuka ve $kolach

vloienyrkapritél je konstatni

r
Vzdélavani
dospélych

\

Skolky Skoly Kurzy, skoleni, ...

0 Vék
Mira navratnosti do lidského kapitalu, pokud jsou vioZené prostredky konstatni.

Z diagramu jasné vyplyva, ze investice do vzdélani mladeze je z hlediska miry
navratnosti financi neobycejné vyhodna. VSechny vyspélé staty svéta tento fakt
jiz davno respektuji a tim ziskavaji lidsky kapital, ktery je k ,nezaplaceni®.
Rozvoj vSech védnich i praktickych odvétvi prispiva pak k vyraznému pokroku
spolecnosti a je zarukou prosperity statu.

V ramci projektu ,,Technické Skolky* je vytvotfeno nckolik zékladnich uloh se
zaméfenim na technické objekty a zafizeni, které déti kazdodenné obklopuji
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a denn¢ je vyuzivaji. Jsou to obory strojirenské, stavebni i elektrotechnické
a jiné. Kazda uloha prochazi fazemi navrhu, odladéni a oponovani. Vystupem
je podrobny metodicky material uréeny pro pedagogy matetskych skolek.
Obsah téchto manuald neni kone¢ny, ve spolupraci s pedagogy a na zaklade
jejich zkuSenosti a poznatkid se pribézné aktualizuji.

Kazd4 hodina ,,vyuky* projektu TS by se méla fidit timto schématem:

1. Seznameni se s danou ulohou. Détem se podrobné vysvétli, k cemu
dany technicky objekt nebo zafizeni slouzi i jaky je jeho prakticky
vyznam, uziteCnost, jak vznikd, kdo jej vymysli a kdo realizuje
(vyklad, obrazky, modely, vylety a prohlidka objektd, popt. zafizeni).
Také by mélo byt dbano na spravnou technickou terminologii, kterou
by se déti mély naucit.

2. Vytvoreni vlastni predstavy — déti si nakresli pfedmét tlohy podle
svych predstav a vysvétli se jim, Ze podle tohoto vykresu si budou
vyrabét model. Korekce ndvrhi déti ucitelkami je vSak nutnd, aby se
nevytratilo zakladni technické feSeni.

3. Vyroba modelu. Vyrobi se model podle kresby nebo jiz pfedem
postaveného modelu ucitelkami — nejnarocnéjsi ¢ast nejen pro déti, ale
i pro pedagogy. Modely se vyrobi z materidlu, ktery se doporucuje
v manualu, ale je i zde moznost experimentovat.

4. Funk¢nost modelu. Vyrobeny model je chapan jako hracka,
modelujici skute¢ny technicky objekt. Pokud je hotovy, podrobi se
funkénim zkouskam a ovéii se, zda spliuje pozadované technické
naroky. Pokud ne, je nutné jej opravit, doplnit nebo vyrobit znovu.

5. Diskuze. Dalsi fazi je diskuze. Zde je détem dina moznost pro
okomentovani daného technického problému a vlastnoru¢né
vyrobeného modelu nejen mezi sebou, ale i pfi Skolnich besidkach,
doma v roding, u znamych, ptibuznych, atd.

Diraz by se mél klast zejména na odpovédi otazek:
pro¢,

jak,

Z jakého diivodu bylo zvoleno toto ieSeni,

k ¢emu se to da pouZit.

6. Pouziti modeli ke hi‘e. Pani ucitelky vymysli a navedou déti na hry
s vytvofenymi modely, které souvisi s pouzitim pravé probirané¢ho
technického objektu. Timto se déti seznami se spravnym pouzivanim
a moznostmi skute¢ného stroje nebo zafizeni. Spravné vymyslend hra
pak usnadiiuje uchovani ziskanych védomosti a je cestou k trvalejsimu
zajmu nékterych déti o techniku.

7. Zhodnoceni ,hodiny*“. Pani uéitelka provede zhodnoceni ,,hodiny*,
zejména pochvali disciplinované, snazivé a peclivé déti a da je
ptikladem pro ostatni.
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Je také znamo, ze budouci sméfovani zajmu déti o védéni a volbé povolani se
formuje jiz v raném veéku. V dnes$ni dobé je skolstvi pfefeminizované a v drtivé
vétsiné pani ulitelky o technice a vyuziti matematiky a geometrie v tomto
odvétvi nevi vibec nic a nejhorsi je, Ze nemaji ani zajem. I znalosti rodicd
0 téchto oborech jsou v dne$ni dobé minimalni. Takze déti se nedozvi viibec
nic.

Co je tedy mozné udé¢lat? Pokusit se zménit ndzor na matematiku a geometrii.
Vzdyt je to prostfedek pro kreativni vyuziti techniky pro spoleénost. Jak to
udélat? Pokusit se ucitelim vysvétlit a naucit je postupnymi kroky porozumét
dané tematice. Dale je pii vyuce téchto predmétd dulezité vysvétlit détem
k ¢emu jsou uzite¢né naucené znalosti v praxi, kde se tyto védomosti upotiebi.
Proto si myslim, Ze pedagogové na kazdém stupni Skolstvi by méli
spolupracovat s odborniky v daném oboru. Tito by pak mohli najit vhodné
praktické vyuziti pro pravé ziskané védomosti a studenti by pak pochopili
divody studia dané latky.

Déti potiebuji vzory. V prvé fadé jsou to rodice, kteti by méli slouzit jako
pozitivni pfiklad v chovani, discipliné a nazoru na svét. V dneSni dobé jsme
svédky toho, ze déti maji za vzor tzv. celebrity, to jsou zpévaci, herci, fotbalisté
apod. My se snazime détem poskytnout jiné vzory a to takové, které nam
usnadnily zivot a udélaly jej bohatsi o znalosti pfirodnich d&ji a také znalosti
0 technickych objektech, které nds dennodenné obklopuji. Také jim
vysvétlujeme, Ze autofi téchto poznatkl a véci museli studovat, najit zakonitosti
a porozumét zakladnim principtim a az pak byli schopni vytvofit néco lepsiho,
vynalézt néco nového. Pro¢ tedy neuvadét pii kazdé prilezitosti pfiklady
vynikajicich matematik,, geometrt, techniki? Snad v nékterych hlavickach
déti-studentli se objevi touha se jim vyrovnat a néco nového, uzite¢ného pro
lidstvo vynajit, vyrobit!

Na zavér je nutné jesté zminit, e projekt TECHNICKE SKOLKY se usp&iné
prosazuje nejen v CR, ale i v posledni dobé v SR. Uz vime, Ze na§im kurzem
proslo cca 600 déti a zapojilo se asi 120 MS. V mnoha $kolkach je tento
program nadSené realizovan a zapojuji se do né¢j i rodice a prarodice déti.
Mame dobré reference i z Videnské matetské skolky.
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Abstract. In this paper, we focus on determining B-spline/NURBS volume
parameterizations of Kaplan turbines segments. These volumetric parameteri-
zations are consequently used for fluid flow simulation based on isogeometric
analysis. We mention two methods to describe volumetric parameterizations
and show application of them on several parts of Kaplan turbine.

Keywords: NURBS volumes, water turbines, isogeometric analysis

1 Introduction

In this paper, we present geometric model of a horizontal Kaplan turbine and es-
pecially its volumetric parameterization (see [7]). Different parts of the turbine
bounding its inner volume are represented with the help of NURBS surfaces
and their corresponding control nets and knot vectors are automatically gener-
ated based on given shape paremeters. Moreover the method called isogeometric
analysis (IGA), for more details see [4], which fills the gap between the CAD
and FEM, employs this type of objects. Thus, the flow through turbine or the
shape of the Kaplan turbine can be further analyzed via IGA. Kaplan turbine
consists of several parts (entrance canal, space between guide vanes and run-
ner, draft tube, ...) and thus the suitable segmentation has to be done to obtain
topologically hexahedral subdomains.

The paper is divided into two sections. In the first section we show two
methods for obtaining B-spline/NURBS volume parameterizations and in the
second part of the paper we present segmentation of Kaplan turbine and we
describe volumetric parameterizations of particular segments.

2 Methods for determining B-spline/NURBS volumes

We present two methods required for the description B-spline/NURBS volumes
of Kaplan turbine. The first one is a method of determining the NURBS volume
of revolution, which is achieved by rotation of surface around the predetermined
axis. The second method is more general and the input are six surfaces forming
boundary of the resulting volume.

Before we specify methods for describing B-spline/NURBS volumes we re-
mind their definition (see [1]).

Definition 1 NURBS volume of degree (p, q,) is determined by a control net
(m~+1)x (n+1)x (I41) of control points P ji,, with weights w;jx, i =0, ...,m,
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Figure 1: Left: Segmentation of blade canal projected to plane; Right: Segmen-
tation of blade canal (red) together with geometric model of a Kaplan turbine.

j=0,...,n, k = 0,...,0 and three knot vectors U = (ug, ..., Umtp+1),
V= (vo,...,Untqs1), W = (wo, ..., Wrry1). Parameterization is then

S S o Yo Nip (W) Nj g (v) N o (w)wi P

v(u,v,w) = — -
S Y ko Nip (W) N g (0) Ny (w)wii,

where N; ,(u), Nj q(v) a Ny (w) are B-spline basis functions p, q and r.

In the case of B-spline volumes all weights w;;;, of control points P;;;, are
equal to one. NURBS volumes are generalizations of NURBS surfaces and
therefore they possess analogous properties as NURBS surfaces, i.e. it is fast
and numerically stable to generate points on the NURBS volumes, and compu-
tation of these points is invariant with respect to projective transformations (for
more information see [6]).

2.1 NURBS volume of revolution

Without loss of generality, let us consider two NURBS curves c¢(¢) and c’(¢)
lying in the plane zz with the same degree  and the same knot vector W =
(wo, ..., wi4r4+1) and determined by control points Cj, and Cj,, where k =
0,...,l and ! is the number of control points. We create control net of NURBS
volume of revolution with the rotation axis coincident with the x-axis, such that
we define points of annulus for each pair of points Cy, C}. in yz plane. Annulus'
is formed of two circles with radii C . and C?, ;. (z coordinates of given points),

n this case, we consider not only the planar case of annulus, but also a space one, i.e. it can be
a part of the (truncated) cone or cylinder.
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and the centers are (C; %, 0,0) and (C”, ,,0,0) (x coordinates of the points), i.e.
for each £ we determine control net

( P[C. k. (Cyk,0,0)] )
P[C/,k’ (C/,kvo’o)] ’

z x

where P[R, S] are control points of circle with radius R and centre S. Control
net has dimensions 2 x 9 x (I + 1) and the corresponding knot vectors are
U=(0,0,1,1)and V = (0,0,0,1/4,1/4,1/2,1/2,3/4,3/4,1,1,1)and W =
(wo .+ Wigry1).

2.2 B-spline/NURBS volume for given boundary

The second type of volume which occurs in the volumetric parameterization

of Kaplan turbine is defined by six boundary surfaces (two surfaces lies on the

spheres). The procedure of constructing the volume is divided into several steps:
1. determining surface for given boundary curves

(a) surfaces with boundary curves lying on the sphere:

e projection of boundary curves to the plane using stereographic
projection,

e determining the remaining boundary curves (if it is necesarry),

e compute internal points for the given boundary curves using 2D
discrete Coons patch,

e projection of the patch back to the sphere,

e approximation of the patch on the sphere,

(b) surfaces with boundary curves not lying on the sphere: computation
of 2D discrete Coons patch

2. the resulting hexahedron: compute 3D discrete Coons patch.
For more details about discrete Coons patch algorithms see [2, 3].

3 Segmenatation of Kaplan turbine

In this section we present segmentation of Kaplan turbine and we analyze each
part in the terms of B-spline/NURBS volume parameterization.

As it was mentioned in the introduction, Kaplan turbine was divided into sev-
eral parts because it is not possible to describe the volumetric parameterization
in one piece from the geometric point of view (the problem arises especially in
parts where blades are situated). The first basic segmentation of Kaplan turbine
is into two parts: blade canal and the draft tube. Volumetric parameterization of
a draft tube has already been given in [5], but its volume parameterization was
changed due to the sensitivity of isogeometric solver. Fig. 1 shows segmentation
of a blade canal of a Kaplan turbine divided into four parts: entrance volume,
part with guide vanes, the section between blades and part with runner blades.

Segments and their volumetric parameterizations are described in the fol-
lowing paragraphs.
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Figure 2: NURBS volumes of Kaplan turbine.

3.1 Entrance volume and the section between guide vanes and runner blades

Both segments are parametrized as NURBS volumes of revolution (described in
section 2.1). In the first part generatrices are segments of lines and the control
net has dimensions 2x9x3 and the degrees of NURBS volume are (1,2,1). In
the section between guide vanes and runner blades generatrices are segments
of lines and segment of circle, the control net has dimensions 2x9x5 and the
degrees of NURBS volume are (1,2,2). Both segments has two similar knot
vectors U = (0,0,1,1), V = (0,0,0,%,1,4,1,2,3,1,1,1) and the third knot
vector depends on generatrices of volume. For the entrance volume the last knot
vectoris W = (0, 0, %, 1,1) and for the section between guide vanes and runner
blades the last knot vector is W = (0,0,0, 3,1,1,1,1).

3.2 Part with guide vanes (GV)

Since segment number two includes guide vanes (GV), it is necessary to divide
it into several parts. Specifically, the part between the guide vanes, section be-
tween the end of the entrance volume and the leading edge of blades, volume
after the part between the blades and because the blades have non-zero thick-
ness it is required to describe also the segment after trailing edge of blades.
All parts are determined as B-spline/NURBS volumes for given boundary, thus
we apply algorithm described in section 2.2. Moreover, the situation is sim-
plified to search only two boundary surfaces, because guide vanes are linear in
the direction of blade’s axis. The two boundary surfaces we are looking for
lie on the spheres. For the part between GV we know the suction side of one
blade and the pressure side of the other one. Remaining boundary curves are
determined after projection of blade’s curves to plane. Control net of B-spline
volume has dimensions 4 x8x2 and knot vectors are U = (0,0,0,0,1,1,1,1),
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Figure 3: Top: Segmentatation of draft tube; Bottom: Part with hub (left), cone
part (middle) and transition to cuboid part (right).

vV =1(0,0,0,0, %, %, %, %, 1,1,1, 1), that depends on parameterization of blade
in the direction of flow, and W = (0, 0, 1, 1), which is in the direction of blade’s
axis. The construction of part in front of GV and part behind GV is the same.
For each surface lying on the sphere we know two boundary curves (from the
volume between GV and the entrance volume or the volume of segment no. 3).
The remaining curves for part in front of GV are determined such that we search
intersection point with the boundary of entrance volume in the direction of cam-
ber mean-line, for part behind GV we search intersection point with segment
no. 3 and the direction of trailing edge. For the part behind trailing edge of
blade we know all boundary curves. These three volumes have the same knot
vectors U = (0,0,0,0,1,1,1,1),V = (0,0,0,0,1,1,1,1), W = (0,0, 1, 1).

3.3 Part with runner blades

Determination of volumetric parameterization of segment no. 4 is analogous
to the segment no. 2 described in the previous section 3.2, but there are two
differences. The first one is an additional volume formed between the housing of
turbine and the upper part of runner blades, since runner blades are truncated by
sphere and the housing of turbine is a part of the cylinder. The second difference
is caused by the fact that runner blade is cubic in the direction of blade’s axis
(not linear as in the case of guide vanes), therefore it is necessary to find a
parameterization of the six surfaces forming the boundary of the volume.

All NURBS volumes of Kaplan turbine segments are shown in Fig. 2.

3.4 Draft tube

In [5] the first proposal of volume parameterization of draft tube was presented.
Since we have changed the parameterization of housing of turbine and we also
found out that isogeometric solver is sensitive for singular points we had to re-
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move singularity of volumetric parameterization of the draft tube. To avoid sin-
gularities we redistributed draft tube into three parts (see Fig. 3): part with hub,
cone part, transition to cuboid part. First two parts are volume of revolutions
(see subsection 2.1) and the third part remains the same as in the first proposal
(see [5)).

4 Conclusion

In this paper, we studied parts of Kaplan turbine and especially we analyzed
their volumetric parameterizations with the help of B-spline/NURBS volumes.
We proposed segmentation of Kaplan turbine and we showed two methods for
obtaining volumetric parameterizations. In the future, we plan to determine also
a geometric model of Francis turbine together with its volume. These models
will be used for fluid flow simulation via isogeometric analysis.
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Abstract. Nil-geometry is derived from the famous Heisenberg
matrix group. It is one of the 8 Thurston 3-geometries, having also
an affine-projective interpretation, as the first author initiated with
his colleagues. J. Szirmai found a top dense geodesic ball packing in
Nil (of kissing number 14) with density 0.78... denser than the best
FEuclidean one with 0,74... with kissing number 12 in the famous
Kepler conjecture. If we linearize Nil, i.e. its translation curves, as
systematically made by K. Brodacewska in her dissertation, then -
as a new result of the authors - the geodesic curve can explicitly be
determined from the corresponding second order differential equation
system. Geodesic spheres and balls can be attractively visualized using
these results.

Keywords: Thurston geometries, Nil-space, Linear model, Ball packing
problems

1 Basic notions of Nil geometry

Nil geometry can be derived from the famous real matrix group L(R),
applied by Werner Heisenberg. The left (row-column) multiplication of
Heisenberg matrices

1 =z =z 1 a ¢ 1 a+z c+axb+z
0 1 y 01 b|J]=10 1 b+y (1)
0 0 1 0 0 1 0 0 1

defines ”translations” L(R) = {(z,9,2) : z,y,z € R} on the points of
Nil = {(a,b,¢) : a,b,c € R}. These translations are not commutative in
general.

The matrices K(z) <L(R) of the form

1 0
0 1 — (0,0, 2) (2)
0 0

= O W

constitute the one parametric centre, i.e. each of its elemenst commutes
with all elements of L. The elements of K are called fibre translations.

Nil geometry can be projectively interpreted by the ”right transla-
tions”, as the following matrix formula shows, according to (1)
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(11 a, ba C) — (1;(1’ ba C)

= (L;z4a,y+b, z+bz+c). (3)

o O O =
oo 8
o~ oW
— 8 O W

The infinitesimal arc-length-square in any point of Nil can be obtained
by pull-back translation into the origin:

(dx)? + (dy)? + (—xdy + dz)? =
(do)? + (1 +2%)(dy)? — 2u(dy)(dz) + (d2)* =: (ds)? (4)

defining the Riemann metric tensor g and its inverse:

1 0 0 1 0 0
g=|0 1+22 —z |,¢gt:=(0 1 x (5)
0 -z 1 0  1+a?

The above translation group L can be extended to a larger group
G, preserving the fibering and the Riemann metric. That will be the
(orientation preserving) isometry group of Nil.

In [3] E. Molnér has shown that a rotation trough angle w about the
z-axis at the origin, as isometry of Nil, will be a quadratic mapping of
2,1y into the z-image Z - in the original model - as follows:

R=r(Ow): (Lz,y,2) = (1,7,7,2);
T =xcosw —ysinw, ¥ =xsinw + ycosw, (6)

_ 1 2 2\ - 1
Z=2z— §xy+ z(a: — y°) sin 2w + §xyc082w.

This rotation formula R, however, is conjugate by the quadratic mapping
M to the linear rotation € in (7) as follows

1
M: (1;x,y,2)ﬂ>(1;x’,y’,z’)=(1;x7y,z—§wy) to

1 0 0 0

. N Qe e ey 1.0 1 |0 cosw sinw 0
Q: (L2,y,7) — (L, y,2”) = (1;2',y,2) 0 —sinw cosw 0
0 0 0 1

1 1
Wlth M—l . (1;1‘”7:1/”72”) M (17§7y’2> — (1;$”,y”,2” + §ZC” 77).

(7)
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1.1 Geodesic curves and spheres

The geodesic curves of Nil geometry are generally defined as having locally
minimal arc length between their any two (near enough) points. The
equation systems of the parametrized geodesic curves g(z(t), y(t), z(t)) in
our model can be determined by the general theory of Riemann geometry:
We can assume, that the starting point of a geodesic curve is the origin
because we can transform a curve into an arbitrary starting point by
translation;

2(0) = y(0) = 2(0) =0; #(0) = ccosa, §(0) = csina,
20)=w; —mr<a<m.

The arc length parameter s is introduced by

s =1+/c2+w?-t, where w =sinf, ¢ = cosf, —

i.e. unit velocity can be assumed.

b0l 3
IA
>
IA
vl

Remark 1.1 Thus we have harmonized the scales along the coordinate
azxes.

The equation system of a helix-like geodesic curve g(z(t),y(t), z(t))
with 0 < |w| < 1 is complicated enough in our original model:

2¢c . wt wt 2¢ . wt . swt
z(t) = — sin — cos (—Jra), y(t) = — sin — sin (—Jra),
w w

2 2 2 2
c? sin(2wt + 2«) — sin 2«
- (14 5[0 |
2(t) =w + 2w? 2wt
+(1 3 sin(2wt)) 3 (1 _ sin(wt +2a) — sin2a)}} _
wt 2wt
c? sin(wt) 1 —cos(2wt)y
ot (1) () )
In the cases w = 0 the geodesic curve is the following:
. 1 2 ,2 .
xz(t)=c-tcosa, y(t)=c-tsine, z(t)= 3¢ ~t“cosasina.  (8)

The cases |w| = 1 are trivial: (z,y) = (0,0), z =w - t.

Definition 1.2 The distance d(Py, Py) between the points Py and Py is
defined by arc length of the geodesic curve from Py to Ps.

In the work [10] the following definitions have been introduced:
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Figure 1: Geodesic sphere in our original model

Definition 1.3 The geodesic sphere of radius R with centre at the point
Py is defined as the set of all points P in the space with the condition
d(Py, P») = R. Moreover, we require that the geodesic sphere is a simply
connected surface without self-intersection. in the Nil space.

In [10] J. Szirmai has obtained the following theorems:

Theorem 1.4 The geodesic sphere and ball of radius R exists in the Nil
space if and only if R € [0, 27].

Theorem 1.5 The geodesic Nil ball B(S(R)) is convex in affine-Euclidean

sense in our original model if and only if R € [0, §].

2 The new linear model of Nil-geometry
In her thesis [1] K. Brodaczewska proved the following theorem:

Theorem 2.1 Let the Nil-geometry be given with the original model. The
M diffeomorphism (see (7) ) gives a new model of Nil with the following
metric tensor:

1+% —lay
g: =1 —lay 1—|—% -3 (9)
y _z 1
2 2

This new model of Nil-space linearizes the so called translation curves of
Nil (by a linear differential equation see: [12]). For this reason we will
call this model the "linear model” of Nil-geometry.
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The old translation formula 3 also changes to:

1 =z vy z
. . 0 1 0 —3y
(17a7b7 C) — (17aab7 C) 0 0 1 %1, (10)
0 0 0 1

In a similar fashion we can compute the Nil-rotation about the z-axis by
a linear way:

1 0 0

0 cosf —sinf
0 sinf8 cosp
0 0 0

(L;a,b,¢) = (1;a,b,c)

_= o O O

which is a Euclidean rotation about the z-axis.

2.1 Geodesic curves in the linear model

In the following our aim is to determine the geodesic curves of Nil in
the linear model. These can of course be computed by the M quadratic
mapping on the curve of the original model, but solving the new geodesic
differential equation, we get the same curve.

Let us use cylindrical coordinates (r, 8, z) in Nil-space:

x=rcosf,y =rsinb, z

The invariant Riemann arc-length-square is by pull-back on the base
of (10) now:

1 2
(@5)2 = () 4+ (@) + | (o~ dy-a) 4 0] =

2
1
= (dr)? + (dO)r? + [dz - 2r2da] _ )
1 0 0 dr ‘ .
= (d’f’, d9, dZ) 0 72 + iTA _%7“2 da = du’gijduj
0 —3r 1 dz

We know, that the Christoffel symbol is:

b — }glk 991 , 9ga  Ogij
Y2 out  Oud ou!

For the differential equation of geodesics ii* + Ffjuluj = 0 holds:
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2
1 =77+ rrff + [z — ;TT‘é:l

i.e. unit velocity is assumed. We get the differential equation of the
geodesic line:

1 .. .
0=7— <r+2r3>00+r02

. 1 2\ .. 2
O=0+(r+)f9—f2 (12)
2 r r
1 .. 1
0=%+ 17"31*0 -5

with initial conditions:

r(0) =0,0(0) = u,2(0) =0

: 13
7(0) = cosv,6(0) = 0,2(0) = sinv (13)

By solving this equation with the usual differential equation methods,
the result is:

1
r(s) = 2cotw - sin (25 . sinv)

0(s) = %s ~sinw + u (14)

2

s -sinv — sin(s - sinv)
sin” v

1
z(s) = s-sinv — 500321) [

where —m < u < 7w and —§ < v < Z. Or, substituting into ¢ the radius
R, we get the equation of geodesic sphere with longitude v and altitude
v:

1 1
X(t) = cos(u + it sinv) - 2cot v - sin(it sinv),
1 1
Y (t) = sin(u + §tsin v)-2cot v - sin(ﬁt sinv), (15)

1
Z(t) = tsinv + 3 cot? v(tsinv — sin(tsinv)),

where —m <u <7and -5 <v < 7.
2.2 Geodesic ball packings and their Dirichlet-Voronoi cells in
the linear model

In this subsection we will visualize the densest lattice-like geodesic ball
packing and its Dirichlet-Voronoi cell (see [10]). Let I' be a crystallo-
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graphic group of Nil, i.e. with a discrete 3-dimensional group of its trans-
lations.

Definition 2.2 We say that the point set
D(K)={P eNil : d(K,P) <d(K®&,P) forallge T}

is the Dirichlet—Voronoi cell (D-V cell) to T around the kernel point K €
Nil.

Definition 2.3 We say that
'p={gel: P®=P}
is the stabilizer subgroup of P € Nil in I'.

Using these preliminary definitions we can now define the ball packing to
a crystallographic group of Nil.

Definition 2.4 Assume that the stabilizer I'x = 1 the identity, i.e. T
acts simply transitively on the I'-orbit of K € Nil. Then let By denote
the greatest ball of centre K inside the D-V cell D(K), moreover let p(K)
denote the radius of Bi. It is easy to see that

1
K) = min —d(K, K%).
p(K) grglyf\lmd( , K®)

If the stabilizer T > 1 then T' acts multiply transitively on the T'-orbit
of K € X. Then the greatest ball radius of By is

1
K)= min -d(K,KS
p(K) ponin ( )

where K belongs to a 0- 1- or 2-dimensional region of X (vertices, axes,
reflection planes).

Definition 2.5 The density of ball packing By is

VOZ(BK)
0K) = ——7.
(K) VolD(K)

In [10] J. Szirmai determined the seemingly densest lattice-like ball
packing in Nil. Figure 2 shows this ball packing and a Dirichlet-Voronoi
cell in the linear model.
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Figure 2: The densest lattice-like geodesic ball packing in Nil and its
Dirichlet-Voronoi cell in the linear model (with the new geodesic spheres)

3 Conclusion
As a summary we newly formulate the theorem from [3].

Theorem 3.1 (E. Molnar [3]) (1) Any group of Nil isometries, con-
taining a 3-dimensional translation lattice, is isomorphic in the new model
to an affine group of the affine (or Euclidean) space A3 = E* whose pro-
jection onto the (z,y) plane is an isometry group of E2. Such an affine
group preserves a plane — point null-polarity (see [7]).

(2) Of course, the involutive line reflection about the y axis

(]-a z,Y, Z) - (17 —Z,Y, _Z)a

preserving the Riemann metric, and its conjugates by the above isome-
tries in (1) (those of the identity component) are also Nil-isometries.
Orientation reversing Nil-isometry does not exist.
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Abstract. In this paper, we introduce a new generalization of Pascal’s
triangle. The new object is called the hyperbolic Pascal triangle since
the mathematical background goes back to regular mosaics on the
hyperbolic plane. Based on the hyperbolic regular cube mosaic in the
hyperbolic space we define the hyperbolic Pascal pyramid. Then we
investigate certain quantitative properties such as the number, the
sum, and the alternating sum of the elements of a row.

Keywords: Pascal triangle, Pascal pyramid, regular mosaics on hyper-
bolic plane, cube mosaic in hyperbolic space.

1 Hyperbolic Pascal triangles

There are several approaches to generalize the Pascal’s arithmetic triangle
(see, for instance [3, 4]). A new type of variations of it is based on the
hyperbolic regular mosaics denoted by Schléfli’s symbol {p, ¢}, where (p—
2)(¢g —2) > 4 ([7]). Each regular mosaic induces a so called hyperbolic
Pascal triangle (see [2]), following and generalizing the connection between
the classical Pascal’s triangle and the Euclidean regular square mosaic
{4,4}. For more details see [2], but here we also collect some necessary
information.

The hyperbolic Pascal triangles based on the mosaic {p,q} can be
figured as a digraph, where the vertices and the edges are the vertices
and the edges of a well defined part of the lattice {p,q}, respectively,
and the vertices possess a value that give the number of the different
shortest paths from the base vertex. Figure 1 illustrates the hyperbolic
Pascal triangle when {p, q} = {4,6}. Here the base vertex has two edges,
the leftmost and the rightmost vertices have three, the others have five
edges. The quadrilateral shape cells surrounded by the appropriate edges
correspond to the squares in the mosaic. Apart from the winger elements,
certain vertices (called “Type A”) have 2 ascendants and 3 descendants,
while the others (“Type B”) have 1 ascendant and 4 descendants. In the
figures we denote the vertices type A by red circles and the vertices type B
by cyan diamonds, further the wingers by white diamonds. The vertices
which are n-edge-long far from the base vertex are in row n. The general
method of preparing the graph is the following: we go along the vertices
of the 5 row, according to the type of the elements (winger, A, B), we
draw the appropriate number of edges downwards (2, 3, 4, respectively).
Neighbour edges of two neighbour vertices of the j*! row meet in the
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(7 + 1)*" row, constructing a new vertex type A. The other descendants
of row j have type B in row j+1. In the sequel, ]Z[ denotes the k*" element
in row mn, which is either the sum of the values of its two ascendants or
the value of its unique ascendant. We note, that the hyperbolic Pascal
triangles has the property of vertical symmetry.

Figure 1: Hyperbolic Pascal triangle linked to {4,6} up to row 5

In studying the quantitative properties of the hyperbolic Pascal trian-
gle {4,q}, first we determine the number of the elements of the n'" row
of the graph. Denote by a,, and b,, the number of vertices of type A and
B, respectively, further let s, = a, + b, + 2, which gives the total number
of the vertices of row n > 1. Recall, that ¢ > 5.

Theorem 1. The three sequences {ay}, {bn} and {s,} can be described
by the same ternary homogeneous recurrence relation

Tp=(q—1xp—1 —(¢q—1)zp_o+x,_3 (n>4),

the initial values are a1 = 0,a3 = 1l,a3 = 2, by = 0,b5 = 0,b3 = q — 4,
§1=2,82 = 3,83 =q.

Let ay,, b, and 8, denote the sum of type A, type B and all elements
of the n* row, respectively. We will justify the following statements.

Theorem 2. The three sequences {an}, {bn} and {5,} can be described
by the same ternary homogenous recurrence relation

Lp = qTp—1 — (q + 1)-7:7;—2 +2x,_3 (TL > 4)7
the initial values are a1 = 0, Gy = 2, a3 = 6,b; =0, by =0, by = 2(q—4),

§1:2, §2:4, §3:2q.

Let s, be the alternating sum of elements of the hyperbolic Pascal
triangles (starting with positive coefficient) in row n, and we distinguish
the even and odd cases (see [6]).



Pascal triangles and pyramid in the hyperbolic space 189

Theorem 3. Let g be even. Then

Sn—1 .
~ i 0, if n=2t+1, n>1,
S”—z;( 1))1‘(_{ —25—q)"" ' +2, if n=2t, n>2,
iz

hold, further so = 1.
Theorem 4. Let ¢ > 5 be odd. Then sy = 1, further

sn—1 . 0, if n=3t+1, n>1,
o= 2 D=8 (-5 2 i n=3-1,
=0 2(=2)t(g—5)"t+2, if n=23t n > ng,

where (n1,n2) = (2,3) and (5,6) if n > 5 and n =5, respectively. In the
latter case s =0, 53 = —2.

Along paths of the hyperbolic Pascal triangle {4,5} we can find some
well-known sequences for example the Fibonacci and the Pell sequence
(see Figure 2). Generally, we can prove Theorem 5.

Figure 2: Fibonacci and Pell sequences in the hyperbolic Pascal triangle

{4,5}

Theorem 5. Letn, and fo < f1 denote positive integers with ged(fo, f1) =
1. Further let {f,} denote a binary recurrence sequence given by

fn=n0fn1E fno2, (n>2).

The values fy and f1 appear next to each other in a suitable row of the
Pascal triangle, such that the type of f1 is A. Then all elements of the
sequence are descendants of the vertex labelled by f1, all have type A.
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2 Hyperbolic Pascal pyramid

The 3-dimensional analogue of the original Pascal’s triangle is the well-
known Pascal’s pyramid or more precisely Pascal’s tetrahedron (left part
in Figure 3 or [4]). Its layers are triangles and the numbers along the three
edges of the n' layer are the numbers of the n'* line of Pascal’s triangle.
Each number inside in any layers is the sum of the three adjacent numbers
in the layer above.

We can defined a hyperbolic Pascal pyramid (right part in Figure 3)
in the hyperbolic space based on the hyperbolic regular cube mosaic (cu-
bic honeycomb) with Schlafli’s symbol {4, 3,5} generalised to hyperbolic
Pascal triangles and classical Pascal’s pyramid which is based on the Eu-
clidean regular cube mosaic {4, 3,4} (see [5]).

We denote the sums of the vertices A, B, C, D and E in level i by a;,
b;, ¢;, d; and e;, respectively.

Theorem 6. The growing of the numbers of the different types of the
vertices are described by the system of linear inhomogeneous recurrence
sequences (n > 1)

Anp4+1 = Qp + bn + 37
bpy1 = an+2by,,
1 2
Cn+1 — gan +cn+ gdny
dn+1 - %bn + gcn + 2dn + geny
Ent+1 = 3077, + 4dn + 66n7

with zero initial values.

Denote respectively a.,, Bn, Cn, d, and é, the sums of the values of
vertices type A, B, C, D and E on level n, and let §, be the sum of all
the values.

Theorem 7. Ifn > 1, then

dnJrl = 2a,+ 2871 + 6,

I;n—i-l = an+ 28717

én+1 = ap+3¢, + 2dna

dpi1 = by 3cy +4d, + 5én,
bni1 = 36n+4d, + 66,

with zero initial values.

Figure 4 show the growing from the level 4 to the level 5 in the hy-
perbolic Pascal pyramid. The colours and shapes of different types of the
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Figure 3: Euclidean and hyperbolic Pascal pyramid
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Figure 4: Connection between levels four and five in hyperbolic Pascal
pyramid
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vertices are different. The numbers without colouring and shapes refer to
vertices in the lower level. The graphs growing from a level to the new one
contain graph-cycle with six nodes. These graph-cycles figure the convex
hulls of the parallel projections of the cubes from the mosaic, where the
direction of the projection is not parallel to any edges of the cubes.
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Abstract. In the text properties of a cubic surface which is related to
the well-known Simson—Wallace theorem are presented. Given a skew
quadrilateral then the locus of the point whose orthogonal projections
onto the sides of the quadrilateral are coplanar is a cubic surface.
Properties of this locus such as decomposability, structure of lines on
the surface and the existence of singular cases are investigated using
computer aided analytical method.

Keywords: Simson—Wallace theorem, skew quadrilateral, cubic surface.

1 Introduction
The well-known Simson—Wallace theorem reads:

If P is a point in the circumcircle of a triangle ABC' then orthogonal
projections of P onto the sides of ABC' are collinear, Fig. 1.

Figure 1: Simson—Wallace theorem — points K, L, M are collinear

A generalization which is ascribed to J. D. Gergonne is as follows:

If P is a point of a circle which is concentric with the circumcircle of a
triangle ABC' then orthogonal projections of P onto the sides of ABC
form a triangle with a constant area.

If the area is zero we get the classical Simson—Wallace theorem.

There are several generalizations of the SW theorem on a tetrahedron.
For the following generalization on a tetrahedron see [6, 1, 3]:
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Figure 2: Cayley cubic 4pgr — (p+q+r—1)2 = 0 for a regular tetrahedron

Let K, L, M, N be orthogonal projections of an arbitrary point P to the
faces BCD, ACD, ABD, ABC of a tetrahedron ABCD. Let A= (0,0,0),
B = (a,0,0), C = (b,c,0) and D = (d,e, f). Then the locus of the point
P = (p,q,7) such that the tetrahedron KLMN has a constant volume s
is the cubic surface

F:=acf3G+sQ =0, (1)
where
G = 2 f2p?q+ cf(e? + 2 — ce)p?r + cf?(a — 2b)pg?® + cf?(a — 2d)pr? +
2cef(b—d)pgr+b(b—a) {23+ f (be(a—b) +cd(d—a)+cf?)q*r+ f2(b? —ab+
c2—2ce)qr? + (be(a—b)+cd(d—a)+ce(e—c)) fr3 —ac® f2pq+acf (ce —e? —
A pr+abef?2q? + (a(c?d — 2bce + be?) — (ed — be)? + f2(ab—b* — c?)) fqr +
(ce?(ab+ad —2bd) + c*de(d —a) +be3(b—a) + f2(a(cd — be) + e (b +¢2)))r?

and

Q = 6(e? + f2)((cd — be)* + f2(b* + ) ((c(a — d) — e(a —b))* + f*((a —
b)? + c?)).

For s = 0 we obtain the famous Cayley cubic, with four singular points
at the vertices of the corresponding tetrahedron ABC D, Fig. 2.

2 Extension on skew quadrilaterals

The following is a generalization of the Simson—Wallace theorem on skew
quadrilaterals [1, 3, 4]:

Theorem 1: Let K, L, M, N be orthogonal projections of a point P onto
the sides AB, BC, CD, AD of a skew quadrilateral ABC D respectively.
Let A =(0,0,0), B = (a,0,0), C = (b,¢,0) and D = (d,e, f). Then the
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locus of P = (p,q,r) such that the tetrahedron KLMN has a constant
volume s is a cubic surface F in (3).

Outline of the proof [4]: Suppose that acf # 0 since otherwise the
quadrilateral is planar. Denote K = (k1,0,0), L = (l1,12,0), M =
(m1,m2,m3), N = (n1,n2,n3) and P = (p,q,7). Then

PK L AB< hy:=alp—Fk1) =0,

Le BC & hy:=la(b—a)—c(ly —a)=0,
PL1BC&hy:=(p—-UL)b—a)+clg—1)=0,

M eCD < hy:=(d—D0b)(mg —c) — (e—c)(m1 —b) =0,

hs :==(e—c¢)mz—(ma—c)f =0,hg :=(m1 —b)f —ms3(d—b) =0
PM1CD & hr:=p—-—m)(d—0)+(¢g—m2)(e —c)+ (r—m3)f =0,
N € DA< hg:=dny —eny =0, hg :=dns — fn; =0,

hio := fns —eng =0,

PN L DAs hi1:=(p—m)d+ (¢g—n2)e+ (r—ns3)f =0,

Volume of KLMN =5 &

ki, 0, 0, 1
ST N 0 1 _
hlg = mi, ma, ms, 1 —6s=0. (2)
ni, n2, ns, 1
Elimination of kq, ..., ns in the system h; =0, hg =0, ..., h1o = 0 yields
the equation’
F:=cfH+ sR, (3)

where

H = p3(c?d(d — a) — (be? + bf? — 2cde)(a — b)) — p*qc(ae(c —e) + f?(a —
b)) — pref(ac—2cd — 2e(a — b)) + pg?(c?(d* + f2 — ad) + e(2¢d — be) (a —
b)) +2pqrf(cd—be)(a—b) —pr? f2(ab—b* —c?) — q>ace(c—e) — q2racf(c
e) + qriacf? + p*(cd(a®(c — 2¢) + e(ab+ b* + %)) + (e + f?)(ab + b2
c?)(a —b) —c(e* + f? + d*)(cd + ae — be)) + pq(cd(d — a)(ab —b? — 62 -
ad + bd) — de(a — b)(b* + ¢?) + a®ce(c —€) — cfQ(ab—F b? —|— c - a2) +(a—
b)((e%+ f?)(be — cd) + bd%e)) — prf((ab—b* — )(bd+ce —e?—f2) -
ac(2be +ac—2cd—2ae)) + q?ae(c(bd+ce — d* — e — f2) — (c—e)(ab b? —
) +qra(cf(bd+ce—d? —e? — ) — f(c— 26)(ab— b2 —c)+r2af?(ab—
IWe use software CoCoA which is freely distributed at

http://cocoa.dima.unige.it and Epsilon library which is freely distributed at
http://www-calfor.lip6.fr/™~ wang/epsilon/
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b2 — %) — pa(cd(c(ad — d? + ce) — (be +de)(a — b)) + (e + f2)((b? + 2 —
ce)(a—b) — c2d)) + (qe + rf)a(bd + ce — d* — e — f?)(ab — b? — ¢?)

and

R=06(d"+e*+ f2)((b—d)* + (c —e)* + f*)((a — b)* + ).

Hence P € F is the necessary condition for the feet K, L, M, N to be
coplanar.

Similarly, with the use of program Epsilon we prove that P € F is the
sufficient condition. |

We see that F' = 0 describes a cubic surface.

We can also proceed in another way to find H. Expressing k1, ..., ns from
the system above we get:

k1 = p,

I = (p(a —b)* + qc(b — a) +ac®)/((a — b)* + c?),

Iy = (pe(b — a) + g + ac(a — b)) /((a — b)* + ),

my = (p(b—d)? +q(b—d)(c—e)+rf(d—>b)+ cled — be — de) + b(e? +
PN/ =d)? + (c = e)* + f2),

ma = (p(b—d)(c—e)+q(c—e)*+ fr(e—c) —bed + cd® + b*e — bde + cf?)/
(b—d)? +(c—e)*+ f?),

ms = (pf(d—b) +qf(e—c) + f2r + f(b* + ¢ = bd — ce))/
(b—d)?+(c—e)+ f?),

n1 = (d*p + deq + dfr)/(d* + e + f?),

ny = (dep + e*q + efr)/(d® + > + f?),

ng = (dfp+efq+ f2r)/(d® + € + f?).

Substitution for kq,l1,ls,...,n3 into

i =k, I, O
my — ki, m2, m3
ny —ki, mn2, n3

=0

gives H in a shorter form

H = c(dp+eq+ fr)(p(d—b)+(e—c)g+ fr—(d—b)d— (e—c)e— f*)(ep+
q(a—1b) —ac) + (p(b— a) + cq + ala — b)) ((—p(e® + f?) + qde + rdf ) (p(d —
b) +q(e —c) +rf+b%+c? —bd—ce) + (pd + qe +7f)(p((c — €)* + f?) —
q(b—d)(c —e) —rf(d—b) — c(cd — be — de) — b(e? + f?))).
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Later we will express H even in the more concise form. In the following
we will consider the case s = 0.

Example 1: For a skew quadrilateral ABC'D with a = 3, b =2, ¢ = 2,
d=1,e=1, f =1 we get a cubic surface

4p3 + 2p%q + pg® + 3¢> — pr? — 3qr? — 19p? — Tpqg — 6¢> — pr — 3qr + 3r2 +
21p+3q + 3r =0, Fig. 3.

Figure 3: A cubic 4p® + 2p%q + pq?® +3¢> — pr? — 3qr? — 19p — Tpq — 6¢° —
pr—3qr+3r2+21lp+3¢+3r=0

Example 2: Fora=1,6=0,c=1,d=0,e=0, f =2 we get a cubic
2p%q — 2pq® + p°r + ¢*r — 2pr® — 2qr® — 2p + 3pr + 3qr+2r’ + 2p — 4r = 0,

with two nodes at the points (0,1,0) and (1,0, 2), Fig. 4.

Figure 4: A cubic 2p?q — 2pq® + p?r + ¢®r — 2pr? — 2qr? — 2p? + 3pr +
3qr+2r2+2p—4r =0
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Example 3: For a skew quadrilateral ABC'D with a =1,b =0, ¢ =1,
d=0,e=1, f =1 we get a cubic surface

(pg—q*—pr—qr+q+r)(p+r—1)=0,

which decomposes into a plane and hyperboloid, Fig. 5. Note that two

Figure 5: A cubic (pg —¢*> —pr —qr+q+7)(p+r—1)=0

pairs of opposite sides of a corresponding quadrilateral ABC D are of equal
lengths.

2.1 Properties of the locus

Cubic surfaces have been intensively studied by G. Salmon, A. Cayley,
L. Schléfli and others since 1840. Even now new articles on this topic still
appear.

In this section some properties of the cubic H which is associated with a
skew quadrilateral ABCD are investigated.

Particularly the following properties of cubics for s = 0 are studied:

e decomposability of the locus,
e structure of lines which lie on the cubic,

e existence of singular cases.

2.1.1 Decomposability
The next theorem is on decomposability of the locus H [4].

Theorem 2: The cubic surface which is associate with a skew quadrilat-
eral ABCD is decomposable iff two pairs of sides — either adjacent or
opposite — of ABCD are of equal lengths p, q.

If p # q the cubic decomposes into a plane and a one—sheet hyperboloid,
if p = q, i.e., if ABCD is equilateral, the cubic decomposes into three
mutually orthogonal planes.
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In the next figures you see horizontal views of quadrilaterals ABC'D when
the corresponding cubic is decomposable.

D
1
D1
n\
CT
A, c, A A c
B
B, > 1

Figure 6: Horizontal views — two deltoids and a parallelogram

Horizontal views of ABCD onto the plane parallel to diagonals AC' and
BD — two deltoids and a parallelogram if p # ¢, Fig. 6.

Figure 7: Rhombus — all sides of ABCD are of equal lengths

If p = q we get a rhombus, Fig. 7.

If two pairs of sides of ABCD either adjacent or opposite are of equal
lengths then the cubic is decomposable by the theorem.

To prove that these are all the cases when the cubic is decomposable is
more difficult. The proof is based on the properties of the cubic and a
regulus of a quadric, which leads to the solution of the system of algebraic
equations.

2.1.2 Structure of lines
The well well-known Salmon—Cayley theorem states that a smooth cubic
surface over algebraic closed field contains exactly 27 lines. The following
issues are investigated:

e How many real lines lie on the cubic H?

e What is the structure of lines?

e What is the number and the structure of tritangent planes?
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e What are canonical forms of the cubic H??

Planes A, As, Az, Ay, A5, Ag, A7 and Ag which are perpendicular to the
sides of ABC'D and pass through its vertices are crucial for investigation
of the structure of lines on the cubic:

Ay: A, L DA, D€ A, As: As L BC, B € As,
Ay: Ay L DA, A€ A, Ag: Ag L BC, C € A,
As: As LCD, C € As, A7 A; LAB, A€ A,
Ai: A4 LCD, D€ Ay, As: As L AB, B € As.

We will see later that they belong to the system of tritangent planes which
intersect the cubic H in three lines.

We can easily verify that it (surprisingly) holds

H = A1A3A5A7 — As A4 Ag As, (4)
or
H=(dp+eq+ fr—d>—e*— f2)((d—bp+(e—c)g+ fr—(d—bb-
(e —c)e)((b—a)p+cq— (b—a)a)p— (dp+eq+ fr)((d—b)p+ (e —c)g +
fr—(d—b)d~(e~cle—f*)((b—a)p+cqg—(b—a)b—c*)(p—a)
Note that this is one of the most concise forms of H.
The importance of (4) appears by searching for lines lying on the cubic.
Namely from H = 0 and (4) we get that the line A, N A, i =1,3,5,7,

7 =2,4,6,8 belongs to H.
From (4) we obtain the following 12 lines which belong to the cubic surface:

a = AsNA7, b = AsNAs, ¢ = AsNAs, d = AsNA,

e = AsNAs, f = AsNAs, g = AgNA, h = AgN Ay,

i = ArNAs, j = AsNAs, k = AsnA,, 1l = AsNAy
Note that

Ay || A2, Az || Ag, As || As, A7 || As
which implies
allk, blli clll, dlj ellg, fllh
Another 6 tritangent planes given by pairs of parallel lines:
Ay = aUk, A = bUi, A1 = cUI,
Ay = dUj, Az = eUg, Ay = fUh.

2The cubic H is expressed in a canonical form if H = abc + def, where a,b, ¢, d, e, f
are linear factors.
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Denote:

Cy =ab—bd — ce,

Cy =b%*+c? —ab—bd — ce,

C3=d?>+e?+ f2—a?+4 ab— bd — ce.

Now we add another three lines m,n, o which belong to the cubic H:
If C1 #0V Cy # 0 then m = A9 N Aj2.

Similarly,

if C1 A0V C3 #0 then n = Ag N Ay,

and if Cy # 0V C3 # 0 then 0o = A3 N Aja4.

If C1 # 0, Cs # 0, C3 # 0 then the lines m,n, o0 are coplanar and we get
a tritangent plane
Ais =mUnUo.

If C; # 0 then Aj5 = mUn, if Cy # 0 then Aj5 = m Uo and if C5 # 0
then A5 =nUo. If C; = Cy = C3 =0 then A5 does not exist.

Note that A;5 passes through the center S of the circumsphere of ABCD.
We get the following 10 canonical forms of the cubic H:

H = AyA A0+ AsA7A ., H = AjA3A10+ AgAgAi2,

H = A3AgA13 + A1 A5 A, H = A3A7A13+ A3AgAis
H = A1A7A11 + A4AcAy, H = Ay;AgAy + A3As5Ay,
H = A1A2A15 + AgA12As3, H = A3A4A15 + A11A12A14,
H = A;46A15+ A1pAnAz, H = A7AsAis + AgAioAua.
Together we obtained
e 15 real lines a, b, ¢, ..., m,n, o of the cubic H, see Fig. 8.

e 15 real tritangent planes Aq, Ao, ..., A15 ,
e 10 canonical forms of H.

2.1.3 Singular cases

What is geometric meaning of relations C; = 0, C; = 0 and C3 = 07
It is easy to verify that it holds:

Ci=0 < AC 1 BD,
Cr=0 & (C—A) L (A4S - B4D),
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Figure 8: A cubic p?q + pg® —p*r —¢*r +pr2 +qr> —=2pqg —724+7r =0
contains 15 lines

C3=0 < (D—B) L (&< - 5Dy,

The last two conditions mean that the line which connects midpoints of
AC and BD is perpendicular either to AC or BD.

Direct computation gives the following theorem:

Theorem 3: IfC; =0,Cy #0,C35 #0 or Co =0, Cy #0, C3 # 0 or
Cs=0,Cy #0, Cy #0 then H possesses 2 nodes.

Example 4: (Case C3 =0). Fora=1,b=0,c=2,d=1,e=1, f=1
we get a cubic

2p° — 2p°q +4pg® — ¢ +4p°r + 2pgr + 2pr® + qr? — p® — 6pq + ¢* — Gpr —
gr—2r2 —p+4+2q+2r =0,

with two nodes at points (0, —1/2,1/2) and (1,5/2, —1/2), Fig. 9.

3 Conclusion

In the paper a family of cubic surfaces H which depend on 6 parameters
is studied. Some properties of H are still explored (e.g. Eckhards points).
A few questions arise:

Is it possible to decrease the number of parameters?

What is the locus if we take 4 an arbitrary lines instead of 4 lines which
form a skew quadrilateral?

In the text we demonstrated computer aided analytical approach. Can
we use classical methods to find the properties of H?

Could the cubic H serve as a model for demonstration of cubic surfaces
which contain 15 real lines?
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Figure 9: A cubic 2p® — 2p2q + 4pg® — ¢3 + 4p*r + 2pgr + 2pr? + qr? —
p? — 6pg + ¢% — 6pr — gr — 2r2 — p 4+ 2q¢ + 2r = 0 with two nodes
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Abstract. Cubic Bézier curves as collision-free paths are widely used
in path planning. The essential task for finding all possible collision-free
paths is necessary to find those paths, which only touch an obstacle.
We solve the planar cases for an obstacle represented by conic section
K as bounding object. The cubic path is represented by a Bézier curve
with control points A,C, F, B, where A, B are given start and goal
positions and the point F' is arbitrary, but fixed. This paper describe
the set D of points at conic section K, which are admissible points of
contact, and the corresponding point C for X € D.

Keywords: cubic Bézier curve, collision-free path, conic section.

1 Introduction

Motion planning is a fundamental research area in robotics. A motion
plan involves determining what motions are appropriate for the robot so
that it reaches a goal state without colliding into obstacles [5]. Let R?
be the Euclidean plane with obstacle represented by a conic section K
as bounding object. Let the point A be the start and the point B be
the finish. We find all cubic Bézier paths starting at A and ending at B
representing collision-free path with respect to an obstacle K.

2 Notation and problem definition

Let R? be an affine Euclidean plane formed by points X = [z,y]. Let
QK € M;s3(R) be a symmetric matrix. The algebraic curve of degree 2
called conic section is the set K = {[z,y] € R?: f(z,y) =0 for f(z,y) =
(ry1)QK(xy1)T}. More about spaces with quadratic form can be found
in [1]. In appropriate cases, we consider the equation of the conic section
instead of K due to the fact that the field R is not algebraically closed.
The conic section is the set of self-polar points with respect to polar form
P(X,Y) determined by the matrix Q. We say that the point X lies out
of conic section if P(X,X) > 0. We denote Py = P(A,X) = AQgX",
when X = (z,y,1) € K and A = (ay,ay,1). For the point Y, the Y1 is
the polar line determined by equation (Y;1)Qk(X,1)T = 0. More about
conic sections can be found in [2, 4].

Bézier curve of degree n in the space R%,d € N, d > 2 is a polynomial
map b: [0,1] — R? given by b(t) = Y1, B (t)V;. The points V; € R?
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for i € {0,...,n} are called control points, the functions B} (t) = (M-
t)"'t* are Bernstein polynomials of degree n. More about properties of
Bézier curves can be found in [6].

3 Cubic collision-free path

Let p be a Euclidean plane containing the conic section K. Let the points
A, B € p lie out of conic section. Let the point F' be arbitrary, but fixed.
We need to find the set of admissible solutions V,(A, F, B) of such points
C € p, that the curve bycopp is collision-free with respect to K. We start
by searching the boundary of this set.

By VPU(A, F, B), we denote the set of points C' € p such that bacrgNK
contains only the points of contact of order 2 between the Bézier curve
and the conic section. We say that the set D C K is the set of points of
contact between K and the set of all bycopp if for any point X € D, there
is a point C such that C € Vp”(A,F7 B) and X € bacp N K. The exact
shape of the set D is shown later.

At first, we find the map o: D — V(A, F, B), which express the cor-
respondence between the points of contact with K and the middle control
points. The boundary of the set V,(A, F, B) is 0V = V’(A, F, B).

Definition. Let D be the set of points of contact for the given points
A,F,B and K and let P(p) be the power set of the plane p. The map
o : D — P(p) is called boundary map if for every X € D holds o(X) =
{Cep|CeV)(AF,B)and X € bacrp N K is the point of contact}.

Theorem. Let the point X € D C K whereas the conic section K be
represented with matrix Q. Let the real numbers

a=(A-3F+2B)QkX",
B=(F—-A)QkX",
v=AQkX",
6=—v
be the coefficients of the cubic function
R(t) = at® + 38t* + 3yt + 0 (1)

for A = [ag,ay,1], F = [fz, fy,1], B = [bs,by,1], X = [x0,%0,1]. Then,
the corresponding boundary map o : D — P(p) has the form

_n3 _n3 _np3
o(X)= {b(to) By (to)AB%ﬁz;to)F Bg(to)B, to € (0,1) AR(tp) = 0}.
)

(2
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Figure 1: The boundary 9V of the set of admissible solutions is a parallel
line to the double line p for K = p.

We can write the discriminant of the cubic equation R(t) as
A = 108P(A, X)(P3(F,X) — P(A,X)P?(B, X)) using the notation of
polar lines equation. This discriminant enables to compute the number
of real roots of the function given by (1) over an interval. Combining
with Budan-Fourier theorem [3] applied on interval (0,1), we are able to
determine the number of roots lying in (0,1). In other words, we know
how many points C; exist for given X € K.

3.1 Singular conic sections

At first, we find the set D for singular conic sections, then we consider
regular conic sections.

Theorem. If the conic section K = p, the set of admissible points
of the contact D = K. Moreover, the boundary of the set of admissible
solutions JV is a parallel line to the double line p (see fig. 1).

Proof. Without loss of generality, let us consider the conic section
K: —z+y=0. We obtain P(A,X) = 1(—a, + a,), which is the con-
stant independent on the choice of X. Similarly, the expressions P(B, X)
and P(F,X) are constants. Hence, the coefficients «, 8,7,d in (2) are
constants independent on the point X € D. Hence, the solutions tq, to, t3
of the equation (1) are constants for all X € D C K.

Now, we need to prove that D = p and for every X € D exists exactly
one ¢ € 1,2, 3 such that root t; € (0,1). Let us count the number of roots
of the equation (1) belonging to (0,1). Computing the values derivatives
of R(t) at the end points of the interval (0,1), we obtain the table 1. In
the case of singular conic sections all the values are constants independent
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t=0 t=1
R(t) —Py 2Pp
R'(t) 3P, —3Pp +6Pp
R'(t) | —6P4+6Pp | —12Pp + 12Pp
R (t) 6P4 — 18Pr + 12Pp
A 108P4(P7 — P4P3)

Table 1: The values of derivatives of the function R(t) at the end points
of the interval (0, 1) and the value of the discriminant.

on the point X € D.

The assumption of the Budan-Fourier theorem reads that the product
R(0)R(1) # 0. It holds iff P4 # 0 A Pg # 0. This is accomplished,
because the points A, B ¢ K. Now, we consider some configurations of
the points A, F, B with respect to K and check the corresponding number
of roots of the equation (1) in the interval (0, 1). For the obtaining of the
collision-free path, the points A, B must lie in the same half plane with
respect to K, so we assume Py Pg > 0.

For Pr = 0, the number of sign changes is equal to 3 and the discrim-
inant A < 0. Which means, there is exactly one real root ty within the
interval (0,1) and the uniquely defined Bézier curve always exists. Let
Pr # 0 and without loss of generality let Pr > 0. If 0 < P4 < Pp, we
distinguish these two possible positions of the point B as 0 < Pr < Pp
and 0 < Pg < Pp. The corresponding table shows that there is exactly
one real root tg. If 0 < Pp < Py4, we distinguish two possible positions
of the point B the same way. The number of sign changes is either 3 or
1, but in the case of 3 the discriminant A < 0. It restricts the number of
roots to 1. If P4 < 0 < Pp, the point B must be in the same half-plane,
so Pp < 0 and there is only one real root within (0,1). The conclusion
of all the cases is, that the set of points of contact D = p and for every
X € D exists exactly one Bézier curve bacrp, where C = o(X).

At the end, we determine the shape of the curve 0V. Let Ty € D be
an arbitrary fixed point of contact and let Cyy be the corresponding middle
control point. Let T' € D be arbitrary point of contact different from Tj.
We express T' = Ty + usp, where 0 # v € R and s, is direction vector of
the line p. The corresponding point C is obtained from formula (2) and
for to € (0,1) is Bj(to) > 0. If we substitute T by Ty + usp and Ty by
B3(to)A + B (to)Co + B3 (to)F + B3(to) B, we obtain C' = Cy + (i) 5P
Hence, the boundary of the set of admissible solutions OV is the line with
the same direction vector as the line p.

Theorem. Let K = pUr. The set of points of contact D = SpﬁUST é
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Pp < Py Pr < Py Pr < Py

Pr < Py +Pp < Pg < Pp Py < 1Pp
t=0|t=1|t=0 t=1 t=01]t=1

R(t) — - — + - +

R'(1) - - + + - —

R () — + — — — -

R"(t) + |+ i ’ - i

Fhangee || 3 | 0 5 i > | 1
sign of A — no influence no influence

Table 2: The sign changes and the sign of discriminant for the arc of
regular K such that P4 > 0, Pg > 0 and Pr < Pjy.

(in special case Sp, = S, = pNr). From the previous lemma, the set OV
consists of two half-lines parallel with p, resp. r, connected in the point
Cy. If the conic section K = {[0,0]}, then the set D = {[0,0]} and the
boundary of the set of admissible solutions 0V is one continuous curve.

3.2 Regular conic sections

Now, we need to find the set D C K for regular conic sections. Let us
focus on the necessary algebraic conditions for X € K to be X € D. In
the case of regular conic sections, the coefficients «, 3,7, d of the function
R(t) are linear functions of X in generic case, because the polar forms
P4, P, Pr depend on the choice of X € D.

Similarly, we use the table 1 for determination of sign changes of
derivatives of the function R(t) in the end points of the interval (0,1).
We must distinguish several cases with respect to the mutual position of
the point X € K and the polar lines A+, B+. The polar lines AL, B+
divide the conic section K into several arcs and we need to find suit-
able candidates for the set D between them or their subset. The table 2
shows the sign changes and the determinant for the arc such that P4 > 0,
Pg > 0 and Pr < P4. We create similar tables for each arc of the conic
section. We look for all the arcs, where at least one real solution exists
within (0, 1). Based on these tables, we can formulate the next theorem.

Theorem. The set of admissible points of the contact D is the subset
of the union of the arcs K; C K fori=1,...,4, where

K,={Xe€K:Py>0APg >0},

Ky ={X € K:P4s<0APg<0},
Ks={X€c€K:Py>0APg<0AP}—PyP3 >0},
K, ={X€K:Ps<0APgp>0APy—PsP2<0}. O
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The equalities in above theorem may occur, because the end points of
the arcs may belong to the set D. Depending on the positions of the points
A, B, F, some of these sets may be empty. For example, the set K is
empty iff the segment AB is a secant of K. The necessary condition for the
set D is not the sufficient condition simultaneously. It may happened, that

4

the Bézier curve determined by the point X € (J K; has some transversal
i=1

intersection with K. The sufficient conditions are required, because we

need to know the exact shape of the set D for computing the boundary
OV (A, F, B). We plan to find them in the further research.

4 Conclusion

We focused on collision-free path finding with respect to quadratic obsta-
cles using cubic Bézier curves. We looked for the set V (A, F, B) containing
the admissible middle control points C of collision-free paths. We deter-
mined this set for singular conic sections as obstacles. We defined the
boundary map ¢ and the necessary conditions for the set of admissible
points of contact D for regular conic sections, while OV (A, F, B) = o(D).
The finding of sufficient conditions for the set D is the topic for further
research.
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Abstract. The article presents an original algorithm in Rhino engine and
Grasshopper module for creating and simulating tensegrity structures. Presented
will be a method for creating the normal prisms and their transformation into
structures consisting of string elements (tensioned cable) and rigid (beams, rods),
not having a together any common points. Working in this environment gives the
ability to quickly modify and validate the connection, thanks to tools applied in the
program such as Kangaroo solver live physics engine.

Key words: tensegrity, Rhino, Grasshopper, Kangaroo solver.

1 Historical review and definition

Tensegrity is the system of construction which have been submitted by
the American architect and theorist Buckminster Fuller, known for his
numerous inventions, architectural and popularizing the geodesic dome,
the second was a former student of Fuller, Kenneth Snelson sculptor
and photographer, and David G. Emmerich French architect and engineer
who independently at the same time as the others worked on the design type.[4]
All three forerunners have patents related solutions tensegrity structures.[1]
[2][3] For the first time the term "tensegrity" was formulated and used in 1955
although the first designs were created as early as 1948. The first structure was
install called "X-piece" consisting of a 2 compression elements. The installation
was created for artistic activities at Black Mountain College and its create
by Kenneth Snelson.[10] The term tensegrity is composed of two part: tension
and integrity. The basic components of the components of the structure
are elements of compression, i.e. the bars and beam and tensile elements,
i.e. the ropes and rods. [6]

2 Elements of the system and basic components

The first division structure was developed by Buckminster Fuller, who has
divided systems into two categories: prestressed tensegrities and geodesic
tensegrities, [5] ] but each of the inventors developed its own terminology

which meant that one of the simplest systems have several terms: "simplex",
T-prism "," 3 struts, 9 tendons, "etc. In 1976. Anthony Phug has developed
a catalog of tensegrity systems where structures are assigned the number
of layers, the number of rows, the relative position of the tendons
and the complexity of compression elements. In the next stage of the work

described basic methods of connecting parts up. In 2000 Williamson
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and Whitehouse introduced digital recording comprising parameters. N amount
of compression elements (e.g. rods), S amount of tension elements
(e.g. tendons). and M number of rows of bars. In such a structure defined
notation "simplex" is defined as follows: "(3.9, 3)". [10] The basic elements
we face are those which arose from twisting prisms on the basis of shapely
figures such structures have a number of elements equal to the number
of vertices compression. (Fig.1)

“

-\ ,'9

‘

truts trut 6 Strut

Fig. 1: Basic components of tensegrity structures

2.1 Practical application

Initially the constructions were used only in architecture and construction,
but the last few years and technology development gives new possibilities
for application:

- construction of bridges - construction of footbridges and spans
- design ceilings,

- dynamic design reacting to atmospheric factors,

- moveable partitions - sliding walls,

- art & design - lighting, furniture, sculpture, mechanics, fashion,
- biology - prosthetics, nano-biology. [7] [8] [9]

2.2 Modern technologies

In the initial stage of the research, analysis, design and her work were solely
based on physical models. The present development of computer technology,
resulting in both the number of applications design and development
of scientific research, gives the possibility to create models in a virtual world,
check stability and structural behavior before attempting implementation.
The program Rhinoceros with plug-in Grasschopper gives us the ability
to create mathematical and visual models based on customizable parameters.
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2.3 About algorithm

The first step in the construction of the algorithm is to define the center point
of the base so that it can be moved and rotated in a XYZ. In the developed
model, the base figure should be able to easily change the number of sides
of the polygon, so the base is based on a circle, which, depending on the variant
is divided into the appropriate number of vertices of the base. A similar
operation takes place in order to obtain the upper base of the prism. The final
stage of construction of the model is to combine the upper base from
the bottom which makes it possible to introduce all the tendons needed
in the structure and the division of the walls of a prism into triangles allows
to enter into the structure of rods, which will be compressed. The next step is
to give the physical characteristics of the elements of the structure, so that
behaved just like in the real world. In this section it is necessary to supplement
the program grasschopper called Kangaroo, which is the physics engine, adding
to the program such phenomena as gravity and linear geometry modifiers
into the spring. Run a model program allows to analyze labor structure.
Figure automatically tightens the tension rods, while maintaining the rigidity
of the beams. (Fig. 2) Modifiable parameter tendons tension and gravity gives
the opportunity to receive ideal tension parameters of the system. The program
rhinoceros has a built-in component Galapagos optimizing geometries based
on the set parameters (e.g. the volume of solid), but the algorithm creates
the same edges without surface and solid fill areas. In this case, based
on previously data obtained, replace them from the edge into points, which
are then converted in mesh solid surface. The resulting full body can
be introduced to the Galapagos component  and check the result
of optimization. Once launched, the program executes about one hundred
changes of parameter narrowing the range of tension up to ten percent
of the best results, which gives data for the next generation of search. At about
the fortieth generations we get best possible tension parameter of system
setting.

Fig. 2: Example of a working model
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3 Conclusion

The model built in the program of rhinoceros gives the opportunity for further
development and structural analysis of tensegrity. Analysis basic model showed
that the program can provide the data necessary for checking the rigidity
of the system and the correctness of the generated model. The advantages
of the program include: dynamic opportunity to make changes and fast access
to data. (Fig. 3) The program has the tools to make their own components,
which results in the future expandability of assemblies to verify the strength
properties of the system components.

Fig. 3: View of the whole algorithm
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Abstract. The paper discusses the significance of basic geometrical patterns within
the culture evolution. By means of artefacts and historical findings it points out on
the crucial role in the forming of human abstraction ability. It summarises some of
published theories on genesis of patterns on paleolithic and neolithic artefacts,
outlines the symbolics presented on neolithic pottery and folk costumes found and
preserved also on territory in Slovakia. In addition, its acting in modern art and
science theory establishment is described.
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keramika na tizemi Slovenska, kroj, moderné umenie, entopické obrazce, invariant

1 Artefakty

NajstarSie archeologické nalezy geometrickych ttvarov, ktoré vytvoril ¢lovek,
pochédzaji z obdobia paleolitu. Z obdobia okolo 20 000 p.n.l. pochéadza
jaskynna malba v Afrike, ktord zobrazuje byka s trojuholnikom na hrudi.
Malba predznaCuje, ze zakladné geometrické utvary budu hrat jednu
z rozhodujucich tloh vo vyvoji schopnosti abstrakcie ¢loveka.

;. o

Obr. 1: Afrika, 20 000 p.n.l. [1]

Hlavny zdroj informacii tvoria nalezy pochadzajice z obdobia neolitu, aké
sa nasli tieZ na izemi Slovenska. Neoliticka revolucia priniesla zasadné zmeny
do Zivota l'udi. Lovci a zberaci sa postupne transformovali na pestovatelov
a chovatel'ov. PoI'nohospodarsky spdsob zivota pripatal I'udi na jedno miesto
amal vyznamny vplyv na ich duSevny zivot. Pokym nomadické kmene
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v predneolitickom obdobi uctievali silu muzskych bozstiev, pol'nohospodarski
usadlici uctievali Vel'kt matku, nositel’ku zivota. Zoomorfické sosky, ktoré sa
uz vtedy pokryvali geometrickymi utvarmi, boli vystriedané symbolmi
plodnosti: mesiacom, vodou, slimakom, sovou a hadom. Obraz bozstva
postupne stracal konkrétnost’ a viac sa sustred’oval na vyjadrenie vnutornych
vlastnosti, vyznam. Umelecké stvarnenie takisto opustalo realnu podobu
apostupne naberalo viac a viac abstraktny charakter. Vyjadrovacim
prostriedkom sa stali prave elementarne geometrické tUtvary. Kruhom sa
zobrazovalo slnko, $piralou energia a sila. Spojenie dvoch $piral predstavovalo
spojenie materialneho a duSevného sveta a umoziujice vzajomnii vymenu
a spajanie energii oboch svetov. Dvojité a trojité Spiraly, Casto pritomné na
pohrebiskach sa vztahuju k reinkarnédcii, posmrtnému Zivotu a vecne
plynicemu pohybu vesmiru. VInovka a lomend ,cik-cakova®“ CcCiara
symbolizovala vodu, vesmir bol hranaty so Styrmi uhlami reprezentujucimi
Styri svetové strany: vychod, zapad, sever a juh. Trojuholnik ,,triquetrum* bol
symbolom plodnosti [2]. Ludia zacali zdobit' svoje obydlia, pohrebné miesta
ako aj dalSie predmety bezného zivota, keramiku, nastroje, zbrane, ap.
Jednotlivé motivy vSak neboli len jednoduchou dekoraciou, mali svoj vlastny
Specificky vyznam. Mnohé neolitické symboly pretrvali s malou obmenou
tvaru a vyznamu do d’alSich civilizacii a vel'a z nich dnes pouzivame v roznych
odvetviach vedy, priemyslu a kultiry.

Obr. 2 [13] Obr. 3 [13]
Obr. 2: Kultira s mladSou linearnou keramikou, Nitra, 5000 - 4300 p.n.l.,
Obr. 3: Kalenderberska kultira, Dunajska LuZna, 750-600/550 p.n.L

Pre keramiku neolitickych kultir na Slovensku a v strednej Eurdpe su
charakteristické trojuholniky, kruznicové obluky, esovité polkruznicové Spiraly,
rézne kompozicie rovnobeznych rovnych, lomenych alebo oblikovych diar.
(Okruhle jamky, vyskytujiice sa v linearnej kulture (obr.2) boli vytvarané
otlackami prstov.) Neskdr, v kalenbergskej kultire (obr.3 —5), pozorujeme
spajanie lomenych a oblukovych motivov do lomenych $piralovitych hacikov,
nieckedy obohatenych bodkou. Spolu s nimi sa na nadobach objavuju pribehy
stvarnené cez geometricky schématizované figurdlne objekty [10] (Gstredna
postava zeny v adora¢nom geste so zdvihnutymi rukami (obr.4), trojuholnikové
trupy, obdiznikové drzanie ruk, dvojito trojuholnikové stromy s ha¢ikmi, motiv
slnka, ap.). Dominujuci trojuholnik nadobudol ¢asom silny religiézny kontext
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a objavuje sa v obmenach (kosostvorec, rézne V —tvary obr. 5, obr. 6, ap.) ako
hlavny dekoraény prvok spolu so Spirdlami a kruhmi. Symbolizuje bielu
bohyniu, v slovanskej kultire Velkti matku, vznik zivota, smrt’ a znovuzrodenie,
minulost, sucasnost’ a buducnost’, irodnost’ zeme ako aj plodnost’ zeny (Casto
kosostvorec s bodkou (bez bodky) v strede) a uchovanie rodu.
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Obr. 4: Detail rozvinutej vyzdoby [13] Obr. 5 [13]

Okrem keramiky, l'udia umiestiiovali zdobné motivy tieZ na oblecenie
a obydlia, ktoré dodnes obdivujeme vo forme vysiviek l'udovych krojov
a vonkajSej malby domov pamiatkovych rezervacii l'udovej architektary
a skanzenov. Hlavnou funkciou bolo nositel'a chranit’ pred nebezpecenstvami,
poskytovat mu v zivote silu a energiu, ale tiez identifikovat’ ho od ostatnych
rodov, ¢o malo vel’ky vyznam pri vybere partnera. Jednym z dolezitych prvkov
je svastika, ktora lemuje obleCenie. Orientovana v smere hodinovych ruéi¢iek
vytvara svetelny tok energie, opaéne orientovana ochrafnuje.

5@ OKRUHLE KVIETKI Q ﬁ NA OKNA
e \ :Q NA STIRI SRCA

o 2
ool ORRUHLICE o mel ikl sureCHi
o BARARE RO
¥ %
o N0 "
y — NA POLOVIEKU
wE O I \/O\\ @‘7 MaLKA -MALE % $
oo o GN’D ZAKRUTKI
B, 40
ke STEPANE KVIETKI qp Atk Z ZAHORSKT KVET
4L "
X0 NA PANENKI Emim Bkl
g |
AN CESTiEK NA POHARCE
E@OE@M VILICKI i
L. e
SRCKO
BRI memrovt ezt 0% stallki @
. o £
Q/*,’@ HABENCE oo VELKE RECICE AR
K’ EIDG
DED
@ STROMI o a0 NA CERVIKI E 3 KURACE RITKI
5

Obr. 6: Ci¢manska vySivka [8] a rozne svastiky
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Obr. 7 Mapa slovenskej vySivky [7]

2 Povod

Je prirodzené, ze pri hladani povodu geometrickych utvarov na
archeologickych nalezoch vychadzame z usudku, Ze praveki ludia kreslili, ryli
do kamena vzory, ktoré videli okolo seba. Jedna z tedrii tvrdi, Ze geometrické
utvary popisuju pozorovania oblohy. Podla ruského profesora archeologie
a antropolégie Vitalija Lari¢eva, bodky v tvare Spiral ndjdené na mamutej kosti
(obr.9) ukazuju na vysoki turovenn zaznamu pohybu hviezd. Poskytuju
dostatocne presné pozicie na predpovedanie zatmenia Slnka a Mesiaca a museli
byt teda vysledkom pomerne presnych dlhodobych pozorovani Slnka, Mesiaca
a d’alsich viditelnych planét [5].

= @ 69

Tm, e e Tulal sclar Ex:llpi: Pastial solar eclipse
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Obr. 8: Mal’ta, Ukrajina, Obr. 9: Skalné rytiny, Svédsko [3]
22 000 p.n.L [11]

K obdobnému vysledku prisiel aj G. Henriksson [3], ktory pomocou
pocitatového programu analyzoval zname rytiny na skalach vo Svédsku , kde
zatmenie slnka je zobrazené pomocou sustrednych kruznic a ¢iastoéné zatmenie
slnka ako dvojita Spirala. Okrem toho sa tu nachadza aj nickol’ko prirodzenych
podob mesiaca v tvare kruhu, l'avého, pravého polkruhu a polmesiaca (obr. 10).

Inou tedriou je tedria, ktort uviedli Lewis Williams a Thomas Dowson
vroku 1988 [6], ktori na zaklade prace Jana Evangelisty Purkyné vyslovili
nazor, ze vacsina paleolitickych artefaktov si produktom alternativneho stavu
vedomia, zaznamom entopickych javov. Entopické obrazce sii imaginarne
obrazce, nereflektujuce ziadny redlny objekt, ktoré ¢lovek vidi pri zatvorenych
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alebo otvorenych vieCkach sposobené intenzivnym svetlom, tlakom na oénu
bul'vu alebo uzitim latok ovplyviiujucimi psychiku ¢loveka, prirodnych, prip.
umelych halucinogénov. Ked porovndme staroveké geometrické ttvary
s tabul'’kou Purkynovych entopickych obrazcov, ich podobnost’ je zrejma obr.10.

Na prelome 19. a 20. storoCia praca J. E. Purkyné a skorSia praca J.W.
Goetheho o tedrii farieb zasadnym spdsobom inSpirovala niektorych
vytvarnych umelcov ako napr. Robert Delaunay, Antonin Prochazka, Frantisek
Kupka, Vasilij Kandinskij, Bohumil Kubista ai., ktori vlastnym
experimentovanim s vnimanim entopickych obrazcov a farieb hl'adali nové
podnety. Im ako aj mnohym d’al§im pokra¢ovatel'om jednoduché geometrické
utvary a praca s farbami poskytli sposob ako vyjadrit’ prostu Cistotu a krasu.
Kazimir Malevi¢ priviedol mySlienku transcendentna do dokonalosti, ked’ sa
oprostil od predmetnosti sveta a zadefinoval §tvorec a kruh ako zakladné formy
suprematizmu, pricom S$tvorcu priradil status primarnej formy, od ktorej st
odvodené ostatné zakladné formy kruh, trojuholnik a kriz. Zrodilo sa abstraktné
umenie, ktoré je aj v sucasnosti stile aktudlne a velakrat predstavuje pre
umelca anielen pre neho, na jednej strane sty¢ni plochu ako sa postavit
k sudobému dianiu (obr.11) a na druhej mozZnost’, ako unikniit’ realite a ponorit’
sa do vlastného sveta.

Obr. 10: Entopické obrazce [4] Obr. 11: Lohse, 1975.
Vystava Europe, 2015 Zurich.

Paralelna existencia roznych kultar

3 Zaver

Vychadzajic z faktu, Ze prvé zobrazovanie elementarnych geometrickych
utvarov vyplynulo z pozorovania prirodnych zakonitosti je zrejmé, ze tieto
utvary sa stali symbolmi — abstrakciou vlastnosti a pravidelnosti, neustaleho
opakovania javov v prirode. Pomahali rozvijat’ kognitivne schopnosti ¢loveka.
Stali pri zrode pisma [12]. Figurdlne Cisla, geometricky pristup priniesol do
matematiky Struktiry a znamenal zaCiatok jej teoretizacie [1]. Ukladanie
utvarov vedl'a seba viedlo od poznania zhodnostnych vlastnosti — simernosti,
translacii arotdcii aich vyuzitia az po sucasné UpIné abstrahovanie
invariantnosti ako zékladného organizatného principu. Pravidelny tvar,
vystihujuci  zakonitost, pomohol pri formulacii prirodnych zakonov
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prostrednictvom matematickych formul, stal sa popisujicim elementom vo
vSetkych Cinnostiach ¢loveka naprie¢ jeho histériou, vumeni, religiozite,
praktickych ¢innostiach i vede.
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Abstract. The initial inspiration for the degenerated projection came from prof.
Marian PALEJ [11] when he posed a question regarding ‘degeneration’ of the
vertical plane to a straight line, using Monge’s projection method. As a result of
further research, a wider framework of this concept has been developed and the
practical application have been established. During the early stages of the studies, a
straight line was examined and its degenerated image appeared to be a curve of the 4"
order. Analysis of the features of this curve led to a definition of a condition for the
construction of an image of an arbitrary straight line using the degenerated
projection. This specific condition, has subsequently proved complementary to
already established methods for the construction of the curves of the 4™ order.

Key words: degenerated projection, projective base, curve of the 4™ order.

1 Introduction — base and definition of degenerated projection

Definition 1. The projective base of degenerated projection (Fig. 1) comprises
four 3-D components of Euclidean space & **, including elements at infinity:
1. an arbitrary plane so-called projective plane =,
2. a straight line so-called axis of the degenerated projection p, which
intersects the projective plane z in a specific point X,
3. aspecific or at infinity straight line of source points s, which is embo-
died into the projective plane # and does not include the intersecting
point X between the projective plane & and the axis of projection p,
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Fig. 1: Components of the projective base Fig. 2: Construction of the directional
for the degenerated projection conic at infinity
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4. adirectional conic at infinity k%, which is a common component (Fig. 2)
between the plane at infinity @™ and the conical surface %, with its axis
being the axis of the degenerated projection p, and its vertex X positioned
in a point where the projective plane = is intersected by the axis of the
degenerated projection, and the direction of rotation being a circle
positioned on a plane parallel to the projective plane.

Definition 2. The degenerated projection is a superposition [3 p.16] of two
central projections:
o first, with its centre positioned on the straight line of source points s,
e second, with its centre positioned at infinity K* onto the directional
conic at infinity k?* < @, equivalent to a parallel projection [10 p.20].

The concept of the degenerated projection can be illustrated with the
construction of an image of an arbitrary point A (Fig. 3), which determines the
centres of the central projections. Firstly, within the established projective base,
let’s introduce an additional plane z, which comprises the projected point A and
the axis of the degenerated projection p. The intersection points between the
plane z, and the projective plane 7 will form a reference straight line ta. As this
line intersects the straight line of source points s positioned on the projective plane,
it determines the centre S, for the first phase of the degenerated projection. The
straight line plotted through the centre Syand point A becomes a primary projective
radius r’s , which is embodied onto the plane z, and it intersects the axis of the
degenerated projection p in point AP. The plane z, will also intersect the
directional conic at infinity k¥ in two points at infinity: K7, and K,,. The
straight lines plotted through each of these and point AP, will form the
secondary projective radiuses: ripl and i er . These will, in the second phase
of the degenerated projection, intersect the projective plane # and the reference
straight line t, in two points: A%, A%, which are effectively the images of the
point A.

Fig. 3: Construction of the image of a point in the degenerated projection
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In conclusion, an explicitly constructed image of the arbitrary point (which does
not belong to either components of the projective base nor to the plane that is
parallel to the axis p and comprises the straight line of source points s) is a two-
component subset of the power set [8 p.66] of the projective plane z. These
cannot be ranked, due to their geometrical features, and do not, therefore, form a
‘pair¢of a Cartesian product. Their order in a corresponding image does not
represent any ranking.

2 Animage of a straight line in the degenerated projection

The main objective of this article is to examine an image of a straight line
achieved through the degenerated projection. An arbitrary straight line is such
a one which does not intersect any of the straight lines of the projective base, so
it has no common points with neither the axis of the degenerated projection p
nor with the straight line of source points s.

The degenerated projection of an arbitrary object, in accordance with the
commonly known methods for construction of an image, can be achieved as a
set of projections of its individual points (Fig. 4) or as an intersection between
the projective formation of the given object and the projective plane [14 p.19].

The projective formation [6 p.48] of the arbitrary straight line, is a
compilation of the primary and secondary projective radiuses, which were
found in the first and the second phase of the degenerated projection
respectively.

n -tangent to a*

m - asymptote a*

s(2)

Projective plane located at distance of 2j

Fig. 4: An image of a straight line as a set of projections of its individual points
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Each of the sets of the corresponding primary and secondary radiuses has a
common ‘bond’ point. These ‘bond’ points form a series [14 p.14] which is
positioned onto the axis of the degenerated projection p. The set of the primary
radiuses will form a skew quadric [5 p.151-152], and the set of the secondary
ones — a surface classified as of 6th Cremon’s grade and 5th Cayley’s grade [13
p.406].

Theorem 1. A degenerated projection of an arbitrary straight line is a plane
curve a“ of 4th order [1 p.124].

Proof:
As already mentioned, an image of a straight line is an intersection of
the projective formation and the projective plane; hence a* is a plane
curve. As the projective formation in the second phase of the
degenerated projection becomes a surface of the 4th order, the order of
an image of an arbitrary straight line in this projection is a curve of the
4th order.

The analysis of the curves requires establishing the minimum, yet sufficient,
number of points that are necessary to explicitly define the curve in question.
When examining the image of the arbitrary straight line, being a curve of the 4"
order, a surprising result has been achieved.

Theorem 2. To ensure that the curve a” of the 4th order, which is an image of
an arbitrary straight line a in the degenerated projection, is explicitly defined, it
is essential and sufficient to establish its three non-collinear points positioned
onto a projective plane 7z, of which none of the two points are collinear with
the point X .

Proof 1:
In general terms, the projective formation of an arbitrary straight line in
the degenerated projection is a skew surface of the 2nd power [4 p.30],
which is explicitly established by three skew straight lines [2 p.186].
When four arbitrary points of the degenerated image of a straight line
are considered, it will lead to the establishment of the fourth skew
straight line, which does not belong to the projective quadric.

Proof 2:
The number of points, defining the one only only curve of the n-th order,
positioned onto a plane can be calculated as follows [13 p.180] :

1
—n (n+3
2( )

In this given case, when n = 4, it will calculate 14 necessary points.
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Refering to various features of the image of the straight line will help to
define the ‘missing* points, as follows:

1). As the two-component subsets of each image of the arbitrary point are
centro-symmetrical against the point X, it is sufficient to consider an
arbitrary 3 points positioned on the given curve in order to immediately
determine the subsequent three points which will be centro-symmetrically
positioned towards the initial points. Hence, the first 6 points out of the set of 14.

2). As the arbitrary straight line intersects the projective plane, these will have
one common point. The research proved that an image of this point will be
a double counted point X, hence the further 2 points that can be added to
the arleady established set of 6 points.

3). As the image of the straight line has a tangent positioned towards both arms
of the considered curve a* in the point X, the additional 2 points positioned
onto this curve can be found, making a total number of 10 out of the
required 14.

4). Referring to the fact that there exists a double-sided asymptote for the image
of each straight line, a point at infinity can be considered, and as it will be
symmetrical towards itself via point X , it will enable to determine the
further 2 points positioned onto the considered curve a*, hence a set of
total 12 points out of 14.

5). Referring to the two circular points [12 p.14], being the image of the
‘limit point‘, which belong to the image of the straight line in the
degenerated projection, will help to find the final 2 points of the total set
of 14 points.

Proof 3:
An arbitrary curve of the 4th order, as a common line between two
surfaces of the 2nd order, is defined by 8 arbitrary positioned points
[9 p.39]. Due to the central symmetry a* and to the double counted
point X, considering 3 points will be equivalent to establishing all of the
required 8 points.

ALL THREE PROOFS ARE MUTUALLY NON-CONTRADICTORY !

3 Conclusion

Based on just three non-collinear points, of which none of any two points are
collinear with the point X, and which belong to the image of an arbitrary
straight line a in the degenerated projection, it is sufficient to construct the
whole curve a* as an image of the straight line, without referring to the
originally given straight line a.
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Abstract. The article presents the construction of approtioneof the given point

cloud using a triangle mesh which can be used & pinocess of surface
reconstruction. Surface representation of recootdu object is created with
incremental construction of triangle mesh baseéxsting algorithm. This known

triangle mesh construction is further improved. eposed algorithm is applied
to computer generated point sets and to real-wathta obtained from

measurements of real surfaces by optical, laser amdact 3D scanners. The
incremental algorithm is implemented in the modpragramming language and
interactive environment of MATLAB.
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1 Motivace a praktické aplikace

Cilem digitélni rekonstrukce povrchu objektu danétmatnem bod je
vymezeni jeho hranice. Tvorba polygonalné,dktera aproximuje dané niro
bodi, predstavuje prvotni hratni reprezentaci objektu, ze které je mozné
vychazet p analytické deskripci povrchu. Hledani metod koulsti
polygonalni reprezentace povrchu je motivovdmadou aplikdnich oblasti
(pccitacové projektovani, architektonicka tvorba, stavebhoéry, pd@itacové
hry, reverzni inzenyrstvi, digitalizace realnychjedti 3D skenovanim,
digitalni rekonstrukce povréhz bodovych mréen, replikace tvdr skut&nych
prednEta pomoci 3D tisku, ptitacova grafika...) i vyzkumnymi vyzvami.

Tvorba polygonalni sitreprezentujici povrch je tedy s@sti rozsahlejSiho
problému tzv. digitalni rekonstrukce, [3, 9]. Tao&pa v dokumentaci
ngjakého fyzického objektu pomoci matematického pomsv tvorkd jeho
paocitatového modelu, [1, 2, 3, 5, 7, 9]. Matematicka folace problému je
nésledujici. Vstupem Uulohy je kafm& neorganizovanad mnoZina Iliod
v prostoru tzv. mr&o bodi a vystupem pak systém analytickych ploch
takovych, Ze body vstupni mnoziny lezi na povrclabav jeho blizkosti.
Predpoklada se, Ze vstupni mnozina dboddpovida v prostoru realnému
povrchu, jinak by Uloha nebytasitelna.
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Existuje celarada algoritnd feSici rekonstrukce povréhviz [1, 6, 7],
piicemz jsou tyto metody&Sinou zaloZzeny na rozkbni problému do dfich
podprobléni. V zakladnim pojeti se Ulohdeni nabodovou fazi(ziskavani
bodového mréna a jeho analyza)polygondlni fazi(aproximace povrchu
polygonalni siti) avarovou fazi(reprezentace povrchu souborem analytickych
ploch), [4, 9].

V naSem vyzkumu segmujeme polygonalni fazi, tj. tvoébtrojihelnikové
sit, kterd reprezentuje povrch dany dwam bod. V ¢lanku pedstavime
inkrementélni tedy postupnou konstrukci polygonalsit. Z moznych
konstrukci skt vybirdme existujici postup navrzeny v [8, 11],rktse opira
o0 geometrickd pravidla. Tato pravidla déle vylepgg, pipadre je
nahrazujeme pravidly vlastnimi.

V ¢lanku je nejdive predstaven algoritmus inkrementalni konstrukce
trojuhelnikové si a jsou navrzena jeho vylepSeni. Dale je ukazano
experimentalni vyhodnoceni algoritmu napaiové generovanych a realnych
datech. Za#r ¢lanku pojednavéa o dalSim mozném vyvoji navrzendgoramu
a budouci praci.

2 Inkrementalni konstrukce polygonalni sig

Metoda postupné tvorby trojuhelnikovéésit bodového mima reprezentujici
povrch je zaloZzena nakolika geometrickych pravidlech. Tato pravidla jsou
popsana v pracich [8, 11]&Merd pravidla jsme nahradili vlastnimi pravidly a
uvedené postupy jsme déle vylepsili vliastnimi télkcdmi, které zde podrol$n
rozebereme.

Mégme danu neprazdnou mnozin n bodi v eukleidovském
prostoruE; popisujici Bjaky prostorovy objekt, tradné zname tuto mnozinu
X = {X;}-,. Pripoustime, Ze body vstupni mnozi§ lezi na nebo velmi
blizko povrchu, ktery budeme zfiaP. Hledame povrchovou triangulaci tak,
Ze vrcholy trojuhelnik jsou vSechny body mnozing® a kazda hrana je
spol&na nejvySe déma trojuhelnikm.

V prvnim kroku algoritmu uujeme tzv. zakladni trojuhelnik, od kterého
zadina postupna tvorba polygonalniésiNech’ se vrcholy tohoto trojuhelnika
nazyvaji A, B, C. Prvni vrcholA urkime jako nejbliz§i bod vstupni bodové
mnoziny X k jejimu €Zzisti T, které spoitame jako aritmeticky [imer
bodi {X;}-,. Dale vrcholB je nejblizSi bod mnoZinyX k boduA. Tim je
stanovena prvni hranAB v triangulaci. TFeti vrchol trojuhelnika, bodC,
vybereme z mnozZiny tak, aby vnitni Ghel v trojahelniku f vrcholuC byl
nejwtsi mozny. K tomu pouZijeme kosinovoutw, kterd plati pro kazdy
trojuhelnik, tj.

(1) ¢* = a’ + b’ -2abcosy,
kdea, b, ¢ jsou poradé délky strarBC, AC, AB trojuhelnikaABC ay je vnitini
Uhel v trojuhelniku $ vrcholu C.
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Pti implementaci algoritmu reprezentujeme vyslednyygonalni povrch
pomoci ukazatél do seznamu vrchdl tj. seznamu bad vstupni bodové
mnoziny X. Kazdy trojuhelnik polygonalni sitje tedy definovan trojici
indexi, tj. ukazatel do X. Fi uréeni zakladniho trojuhelnika uloZzime indexy
vrcholi A, B, C do seznamu trojuhelnikvoricich polygonalni €i a hranyAB,
BC, AC do fronty, neb6 budeme déle tiovat, které body vstupni mnozigg
budeme kdmto hranam fipojovat. Aktualni seznam trojuhelrik/ triangulaci
nazvemetriangles Fronta hran je afp reprezentovana pomoci ukazéatelo
seznamu vrchdl zna&ime ji jakoedges

Vezmgme nyni prvni hranAB z fronty edgesa uteme bodD ze vstupni
bodové mnozZiny(, ktery spolén¢ s hranouAB vytvori novy trojuhelnikABD
v povrchové triangulaci. Vhodné kandidaty na libdybirdme z poloprostoru
uréeného rovinow kolmou k rovirg trojuhelnikaABC v némz nelezi vrchoC.
Dale omezime tento v¢b podminkou, ze mozni kandidati na bbdezi mezi
dvéma rovnolZznymi rovinamia af. Rovinaa obsahuje vrchoh a je kolmé
ke hrag AB, rovinaf obsahuje vrchoB a je roviZz kolmé ke hrat AB. Tato
podminka zajisti, Ze vysledné trojuhelniky v triatagi maji vnitni Ghly @i
vrcholech ostré. Vyslednou mnozinu lio@Zicich v pasu rovie af zna&me
jako adept_points

Je-li mnozinaadept_pointsprazdnd, hranu, ke které hledame vhodny bod,
vyfadime z frontyedges jedna se o okrajovou hranu v povrchové triangulac
Jinak z mnoziny bad adept_points budeme dale na zakkadnekolika
geometrickych pravidel postuprodebirat body, které tato pravidla nesplni,
dokud neziskame jeden b&d Pravidla uvedena ve jmenovanych zdrojich [8,
11] jsou nasledujici (pouzivame r@Zrstejné pojmenovani):

e pravidloprahové vzdalenosti

e pravidlouhlednosti

e pravidlomaximalniho Ghlu dvou rovjn

e pravidlomaximalizace vnthich Ghfi prilehlych ke hraa AB.

Prvni pravidlo je zaloZeno na vyfia vzdalenosti kazdého bodu mnoziny
adept_pointsod stedu hranyAB. Odstrani se ty body mnoZiradept_points
které nelezi od s&du hranyAB ve vzdalenosti men3i neZ jéedem dana
prahova vzdalenogt, ktera je stanovena experimentaln

Body sphujici prvni pravidlo, postupuji k pravidlu druhénmdejvhodrjsi
body se vybiraji na zakladdhlu, ktery svird normalovy vektor roviny
trojuhelnikaABC s normalovym vektorem roviny trojahelnika, ktery fmohl
byt pridan ke hra8 AB (predpokladame stejnou orientaci normalovych
vektori). Je-li tento Uhel ostry, splje uvazovany bod druhé pravidlo a
postupuje dale. Mnozina bddadept_pointsje zUzena o body, pro které
vychézeji pislusné uhly ¥tSi nez pravé.

Tieti pravidlo vybere z mnozZingdept_pointsten bod, pro ktery vychéazi
Uhel roviny trojuhelnikeéABC s rovinou trojuhelnika, ktery by mohl bytigén
ke hrag AB, nejwtSi mozny (tj. nejmensi mozny Uhel normalového eakt
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roviny trojuhelnikaABC s normalovym vektorem roviny trojahelnika, ktery b
mohl byt gidan ke hraé AB).

Pokud tetim pravidlem neziskame pouze jeden bod, tj. gkibbdy, které
sphiuji prvni a druhé pravidlo a uvazované trojuahelnyiraji s rovinou
trojuhelnikaABC shodny Uhel, fichazi nafadu poslednétvrté pravidlo. Jako
bod D se vybere ten bod, pro ktery mensi z tnich Ghh trojuhelnikaABD
prilehlych ke hrad AB vychazi tsi.

V praci [8] se tato pravidla pouZivaji i $eglchozimi déma podminkami
omezeni vybru bodi. Po blizS§im zkouméni je v3akieimé, Ze pravidlo
Uhlednosti je zbytné, nebd jsme toto pravidlo nahradili podminkou \&h
bodi z poloprostoru weného rovinous kolmou k rovirg trojuhelnika ABC,
vnémz nelezi vrchoC, a pravidlem vybru bodi z pésu rovina ag.
Pt pouziti ¥etiho pravidla maximalniho Uhlu dvou rovin na nh3itikladech
se ukazalo, ze nedostavame vzdy uspokojivé vysleBkgvidlo Uhlednosti a
maximalniho Uhlu dvou rovin proto nahrazujeme viast pravidlem
minimalizace Uhlu dvou norma[10]. Fi konstrukci povrchové triangulace
tedy pouzivame podminky omezeni ¥glbbod: a pravidla:

e pravidloprahové vzdalenosti
e pravidlominimalizace Uhlu dvou normél
e pravidlomaximalizace vnthich Ghf: prilehlych ke hrag AB.

Nové zavedené pravidlominimalizace Uhlu dvou normalfunguje
nasledovd. Z bodi, které prosli prvnim pravidlem a téionyni mnoZzinu
adept_pointsvybereme nejvhodisi bod na zakladuhlu, ktery svird normala
roviny trojuhelnikaABC s normalou roviny trojuhelnika, ktery by mohl byt
pridan ke hraa AB. Vybirdme ten bod, pro ktery tento Ghel vychazmensi
mozny.

Predpokladejme nyni, Ze jsme pouzitigchito pravidel nalezli bod.
Do vysledné triangulace tedyigavame novy trojuhelniRBD. Zaktualizujeme
seznantrianglestrojuhelnika v triangulaci, tj. pidame indexy vrchdi A, B, D
a z frontyedgesodstranime hran&B. Do fronty hranedgespridame nové d¥
hranyAD aBD.

V dalSim kroku algoritmu vybirame z frongglgesdalSi hranu a opakujeme
postup vykru vhodného bodu pro vytieni dalSiho trojihelnika v triangulaci.
Tento postup budeme prowddo té doby, dokud neni fronta hraages
prazdna.

2.1 OSefteni specialnich pipadi

Pokud se uzitim prvniho a druhého pravidla nalezoeze jeden bod, dalsi
pravidlo se neuplétje a tento bod jefmlan do triangulace. Vifpad, Ze se
uzitim prvniho a druhého pravidla nenalezne zadngdwy bod, zavadime
now pravidlo, Ze hranu, ke které hleddme vhodny badzatim vyadime
z frontyedges
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Pri pouziti navrzenych geometrickych pravidel je mutoSetit specialni
piipady, kdy ve vysledné triangulaci vznika nezadokidzeni trojuhelnik.

K detekci chybnych trojuhelnikv siti a jejich vyazeni navrhujeme pouzit
kontrolu, kolikrat se fidavana hrana nebo hrana ve feomidgesobjevuje

v triangulaci. Nech ABC je trojuhelnik, k jehoz hr&nAB v daném kroku
konstrukce polygonalni githledame bod. Rozeberme fipady, které mohou
nastat pi pridani trojuhelnikaABD do triangulace. Oziae hranuAD jako

left, hranuBD jako right. Nyni zkouméme, kolikrat jsou hrarlgft aright

v aktualni povrchové triangulaci. JelikoZz mame divanyleft a right a kazda

z nich v triangulaci bdi jeS& neni, nebo je jednou, nebo dvakrat, dostavame
celkem 16 pipadi. Nekteré gipady je mozné rovnou vyloil, protoze
nenastanou.

Ve ¢tyrech situacich trojuhelinilABD do triangulace fidame, oviem
rozliSime moznosti dopémi novych hran do frontedges V piipad, Ze ani
jedna z hrareft aright v triangulaci neni, doplnime do fronéglgesobé hrany,

v piipack, Ze v triangulaci je jiz hranaight, doplnime pouze hranieft,

v piipack, Ze v triangulaci je jiz hranéeft, doplnime pouze hrandght a

v piipack, Ze v triangulaci jsou @bhrany left a right, nedoplnime zadnou
hranu, nebt se jedna o vypkni diry v povrchové triangulaci. VZzdy musime
zarovar kontrolovat, zda se fglanim trojuhelnikaABD ve frong hran
nedostaneme do situace, Ze fgaka hrana ve frostcekajici na zpracovani
sdilena jiz d¥¢ma trojuhelniky. Po ifdani nového trojuahelnikaABD
do triangulace proto odstmajeme ty hrany z frontydges které pat dvéma
sousednim trojuhelnilkn, nebd kazda hrana v triangulaciiie byt spoléna
nejvyse d¥¢ma trojuhelnikm.

Ve zbyvajicich pipadech, by po idani trojuhelnikaABD do povrchové
triangulace doslo k nezadoucimkideni no¥ pripojovaného trojahelnika s jiz
existujicimi trojahelniky v triangulaci. V takovémpripac pouzijeme no¥
zavedené pravidlo, Zze hramB, ke které hledame vhodny bod, prozatim
vyradime z frontyedges

Tim, Ze Ehem konstrukce trojuhelnikové &iteékteré hrany, ke kterym
hledame bod jako vrchol nového trojuhelnika, vyrdedme, jeieba doplinit
dalSi vylepSeni konstrukce povrchové triangulacekud totiz k hranam
z fronty edgesv daném kroku konstrukce nenalezneme vhodny blal fati
vrchol nového trojuhelnika, nemusi to znamenahyzehodny bod neexistoval.
Proto miize po pouziti vSech hran z frongdgesdochazet k tomu, ze se
nevytvdi cely povrch.

Pro feSeni této situace zavadime proto éomoznost restartovani
konstrukce trojuhelnikové gitTo znamend, Ze dostaneme-Ili se nakonec fronty
edges jiz nemame hranu, ke které bychom hledali vhodnghol nového
trojuhelnika, spustime proces tvorby€sihovu pro novou frontu hran. Nova
fronta hran, ozname ji new_edges bude tvéena hranami, které jiz
v povrchové triangulaci jsou, ovSem figiouze jednomu trojahelniku, tj. jsou
to okrajové hrany & nebo okrajové hrany gitJedna-li se o hrany, které
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skut&né tvori okraj vysledného triangulovaného povrchu, dal&istpp
konstrukce sé tyto hrany vyadi z frontynew_edgesRestartovani procesu
tvorby povrchové triangulacetrbe byt spu$no vicekrat, pet tzv. restatt je
fizen uzivatelem na zakladizualniho posouzeni dosavadni triangulace. Jsou-
li vSechny body vstupni mnoziny zpracovany, tj.eial alesptt jednomu
trojuhelniku, a triangulace neobsahuje diry, praeeeby je zastaven.

Nutno podotknout, Ze ip pouziti inkrementalni konstrukce &imizeme
teoreticky narazit na dalSi typy neZadoucik@dni trojuhelnik. Napiklad
mohou vznikat trojuhelniky, které maji spidy vrchol a jejich roviny sviraji
velmi maly uhelReSeni takové situace je jiz velmi komplikovan#.testovani
algoritmu na bodovych mnoZinich, které jsmeslimk dispozici, vSak
k takovému kiZeni nedochazelo. V budouci praci planujeme tyiecglni
piipady také oSéit.

2.2 Experimentélni vyhodnoceni

Priklady konstrukce povrchové triangulace si nyni Arka na #Bkolika
piikladech vstupnich bodovych mnozin.

V prvnim gipact se jedna o body, které jsou rozloZeny pravidlelacésti
rotatni valcové plochy, jak vidime na obrazku 1, kdergenéz zakreslen
zakladni trojuhelnik, od kterého &aa postupna konstrukce &itObrazek
znézotiuje postupny vypiet trojuhelnikové s¥t piicemz je vzdy zvyrazina
hrana, ke které se v daném kroku hleda vhodny Vrotweho trojlhelnika.

Obr. 1: Postupna konstrukce trojihelnikové si€& pro body pravidelné
rozmisténé naéasti rotaéni valcové plochy

Dalsi bodova mnozina je ziskana z povrchu dmitzo jednodilného
hyperboloidu. Bvodni pravidelnd €i bodi je ve vSech sdadnicovych
smérech zaSumgna. Zde se jiz jedna o mnoZinu lodkdy je nutné pouzit
restartovani procesu konstrukce siNa obrazku 2 je viit postupné konstrukce
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h, kdy se konstrukce ésitastavi a
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Inkrementalni konstrukce polygonalni sité reprezentujici povrch ...
proces tvorby sétse restartuje, a vysledek povrchové triangulace.
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V poslednim pipact se jiz jedna o redlnou mnozinu ligdktera byla
ziskdna skenovanim interiéru Vladislavského saluPmazském hrad viz
obrazek 3.

3 Zaveér

V ¢lanku jsme prezentovali modifikovany inkrementdldgoritmus tvorby
polygonalni si reprezentujici povrch dany ndrem bod. V dalSi praci

hodlame oSéit specialni pipady Kizeni trojahelnik v povrchové triangulaci a
pouzit oktantovy strom pro reprezentaci vréh®ovrez planujeme pokkmvat

v analyze dalSich typ vstupnich bodovych m¢éan a rozvoji vypoetnich

postu, které by bylo mozné vyuzit v procesu digitalriaestrukce povrah
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Abstract. Thanks to e-learning, modern methods of teachingoesemployed. The
authors of the article present their reflectiongtantopic as well as ready elements
of the proposed general solution which uses oppdts related to the
development of e-learning courses supporting fi@tht teaching methods. The
proposed solution concerns issues connected wittrigéive geometry and
technical drawing. The article demonstrates twavgxtas related to the subjects of
axonometry and multiview orthographic projectiofirst angle projection (1ISO).
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Introduction

E-learning has become popular in the recent yeaislyndue to the greater
access to the Internet and the increased bandwidtich are the basic
conditions enabling the use of educational resauroiccording to the
Regulation of the Minister of Science and Higheru€&ation, nowadays in
Poland there is no possibility to complete highénaation in a remote mode
[9]. The idea of remote learning is not a novel.dh&as always been possible
to obtain proper handbooks and learn the given naaten one’s own. The
popularity of television has given rise to the isation of various types of TV
courses, e.g. a course by Professor Marian Pakejgdometry classes were a
pioneer method when we look at them from today'ssjpective). His team
included Z. Sowiski and M. Bietkowski. Another course was develojgd
Franciszek Otto [7]. There remain printed materjals(Palej, Sowiski) and
video tapes from the courses, partly available diggtal form [7]. The issues
related to new trends of teaching geometry carobad in a work by multiple
authors [6]. Nevertheless, the book does not tat@ ¢onsideration the latest
trends connected with teaching methods and tedhmjigsortunities.

1 Delivery methods

Various methods of delivering technical knowledge & use currently. The
classification presented at www.koweziu.edu.pld8gs not fully correspond to
the goals of teaching geometry and technical drgwiherefore, the authors
have modified it slightly. Delivery methods can bided according to the
delivery language:

* text — verbal description, in a written form, shrapimagination

» sounds — auditory description, shaping imagination



236 Terczyrniska Ewa, Tytkowski Krzysztof

* image — illustrations aiming to convey a greatepant of information in a
shorter time, boosting imagination, e.g. the rule examples of
orthographic projections, perspective projectioagvation projections,
etc.

e 3D-imitating images - illustrations aiming to cogveaformation in a
geometric form, taking into account three dimensjang. anaglyphs

¢ physical models and experiments.

Division according to the medium used:

e paper — the learner can always go back to any fagrof the textual or
visual message (illustrations), notes, books

e speech — a spoken lecture or an e-book (audiobook)

e presentation — a board, a projector; the lectuesidtts which part of
information is available at the particular moment avhich is dismissed
for technical reasons

e physical models' materials — to convey informatiahout geometric
features, e.g. metal, glass, plastic, paper, cambo

« electronic media — their properties resemble thepgrties of paper, but
they require proper software and the ability to ilse.g. to enlarge the
description of a website; the learner decides whatains on the screen
and for how long, by viewing or omitting a choseagiment or by stopping
the presentation or film.

Division according to the type of access:

* static — websites, traditional books

« dynamic — videos, flash websites, animated illustra (GIFs), etc.; the
users can go back to a particular fragment but tiesd to, for example,
replay the video or refresh the website

* interactive — websites and programmes whose paeasnean be changed
or modified; the decision to go to the next partred material is taken by
the learner.

Technological changes allow the increase of theesaaf possibilities of
various delivery methods. The older methods of Hi®g various subjects,
especially geometry, can be enriched with new telduies.

2 KPE Platform

Remote learning platforms are used in a majorityrafersities in Poland and
in the world. The authors have run descriptive getoynand technical drawing
courses for many years: at various faculties, inous thematic scopes and
time frames. The KPE Platform developed by them pletas the courses
which are still realised full-time in the traditiaihmode; moreover, it simplifies
the communication between teachers and studentpre&ent, the authors are
working on the extension to the platform's funcility, which is the
monitoring of learning progres§.his work has been a result of the didactic
experience gathered by the authors and their frégdiscussions about the
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adaptation of modern technologies to the needsragdirements of students.
The Ministry of Science and Higher Education hasonfuced the notion of
“blended learning” as a method which facilitatearféng through an effective
blending of various delivery methods, teaching niedend learning styles [3].
The authors have decided to develop a distanceiteaplatform supporting
the teaching of geometry and engineering grapfibs. works on the project
comprise multiple stages and this article presttdatest stage.

The detailed premises of the whole project [3] hagen developed by the
team consisting of the authors and Piotr Dudzik.

The characteristics which the KPE Platform showdtain (their names are
conventional and should reflect the nature of ai@dar module) have been
presented in more detail in another paper [3]. Tdelisation of one of the
stages was presented at thé' Zbnference Geometry Graphics Computer in
Sopot in 2014 [4].

The basic assumption of the project is to devefepfollowing modules for
each topic:

* lecture — introduction to the given part of mateimaa verbal form and by
means of static images or films illustrating thetenal as well as 3D
models

« basic classes — solving tasks step by step, matidit of an assumption
and observation of the changes occurring in thetieol

« examples — a set of exercises preparing for the tes

« test — verification of the learner’s knowledge ba given material [4].

3 Lecture and classes

As the tests related to the topics of axonometnd arthographic projection
(six projections) had already been developed, thiepes were the first to
require the preparation other modules, includirggléitture. The KPE Platform
will be launched as soon as all the other modubage theen prepared. It is
assumed that the learner has become acquaintedheitissues related to the
particular topic during the lecture and the materjmepared will help him or
her master the given part of the material. The ri@sewill also have a form of
well-organised notes which can be later printetkwoisited many times.

3.1 Multiview orthographic projections: first angle
projection

To analyse this topic properly, one needs spatiggination: the ability to
imagine, examine, complete, and describe the shageposition of geometric
objects on the basis of a drawing, model, or dp8ori [11]. One of the
methods enhancing the process of correct assagiatid the development of
spatial thinking is the use of models as meanepoesent reality. The use of
models, initially through watching and constructimgnd then through creating
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their projections, sections, and axonometric viearsables flexibility in the
work on the process of the development of spatialligence.

The method of step-by-step solving of tasks intoedl by the authors
shows the way of constructing spatial forms basedhe addition subsequent
elements (from the simplest to the most complexspse that the learner can
observe the modifications in the virtual model. Télements added to the
axonometric drawing are automatically saved in dahthographic projections,
thanks to which the learner is able to track therations directly and to learn
by the analysis of the steps with the possibilitygoing back to the previous
position (if the learners do not understand somegththey can return to an
earlier step).

Adding and removing particular elements of the dsd§ related to the
spatial awareness of the learner and the abilitynap shapes in adequate
projections. Basing on the number of projectioh possible to determine the
appropriate shape. The proposed set of elemensed- in the process of the
model construction — illustrates the elimination thie possible solutions
depending on the number of the projections which tarned on. When the
subsequent projections are turned on, the scopessible solutions is reduced,
which leads to the obtaining of the only correattyie. It is also possible to
turn off the invisible edges, which is usually reqd if PN (Polish Norm) is
used. At this stage, the sample drawings are maaogdtic, as the solids are
relatively simple (they do not have many faces) sitgiated in several planes
only.

In the case of more difficult issues, the illusoas are colourful, to
facilitate the identification of various planestbé element. Where axonometry
is turned on and the task of the learner is tordete the projections for the
solid. The shape of the model depends on the nuwibetements used. By
moving the a-b-c sliders from 0 to 12 one can ckahg elements to more and
more complicated. By turning off the preview of fhjections, the learner can
think of the solution and then verify the projeatiche or she has imagined.

3.2 Axonometric projection

When creating and reading axonometric projecti@nis, necessary to analyse
the geometric properties of the represented elendifitis process cannot be
described in a simple manner with an algorithm.réfore, a seemingly simple
task may cause a big difficulty to someone inexgered. The only method to
understand a given scope of material is to solVeaast several tasks.
Undoubtedly, the construction of a model represkritg orthographic
projections is a difficult task (Fig. 1). To solttee task correctly, one needs to
imagine a 3D solid and then combine the flat viévis a real spatial image. At
an initial stage, the chance to construct a phisicairtual model of the solid
may facilitate the process. At this stage, the el#sof the 4.1 module may
prove helpful, as they present the relation of3Beshape and the projections.
Obviously, the best solution would be to employ ahehe techniques which
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imitate three dimensions, e.g. anaglyph, polarsethlasses and an adequately
modified image [5].

However, these methods require the use of additemapment and the 3D
effect can be achieved only if some conditions aret (the observer is
adequately positioned in relation to the imagey. fhany people unaccustomed
to this type of images, watching them for a longere may have a negative
impact on their wellbeing. Therefore, the authoeweh decided to use the
movement of the object in relation to the obseagr factor which intensifies
the 3D effect. Such approach was partly testedndutraditional lectures
involving the use of computers and during consigitest in the previous years.
Positive learning outcomes were also observed duridividual work which
made it possible to modify individual assumptiorenyntimes and to watch the
change of the solution.

The system employed is based on
applying various colours to various
planes, which makes the identification

A% easier in comparison to

T monochromatic drawings. The
e learner, using the static information
obtained during the lecture and
studying the subject, can practice the
creation of projections. It is assumed
that the three projections (in colour) will be chosgach time.

Fig. 4 Axonometry and all the views
are turned on.

4 Conclusions

The progress of technology requires that both ¢laeher and the learner learn
constantly. Numerous topics, understandable forfegsionals with ample
experience, need to be presented in a short, egraigl clear way. Therefore,
we continue to search for new solutions which aaprove the process of
learning. Every new suggestion is verified by tlshiaved learning outcomes.
In the process of education, one of the most ingmbraspects is the time which
must be spent on the implementation of a new mefabdn many cases, the
work does not bring the expected effects, whichtum, may discourage
persons preparing new solutions. The appreciatibnsuzch activities by
authorities and the proper promotion are also giirtance.

Based on experience, plenty of advantages of thiedinction of remote
learning to traditional classes have been observed:

« Constant access to the subject materials regarofiegse and place

«  Opportunity to analyse mistakes and their instantection

«  Self-control and self-evaluation of learning pragéy means of tests

e The recurrence of the course content — once prépaaterials can be

used multiple times
» Easier contact with students.
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The main disadvantage of the preparation of mdsefim distance learning
is the workload. This particularly applies to thaterials created for individual
learning in the form of tests. Nonetheless, thesiagy of the multiple use of
once prepared materials compensates for the effoet has to invest in the
beginning of the work. The conclusions relatedhe tunctioning and use of
the platform can be formulated only after it hasrbéully launched, however,
the authors’ experience in the employment of sumtmfof control in the
teaching of other subjects proves that this is aecd direction of the
development of the didactic offer in the dynamigahanging times.
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1 Afinny a projektivny priestor

Geometrické priestory su vektorové priestory spliiajuce daldie podmienky,
napr. existenciu symetrickej pozitivnej definitnej bilinearnej formy na
vektorovom priestore. Takymi st unitarne, euklidovské a metrické priestory.
Afinné priestory legalizuji zakladny geometricky pojem bod a projektivne
priestory vlastné a nevlastné body.

Nech A je neprazdna mnozina, V je vektorovy priestor nad T,
+: AXV = A je operdcia medzi prvkami mnozin A, V. Trojicu (4, V, +)
nazyvame afinny priestor nad T, symbolicky A(V), ak platia podmienky:
(@) (@)t 0=(a), (a)ru) + v)=((&)+H(u+ v)), u,v €V pre(a) €A,
(b) ku kazdej dvojici (a),(b)EA existuje prave jeden prvok u €V taky,
ze (a) + u=(b).
Prvky (a),(b)e A nazyvame body, ue V vektory, dim A(V) =dim V]

System P, = P(V,41) nazyvame N - rozmerny projektivny priestor, ak
platia podmienky:

(@) P je mnozina bodov;

(b) V.41 je vektorovy priestor;

(€) existuje bijektivne zobrazenie @: {[u]|0 # u €V, } > B, .
Prvky mnoziny P, nazyvame geometrické body, nenulové vektory
vektorového priestoru V1 nazyvame aritmetické body.
Kazdy vektor 0+ (x9,%1,..,%Xy) € Vypuyq Jje aritmeticky reprezentant

geometrického bodu (p([ X0 X1, X3, wee) xn]).
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Projektivny priestor P, je podpriestorom projektivneho priestoru, ak
P, € B, sucasne Vi, €SS V.., , zobrazenie ¢ prishichajice k P, je
reStrikcia zobrazenia ¢ na mnozinu {{u]|0 #u € V4 }.
Geometrické body ¢ ([u]) projektivneho priestoru P, nad polom 7 oznaime
[u] , aritmetického reprezentanta (u).

Z definicie afinného priestoru bezprostredne vyplyvaju jednoduché
tvrdenia:
(1) Afinny priestor B(W) je podpriestor afinného priestoru A(V) ,ak BCA,
Weccl.
(i1) B(W) je podpriestor afinného priestoru A(V) vtedy, ak pre kazdé body
(a),(b) € W, pre kazdy vektor u€ B, (b)—(a) € W, sucasne (a)+u € B.
(iii) Trojica (A, Vy,, +) je n- rozmerny afinny priestor nad T, A(V,) = 4,,.

Z definicie projektivného priestoru bezprostredne vyplyva:

(i) Kazdému aritmetickému bodu (w) odpovedd prdve jeden geometricky bod
[ul, ale kazdy geometricky bod [u] md nekonecne vela aritmetickych
reprezentantov (u).

(i) Zobrazenie ¢ vlastnosti mnoZiny {[u]|0 # u € V,,,; } mechanicky prenasa
na mnozinu P, , preto pri Stadiu abstraktnych vlastnosti projektivneho
priestoru B, sa mdzeme obmedzit na mnozinu {[u]|0 xu€evV,,,} a
povazovat’ zobrazenie ¢ za identické.

2.1 Model n- rozmerného projektivneho priestoru

Nech T je pole, char T=0, F= T"*! — {(0,0, ...,0)},
(X0, X1s er %), Vos V1, w0r V) EF. Hovorime, ze body s v reldcii R na F,
(%9, %1, X9 o, X )RY0, Y1, V2 s Y) » @K x; = ky;, 0# k €T,i=0,1,2, ..., n.

Veta 1.
Nech char T=0, F=T"*! —{(0,0,...,0)}, R je bindrna relicia na
F,potom:
(i) R na F jeekvivalenciana F;
(ii) systéem F|Rje rozklad mnoziny F
(iii) (F|R)(T™Y) je n - rozmerny projektivny priestor P,.

Dokaz.

(i) Nech char T=0. Zrejme, binarna relacia R na F=T"*! —{(0,0,...,0)} je
reflexivna, pretoze

(X9, X1, X5 oo, X )R( X, X1, X5 v, X)) © (30# k= 1) (x;= kx;,i=0,1,...,n).

AK (%9, %1, %3 o, X )RV, Y1, V2 s V) © (0 # KET)(x; = ky;, i =

01, ..,n) = Ve, Y1, V2 - Y)R( X0, %1, %5 ..., X)) © (30# ky =%
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ETN)(y; = kyy;,1=0,1, 2, ..., n), teda R je symetricka.

Ak (xg, X1, X3 e, Xn)R (Y0, Y1, V2 -y V) © (30 # k € T)(x; = ky;)

stcasne (¥, Y1, - Y)R( 29,21, ., 2y) ©(A0 =T €T, y;, =72) =

(%0, %1, -0, X)R (29, 24, ..., 2p) © (30 %= k € T)(x; = kr) z;), i=0,1, 2,..,n,
R je tranzitivna. To dokazuje, ze R je ekvivalencia .

(ii) R je ekvivalencia, podl'a vety 2,3[8] F|R je rozklad mnoZiny F.

(iii) F|R je rozklad mnoziny F, (0, 0,...,0)¢ F|R, podl'a definicie projektivneho
priestoru (F|R)(T™*1) je n - rozmerny projektivny priestor P,.m

2.2 Projektivne rozsirenie afinného priestoru

V niektorych pripadoch je vyhodnejSie pracovat s homogennymi
projektivnymi stiradnicami.

Zlozky x;, 1=0,1,2,..., n bodu ( xg, X1, ..., X,) € B, nazyvame projektivne
homogénne suradnice, zlozky a;= %; i=1,2,..., n bodu (aq,a,..,a,)€ A,
nazyvame nehomogénne suradnice, ak x;, i=0,1,2,..., n si  homogénne
suradnice viastnych bodov PB,.

Reprezentanty (xg, X1, X3 ..., X)), Xo #0 odpovedajii viastnym bodom B,,
(x9, X1, Xy oo, Xp), Xo = 0 neviastnym geometrickym bodom P,.

Priklad 1

Nech A; = A(V;) , x — 1 =0 je rovnica afinnej priamky p. UvaZzujme
A, = A(V,) 2—rozmerny afinny priestor. Zvol'me stradnicovu sustavu
5={(0, 0), (1,0), (0, 1)} so zaciatkom (0, 0), kanonickou bazou {(1,0), (0, 1)},
osami; x=(0, 0)+ [(1,0)], y=(0,0)+ [(0,1)]. Afinna priamka p o0 rovnici
X -1=0 & x=1 je rovnobezna s osou y a prechadza bodom (1,0). Ak
zvolime na priamke p suradnicova sastavu S ={(1,0), (0, 1)}, potom priamka
gq=(0,0)+ [(r,s)] v rovine A, pretne priamku p v bode, pre ktorého
stradnice vzhladom k S plati ; Vidime, Ze kazdy bod priamky p je
jednozna¢ne uréeny smerom v A, anaopak, kazdému smeru [(r,s)], 0#r je
jednozna¢ne uréeny bod priamky p . Smeru [(0,1)], ktorého reprezentant je
(0,1), neodpoveda ziadny bod afinnej priamky p. Ak rozsirime mnoZinu A 0
smery [(0,x;)], potom projektivny priestor P, = A(V,) je projektivne
rozsirenie afinného priestoru A;.
Majme dva body a, b na priamke p ,{a}g=x {b}¢=y. Bod a méi smer
[(1,x)], b ma smer [(1,y], zistime, ktory bod priamky ma smer [(r,7x) +
(s, sy)], rs#0. AK r+s#0, (r+srx+sy)=(r+s, (r+
s)(x+ Ts:)(x—y)), potom smerom [(r,rx) + (s,sy)] je jednoznacne uréeny

bod ¢ priamky p, ktorého stradnice {c}g =(x+ %)(X—y), t.j. bod
c=(a + %)(a —b). Ak r+s5=0, (r+s,rx+ sy)=(0r(x—y)), potom
[(r,rx) + (s,sy)] je uréeny nevlastny bod [r(x — y)], t. smer [(a — b)].
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Toto pouZijeme V nasledujucej konstrukeii.

K danému afinnému priestoru A,=A(V,) zostrojime projektivne rozsirenie
afinného priestoru A, , ktory je izomorfuy s viastnou podmnoZinou priestoru
P,.

Nech A,=A(V;,) je afinny priestor, N mnozina smerov nevlastnych bodov
vektorového priestoru ¥V, a A=A U N.

Na V,,,=V, U{rala € A,r € T} definujme $truktiru vektorového priestoru
nasledovne:

ra+sb = r(x—y), pre r + s=0,

N

ra+sb=(r+s,(r+ s)(x+m)(X—y)), prer +s # 0,

ra+u=r(a +%u),

s(r-a)=(sr)-aq,

O(r-a)=0€V,,pre a,beA, 0#r,s€eT.
Zrejme, + je binarna operacia na V, , - je operacia medzi prvkami V, , T .
Prvky ra nemaju ziadny vlastny vyznam v afinnom priestore A,=A(V,),
preto je vhodne ich povaZzovat’ ako dvojicu (r, a). Cahko zistime, Ze mnoZina
Vps1 je vektorovy priestornad T a dim V., =n + 1.

Ak {ul, Uy ..., Uy } je ubovol'na baza V;, , B, je projektivny priestor, (a)
je fubovolny prvok A,, potom r(a) + X7y riu; = 0,0=r=r,i =1,2,..,n,
sustava (@), Uy, Uy, ..., U, € V44 je linedrne nezavisla. Pre Tubovolny prvok
(b)e A, 0#reT je (b)—(a) = XL, u;, i €T, i =1,2,...,n, tiez r(b) =
r(a) + Xi=17 (r;u;). To znamend, vektory (), uq, Uy, ..., U, generwju V4 ,
preto dimV,,, =n + 1.

Ak zvolime zobrazenie @([u])=[u], pre w €V,, o([r(a)])=[al, pre (a)€ 4,
O0#reT, zrejme, ¢ je vzajomne jednoznacné zobrazenie vietkych smerov
vektorového priestor V,,; na mnozinu A .

Uvedené vysledky sformulujeme do definicie.

Projektivny  priestor ~ A(V,.,) je projektivnym rozsirenim afinného
priestoru  A4,=A(V,), ak A = AUN, A je mnozina vietkych smerov
vektorového priestoru V,, V,.1=V, U {r(a)|(a) € A,r € T}.

Body mnoziny A nazyvame viastné body, mnoziny N neviastné body priestoru
A(Vn+1)-

Veta 2.

Mnozina PY viastnych aritmetickych bodov projektivneho priestoru P, S
operdciami,

®:[1,x1, %5 e, Xp|® [L,y1, Y2 ooy Ynl= [L X1 + Y1, %2 + Y2y ooe) Xy + Y

O:rO[1,xq, x5 o, x| =[1L, 7. %0, 7. X5, w0, 7o X ], TET, Jje vektorovy
priestor nad polom T charakteristiky O.
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Dokaz.
Overime platnost’ podmienok (1) az (7) definicie 15.1[8]. Operacia @ je
binarna operacia na PV, komutativny a asociativny zakon binarnej operacie
@ je indukovany komutativnym a asociativnym zakon binarnych operacii +, -
na T, trieda [1,0,0..,0] je neutrdlny prvok, pre lubovolnu triedu
[1, x4, x5 ..., x,]. Podmienky (1) az (3) platia.
Zrejme, trieda [1, —xq, —x5 ..., —x,]=—[1, %1, %5 ..., x,] je opaény prvok k
triede [1,x,, x5 ..., x,] . Systém (PY, @) je komutativna grupa.

©® je operacia prvkov mnozin P¥, T .Rovnost’
T O(L %1, %z ..., X 1®[L, y1, ¥ o, Y DOIL, 21, X5 oo, X, | BT O[L, Y1, 2 -, Y
overime tak, Ze vypocCitané strany porovname.Rovnost’ implikuje platnost’
podmienky (4). Analogicky overime platnost’ podmienok (5) az (7). m

Veta 3
Vektorovy priestor P¥ a afinny priestor A, su izomorfné nad polom T.

Dokaz.

Zvol'me zobrazenie f: PV —» A, tak, Ze (1, xq, Xy, ..., X)) ( X4, Xg, oo, Xp)-
Zrejme, f je injekcia a surjekcia, teda f je bijekcia, t.j. PY = A,. UkaZeme,
ze f je homomorfizmus.

f((l! X1, X2, e 'xn) @(1, Y1, Y2, "'Jyn)):(xl + Y1, X2 + Y2, 0 Xp + yn)

f(Lxy +yux + Yo, 0 X +90) )= (X + Y1, % + ¥, o, Xy + ). Platnost’
pravych stran implikuje, Ze f zachovava binarne operacie @, + na priestoroch
P¥, A,. Podobneg,

frO© (Lxy,xy %) = 1 (X% 0, xy) , f(Lrox, Xy 00, x)) =
(r.xq, 7. x5 ..., 7.x,) implikuje, ze f zachovava operacie ®, - na priestoroch
PV, A,. Tedaf je izomorfizmus, t.j. P* = A,,, dim PY =dimA4,, = n.m

3 Zaver

Mnozina vlastnych a nevlastnych aritmetickych bodov P spolu s binarnou
operaciou @ a operaciou ©® nie je vektorovy priestor nad polom T, lebo
trieda [0,x,, x5 ..., x,] neméa opaény prvok. Zrejme, projektivny priestor P,
nema nulovy prvok, preto linearnu zavislost, resp. nezavislost bodov
definujeme pomocou hodnosti matice a nezavisi od vyberu reprezentantov.
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Abstrakt. Pentagonal tiling is a tiling of the plane where each piece is
a pentagon. We describe history and rules of pentagonal tilins.
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1 Uvod

Pokryvéani roviny (teselace) je vyplnéni roviny pomoci jednoho nebo vice
typu geometrickych ttvaru (dlazdic) tak, aby se tyto geometrické utvary
nepiekryvaly a nezustaly mezi nimi zddné mezery.

Klasifikace teselaci je moznd napiiklad podle tvaru dlazdic, podle mnoz-
stvi pouzitych typu dlazdic, podle zobrazeni, které dané pokryti cha-
rakterizuje apod. Nékterd pokryti maji specidlni nézvy, napt. pravidelné
pokryti je tvoreno jednim typem pravidelnych mnohothelniku. Vime, ze
existuji jen tii typy pravidelnych pokryti (rovnostrannymi trojihelniky,
¢tverci a pravidelnymi Sestitthelniky). Déle existuji polopravidelnd pokryti,
ktera jsou tvotfena opét pravidelnymi mnohotihelniky, ale je mozné pouzit
vice typu dlazdic. Takovych polopravidelnych pokryti existuje osm a jsou
tvoreny kombinacemi rovnostrannych trojuhelniku, ¢tvercu, pravidelnych
Sestithelniki, osmithelniku a dvanactiihelniku. Periodickd pokryti jsou
charakterizovdna posunutim, tj. existuje posunut{ (uréené nenulovym vek-
torem), které zobrazi pokryt{ samo na sebe. Dalsimi typy pokryti jsou
napt. aperiodickd pokryti nebo Penrosovo pokryti.

2 Pétithelnikova pokryti

Velice zajimavym typem pokryti jak z hlediska charakterizace dlazdic, tak
z pohledu historie, je pokryvéani roviny pétithelniky. Rovinu nelze pokryt
pravidelnymi pétithelniky, ale lze ji pokryt jednim typem shodnych péti-
thelnika. Tomuto pokryti se budeme vénovat v nésledujicim textu.

2.1 Znaceni a klasifikace

Oznac¢ime pétithelnik podle nésledujiciho obrazku, kde velkymi pismeny
jsou oznaceny jak vrcholy pétidhelnika, tak thly u pfislusnych vrcholu
a malymi pismeny strany pétithelnika. Pokryti budou charakterizovana
pomoci vztahu mezi thly a stranami nebo konkrétnimi hodnotami téchto
veli¢in viz obr. 1.
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Obréazek 1: Znaceni

2.2 Historie

Prvni systematiky popis (klasifikaci) pokryvani{ roviny pétidhelniky pro-
vedl némecky matematik Karl August Reinhardt (1895 — 1941) v roce
1918. K. Reinhardt popsal pét riznych typu pétitihelniki, které pokryvaji
rovinu, presnéji popsal pét tiid charakterizovanych vztahy mezi thly a
stranami takovych, ze pétithelnik patiici do jedné tiidy (spliujici dané
podminky) existuje a existuje alespon jedno pokryt{ roviny t{imto typem
pétithelnika. Téchto pét typu je vidét na obr. 2.

Obrazek 2: Pétiihelnikova pokryti popsanda K Reinhardtem

Pak nasledovala padesatiletd prestavka a az v roce 1968 Richard Ker-
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shner publikoval ¢lanek v American Mathematical Monthly, kde klasifikuje
pétithelnikova pokryti jinym zpusobem, ale jeho seznam obsahoval navic
tF1 typy pokryti, které nebyly popsdny K. Reinhardtem (obr. 3). Nyni{ bylo
tedy popsdno osm typu pokryti a prestoze se R. Kerschner mylil ve svém
predpokladu, Ze nasel vSechna pokryti, jeho prace pomohla odstartovat
nové vyzkumy v této oblasti.

IR

Obrazek 3: TTi nova pétithelnikova pokryti popsand R Kerschne-
rem

V letech 1956-1981 vedl znamy americky popularizator matematiky
Martin Gardner (1914-2010) v ¢asopise Scientific American sloupek Mathe-
matical Games. V roce 1975 napsal o Kerschnerové ¢lanku a vyzval ¢tenate
k hleddni novych zpusobu pokryti roviny pétitihelniky. Na zakladé této
vyzvy byly objeveny dalsi ¢tyfi typy pokryti. Hned v roce 1975 objevil
jeden novy typ dlazdic pocitacovy specialista z Kalifornie Richard James
III., ktery se rozhodl najit pokryti z Kerschnerova ¢lanku aniz by ¢lanek
Cetl a podafilo se mu najit kromé osmi Kerschnerovych pokryti dalsi, ktery
oznacujeme jako typ 10 (viz obrdzek 4).

Obrazek 4: Pétithelnikové po- Obrazek 5: Pétithelnikové po-
kryti popsané Richardem Jame- kryti popsané Rolfem Steinem
sem IIT.

Jesté zajimavéjsi byl objev dalsich tii typu pokryti, ktery ucinila na
zékladé vyzvy M. Gardnera Kaliforfianka Marjorie Rice (narozena 1923).
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Tato dama, kterd neméla hlubsi matematické zaklady, byla tak fasci-
novand vyzvou M. Gardnera, ze si vymyslela vlastni systém tiidéni a
béhem nékolika dalsich let objevila tfi dalsi typy pokryti viz obr. 6. Velkou
zésluhu na jejim uvedeni do matematické komunity a zvefejnéni novych
typu dlazdic méla profesorka Doris Schattschneider. Ukéazky dlazdic a
vytvarné pojatd pokryti lze nalézt v [2].

I

Obrazek 6: Tti pétiuhelnikova pokryti popsand Marjorie Rice

V roce 1985 objevil 14. typ pokryti némecky student Rolf Stein 5, ale
patnacty typ cekal na své objeveni dalsich 30 let. Letos v Cervenci byl
oznamen posun na tomto poli - Casey Mann, Jennifer McLoud a David
Von Derau ohlasili objev 15. typu dlazdic 7, ktery byl u¢inén pomoci
pocitacového programu.

Obrazek 7: Nové objeveny 15. typ pétithelnikového pokryti a
pétithelnikova dlazdice

K ilustraci pokryti 6-15 byl pouzit volné pouzitelny aplet vytvofeny
autorem Edem Peggem Jr: ”Pentagon Tilings”
(http://demonstrations.wolfram.com/PentagonTilings/

Wolfram Demonstrations Project, Published: May 13, 2009)
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2.3 Piehled 15 typu dlazdic

Nésledujici prehled véetné znacen je prevzat z ¢ldnku [4], pFidén je jesté
nové objeveny patnacty typ pokryti, ktery m4, na rozdil od pfedchdzejicich,
presné dané uhly u jednotlivych vrcholu.

Ve svém dalsim ¢ldnku [5] stejni autofi klasifikuji pokryti jesté po-
drobnéji a déli pokryti podle dalsich kritérii, napt zda je pokryti ,edge to
edge*.

Typ 1: A+ B+C =27

Typ 2: A+ B+ D =27

Typ 3: A=B=D=27n/3,a=bd=c+e

Typ 4: A=C=n/2,a=b,c=d

Typ 5: A=7/3,C =2n/3,a=b,c=d

Typ6: A+ B+ D=21n,A=2C,a=b=e,c=d

Typ 7: 2B+ C =27r,2D+ A=2m,a=b=c=d

Typ 8 2A+B=2m,2D+C =2m,a=b=c=d

Typ 9: 2E+B=27,2D+C=2m,a=b=c=d

Typ 10: A=7/2,C+D =37/2,2D+E=2C+B=2r,a=b=c+e
Typ 11: A=7/2,C+E=n2B+C=2r,d=e=2a+c¢
Typ 12: A=7/2,C+E=n2B+C=21,2a=c+e=d
Typ 13: A=C=n/2,B=E=nw—-D/2,c=d,2c=e

Typ 14: A=7/2,C+FE=7,2B+C =2r,d=e=2a,a=c
Typ 15: A=150°,B =60°,C = 135°, D = 105°, E = 90°

3 Zajimavé vlastnosti a pouziti
Néktera z pétiuhelnikovych pokryti jsou vyuzivana v architektute, de-
signu nebo dldzdéni. Pitklady vyuzit{ pétidhelnikovych pokryti (a dalsf
geometrické zajimavosti) 1ze nalézt na ndsledujicich strankach:

e http://www.tess-elation.co.uk/

http://mathtourist.blogspot.cz/
http://jsfiddle.net /jolumij/1qhTzav9/

http://www.ams.org/samplings/feature-column/fc-2014-04

http://www.mathpuzzle.com/tilepent.html
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\/\/\)

Obrazek 8: Dudlni pokryti

4 Zaver

Posledni typ pokryti objeveny v letosnim roce (2015) byl objeven pomoc{
pocitacového programu. Dosud vSak neni dokazano, zda existuji dalsi typy,
nevime ani, zda je pocet pokryti kone¢ny. Existuji ale i dalsi otazky, na
které se matematici zaméfuji, napiiklad isoperimetrické pokryti (viz [1])
nebo dudlnf pokryt{ (viz obrdzek 8) pétitithelnikovym pokrytim (lze nalézt
napf. v [3]).
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Abstract. Conformal azimuthal projection of the points of sphere is known in
geometry like stereographic projection, which is applied in different field. The
innovative approach to the evaluation of the parameters of the conformal azimuthal
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surfaces of the Earth) and also derivation of new equations for their calculation is
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1 Uvod

Kartografické zobrazenia bodov referencnej plochy Zeme do roviny su
v kartografii nazyvané azimutdlne. Konformné zobrazenie bodov sféry do
roviny je v geometrii zname ako stereografické zobrazenie. Z dovodu
zachovavania uhlov stereografické zobrazenie pouzivaju odbornici hlavne
v kartografii, a tiez v d’al8ich oblastiach, napr. v krystalografii na meranie uhlov
medzi stenami kryStalu, v minulosti v astronémii na meranie uhlov medzi
hviezdami pomocou rovinného astrolabu, v matematike na vzajomnu
transformaciu  modelov neeuklidovskej geometrie, v umeni na tvorbu
ornamentov na gul'ovej ploche z rovinnych navrhov a pod. [4].

V Kkartografii s konformné zobrazenia referen¢nej plochy do roviny
pouzivané ako stcast’ Geodetickych suradnicovych systémov, napr. na mapach
Holandska a na zobrazenie polovych oblasti v systétme UTM zoskupenia
NATO (zobrazenie Universal Polar Stereographic) [3].

V prispevku je ukdzany inovativny pristup k vypoétu parametrov
konformnych azimutalnych zobrazeni bodov elipsoidu a sféry, a to podla
Sirokej Skaly poziadaviek na skreslenie obrazu prvkov zemepisnej siete,
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odvodenie zobrazovacich rovnic pomocou izometrickych suradnic. Hlavny
prinos je v odvodeni vzt'ahov na vypocet tychto parametrov pre obraz bodov
referencnej sféry vychadzajuc z danych poziadaviek.

2 Konformné azimutalne zobrazenia a ich parametre

Na uvod kapitoly uvedieme zdkladné pojmy matematickej kartografie potrebné
Vv rieSeni problematiky konformnych azimutalnych zobrazeni a ich parametrov,
ako charakteristika referenénych pléch, stradnice na referenénych plochach.

2.1 Charakteristiky referen¢nych ploch a siaradnice bodov
na referen¢nych plochach

V kartografickom zobrazovani za referencné plochy Zeme povaZujeme
referencnu  sféru areferencny elipsoid (rotacny splosteny). Zemepisné
stiradnice na oboch plochach st definované rovnako (Obr. 1) [3]:

» Zemepisna Sirka (sférickd oznacovana U, elipsoidicka ¢) je definovana ako
uhol normaly plochy v danom bode srovinou rovnika, jej hodnoty st
v intervale (-90°, 90°), kladn4 je na sever od rovnika.

> Zemepisna dizka (sféricka oznadovana V, elipsoidicka A) je definovana ako
uhol roviny uréenej danym bodom a zemskou o0sou S rovinou uréenou
zemskou osou a zakladnym bodom (napr. Greenwich), jej hodnoty su
v intervale (- 180°, 180°), kladna je na vychod.

Obr. 1: Referen¢né plochy Zeme: referenéna stéra (vlavo), referenény
elipsoid (vpravo)

Polomer referenénej sféry oznaGujeme R adizky polosi elipsoidu a, b,
pomernu excentricitu €. Hlavné polomery krivosti na referencnom elipsoide su
meridianovy M a prie¢ny N vyjadrené vzt'ahmi:

—g? a
M — a(l—e?)

== =/ N=—o—=—.
(1-€’sin’p)° J1-€*sin® o (1)
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Na vyjadrenie dizkového elementu plochy pouzivame izometrické
suradnice, kde izometrickd dlzka je totozna so zemepisnou dlzkou a pre
izometrick Sirku g na rotaénom elipsoide a Q na sfére plati:

dg= dp=q=1In tg[£+450j 1zesing
N cos @ 2 1+esing @)
du u

dQ= =Intg —+45°|

Q cosU =Q 9(2 )

Nech bod K, ktorého zemepisné stradnice na referenénej sfére s Uy, Vi, je
kartografickym polom (bodom s kartografickou $irkou 90°), Ps je severny pol.
Dvojicami bodov Ps, P a Ps, K prechadzajii zemepisné poludniky a body K, P
uréuju kartograficky poludnik. Potom kartograficka sirku S a dizku D bodu P
ur¢ime z jeho sférickych stradnic U,V pomocou vztahov odvodenych z 1.
kosinusovej vety a sinusovej vety v sférickom trojuholniku PsKP (Obr. 2):

sin$ =sinU sinU, +cosU cosU, cosAV,

sinD = COSL{ SinAV, (3)
cos S

kde AV = £(V - V) v zavislosti od orientacie sférického trojuholnika PsKP.

Obr. 2: Kartografické suradnice na referen¢nej sfére

2.2 Zakladné vztahy pre azimutilne zobrazenia

Azimutalne zobrazenie je vhodné aplikovat’ pre tzemie rozlozené v okoli
geometrického taziska (izemie ,,.kruhového* tvaru). Poludniky sa zobrazuji do
zvazku priamok, ktoré vychadzaji z obrazu pélu a zvieraju medzi sebou
rovnaké uhly ako na referenénej ploche. Rovnobezkové kruznice (dalej
rovnobezky) sa zobrazujt do ststrednych kruZnic so stredom v obraze pélu.
Jednoduché azimutalne zobrazenia rozdel'ujeme podla polohy na:
a) polové — zobrazovacia rovina je kolma na zemsku os,
b) rovnikové — zobrazovacia rovina je rovnobezna so zemskou osou, teda
kartograficky pdl je na rovniku,
€) vSeobecné — neplatia vlastnosti a) ab), teda kartograficky pol nie je
totoZny so zemepisnym pélom, a tiez nelezi na rovniku.
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V prispevku st vzt'ahy a vlastnosti formulované pre azimutalne zobrazenia
vV normalnej polohe, avSak pri zobrazeni referenénej sféry su aplikovatel'né aj
pre rovnikovi a vieobecnu polohu roviny, a to po subtiticii U = SaV = D.

Zaciatok O pravouhlej a polarnej stiradnicovej stistavy volime v obraze polu
(Obr. 3). Pri vyjadreni vztahov pre azimutilne zobrazenie je v klasickej
literatire matematickej kartografie, napr. [1] a [2] pouzivany zenitovy uhol,
ktory je doplnok zemepisnej Sirky do 90°. V tomto prispevku ukazeme
odvodenie vztahov s vyuzitim zemepisnej Sirky U a ¢, potom vSeobecny tvar
zobrazovacich rovnic azimutalnych zobrazeni bodov sféry a elipsoidu
uvadzame v polarnom tvare nasledovne:

presféru: p=fU), pre elipsoid : p = f (@), (4
c=V, c=A

v =

Obr. 3: Suradnicové sistavy v azimutialnom zobrazeni

Dizkové skreslenie v kartografii je vyjadrené modulom dizkového
skreslenia, ¢o je pomer elementu dizky v zobrazeni a elementu dizky na
referenénej ploche. Pre moduly dizkového skreslenia mp na poludnikoch a my
na rovnobezkach v azimutalnom zobrazeni platia vztahy:

; dp o
féru: =——, = ,
pre sféru My ==l M = sU )
L dp P
reelipsoid : m =——"—, m, = .
preeip P Mde N cos ¢ (6)

Dalsie &asti prispevku su venované konformnym azimutilnym zobrazeniam,
teda zachovavajucim uhly.
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2.3 Zobrazovacie rovnice konformnych azimutalnych
zobrazeni

Jednym z dosledkov zachovavania uhlov v konformnom kartografickom

zobrazeni je, 7e dizkové skreslenie v danom bode je rovnaké pre vietky

azimuty, ateda moduly diZkového skreslenia rovnobezky a poludnika sa

rovnaju. Ztejto podmienky odvodime zobrazovacie rovnice konformného

azimutalneho zobrazenia bodov referencnej sféry, aj referencného elipsoidu.
Nech pre obraz bodov referenéného elipsoidu plati:

m,=m, = _dp __»p @)
Mdgp Ncose

Po tprave aplikujeme vztah (2) a integrujeme:

dp Mde dp

£__T7Y £ =|-d Inp=—qg+Inc 8

; Nc05¢3jqu3 p=-q ®)

Po dosadeni (2) za izometricku Sirku g:

. e
1) l-esing
Inp=—Inftg =+45° ||| ————| |+Inc.
P { 9(2 ) [1+esin (p] ] ©
Po odlogaritmovani si zobrazovacie rovnice konformného azimutalneho
zobrazenia bodov referen¢ného elipsoidu:

1) l+esing °
p:ctg(45°——) [J .
2 )\\1-esing (10)

e=A.
_ Po dosadeni p z (10) do vzt'ahu (6) pre m; dostaneme vyjadrenie modulu
dlzkového skreslenia V obraze bodu referencného elipsoidu, ktorého
elipsoidicka Sirka je ¢:

m=

c [1+esin goje
2N 0032(45"—%) 1-esing

Podobne pre konformné azimutalne zobrazenie bodov referen¢nej sféry su
zobrazovacie rovnice:

u
=ctg 45°—— |,
p-otq 45
e=V.
Vztah pre modul dizkového skreslenia v obraze bodu referenénej sféry,

ktorého sféricka sirka je U:
c

(11)

(12)

m=——>——5+ (13)
2R cosz[45°—5]
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2.4 Vypocet parametrov konformnych azimutilnych
zobrazeni bodov referen¢nej sféry

Konformné azimutalne zobrazenie mad 2 navzijom zavislé parametre, a to
kons$tantu ¢ a zemepisnu Sirku neskreslenej rovnobezky Ug, prip. ¢o. V tejto
Casti ukdzeme inovativny pristup k uréeniu parametrov konformnych
azimutalnych zobrazeni vyplyvajuci zo stanovenia kritérii na skreslenie prvkov
zemepisnej siete nasledovne:

1. Rovina je dotykova, teda Up = 90° (resp. ¢o = 90°), potom z podmienky

Mpol = 1 pocitame hodnotu konstanty c.

2. Rovina je se¢na:

a) volime Ug # 90° (resp. o # 90°), potom z podmienky mo = 1 poéitame

hodnotu konstanty c,

b) volime dizkové skreslenie v péle mpo < 1, odkial’ uréime hodnotu Ug

(resp. ¢ ), potom pocitame hodnotu konstanty c.

¢) ddme podmienku, Ze dizkové skreslenie v pole a na krajnej rovnobezke

U; (resp. ¢5) ma rovnaka absolutnu hodnotu, potom hodnotu konstanty ¢

pocitame z tejto podmienky, ktorej formulacia je:

Mgy, =1-v, (14)

m; =1+v.

V nasledujucej cCasti budu odvodené vztahy pre vypocet parametrov
konformného azimutidlneho zobrazenia bodov referencénej sféry podla
uvedenych kritérii.

1. Nech modul dizkového skreslenia v pole je 1, teda rovina, na ktor
zobrazujeme je dotykova, potom:

Mpyy = ¢ G-l & Up =90° = c=2R (15)
2Rcosz(45°—TF’°'j

190°-U,
!\/' i
AN
|/ U\,,'

i U

Obr. 4: Geometricky princip stereografického zobrazenia
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Po dosadeni ¢ = 2R do (12) dostaneme zobrazovacie rovnice konformného
azimutalneho zobrazenia bodov referenénej sféry na dotykovu rovinu:

p::2Rtg[45°7£{}
2

e=V.

Uvedené zobrazovacie rovnice je mozné odvodit aj z geometrického
principu stereografického zobrazenia na dotykovu rovinu (Obr. 4).

(16)

2a) Z poziadavky, aby rovnobezka so sférickou zemepisnou $irkou Ug bola
neskreslend, potom konstantu ¢ ur¢ime:

mo = ;U = 1, (17)
2Rcosz[45° ——Uj
2
odkial’
¢ =2Rcos? 45°—$
B 2 f (18)

Po dosadeni konstanty ¢ do vztahu (13) pre modul dizkového skreslenia
v bode, ktorého sférickd zemepisna $irka je U, plati vzt'ah:

0052[45" - ﬁ)
2

m=———— =2 (19)
0032(45o - B)
2
a pre modul dizkového skreslenia v pole plati:
cosz(45° - ﬁ)
Myt = 2/ cosz[45° —U—Z"j (20)

cosz(45°—%j
2

2b) Volime dizkové skreslenie v péle, teda nech jeho modul dizkového
skreslenia mpy < 1, potom z predchadzajuceho vztahu (20) vyjadrime
hodnotu Uo:

U, =90°— 2arccos y/ Mg, (21)

a ked’Ze rovnobezka so sférickou $irkou Up je neskreslena, z podmienky
(17) tiez dostaneme vztah (18) pre vypocet konstanty c.

2¢) Absolutna hodnota dizkového skreslenia v péle a na krajnej rovnobezke so
Sirkou Uj; je rovnaka, teda po séitani podmienok (14) plati:

My, + M, =2.

Do tejto podmienky dosadime za myo @ my vzt'ahy (19) a (20) a potom plati:
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U cosz[45°—u—2°]
0052(45°7—°J+7U= 2 (22)
cosz(45°—7Jj

Z predchadzajiuceho vzt'ahu (22) vyjadrime Uq:
U 2 (:052(45o - g]
cosz(45° - —f’j = —U2 (23)
0052(45o - ?J] +1

a ked’Ze rovnobezka so sférickou Sirkou Uy je neskreslend, plati podmienka
(17) a hodnotu konstanty ¢ po¢itame z (18).

V poélovych arovnikovych azimutdlnych zobrazeniach nie je mozZné
pouzitie referencného elipsoidu. Tento je potrebné transformovat’ na sféru,
v pripade konformnych zobrazeni pomocou Gaussovho konformného
zobrazenia elipsoidu na sféru [2]. V d’alSom kroku zo zemepisnych stiradnic
U a V pomocou vztahov (3) vypogitat’ kartografické stradnice S a D, a teda pri
aplikacii vztahov odvedenych v tomto ¢lanku je pre polové arovnikové
azimutalne zobrazenia nutné urobit subtiticiu U =SaV = D.

3 Zaver

Skreslenie prvkov zobrazovaného tizemia v kartografickom zobrazeni je stale
aktudlnou témou vrezorte geodézie a kartografie, aprave matematické
a geometrické nastroje davaju moznosti spresiiovania vysledku. Vztahy pre
vypocet parametrov konformnych azimutalnych zobrazeni odvodené v tomto
¢lanku st aplikovatel'né pre akékol'vek izemie ,.kruhového* charakteru.

Pod’akovanie

Tento ¢lanok vznikol za podpory Visegrad Fund: Slovak-Czech Conference on
Geometry and Graphics.

Literatara

[1] HOJOVEC, V. — DANIS, M. — HAJEK, M. — VEVERKA, B.:
Kartografie. Praha: Geodeticky a kartograficky podnik, 1987. 660 s.

[2] SRNKA, E.: Matematickd kartografie. Brno: Vojenska akadémie
Antonina Zapotockého, 1986. 302 s.

[3] VAJSABLOVA, M.: Matematickd kartografia. 1. vyd. Bratislava:
Nakladatel'stvo STU, 2013. 315s.

[4] VAJSABLOVA, M.: Interdisciplinirne aspekty stereografickej
projekcie. In  Shornik 26. Konference o geometrii a pocitacové
grafice. Nové Mésto na Moravé: Ceska spoleénost pro geometrii
a grafiku a JCMF. 2006. ISBN 80-7040-902-9. s. 283 - 288.



Slovak—Czech Conference on Geometry and Graphics 261

Krivky stuhy

Lace curves
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Abstract. Paper brings information on a two-parametric class of special curve
segments called lace curves, or laces in short, generated by means of partial
Minkowski point set operations applied on two equally parameterised curve
segments. Some of the basic geometric properties of resulting lace curve segments
are presented, with classification of possible singularities that can appear in case of
Minkowski summative combinations of basic operand curve segments. Few
examples of laces of interesting forms are given for illustration.

Keywords: Minkowski partial sum, Minkowski partial product, lace, knot

Klicové slova: Minkowského ¢iastoény stcet, Minkowského ciastoény sacin,
stuha, uzol

1 Minkowského mnozZinove operacie a ¢iastoéné mnozinové
operacie

Minkowského sucet a Minkowského sucin dvoch bodovych mnozin st operacie
definované pomocou operdcie suctu a vonkajsieho sicinu polohovych vektorov
bodov danych operandov, urcujucich polohu bodov vzhladom na pevny
referenény bod. V pripade nekonenénych bodovych mnozin, reprezentovanych
parametricky, teda vektorovymi rovnicami, mozno uvazovat’ o operaciach
definovanych na danych vektorovych funkciach, v ktorych vystupujd rozne
parametre pre jednotlivé funkcie. Minkowského stacet dvoch kriviek kal
priestoru parametricky uréenych rovnicami

k:'r(u) =("x(u),"y(u), 'z(u)),ue(a,b)c R
I 2r(v) = (x(v), 2y(v), “z(v)),ve(c,d) = R

moézeme definovat’ ako mnoZinu k @ | bodov priestoru, parametricky uréen
vektorovou funkciou definovanou na oblasti Q = (a, b) x (c, d) = R?, ktora je
st¢tom danych dvoch vektorovych funkcii.

Minkowského suétom je teda plocha priestoru parametricky definovana na
oblasti 2 rovnicou

k@1 tr(u)+ 2r(v) = ("*x(u) + 2x(v), 'y(u) + 2y(v), 'z(u) + 2z(v)) . (2)

@)
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Obdobne je Minkowského sucin dvoch kriviek k a | priestoru parametricky
uréenych rovnicami (1) definovany ako mnozZina k® | bodov priestoru,
parametricky uréena vektorovou funkciou definovanou na dvojrozmernej
oblasti Q = (a, by x (c, dy = R? ktoré je vonkajsim sucinom danych dvoch
vektorovych funkcii. Minkowského stac¢inom je plocha priestoru parametricky
definovana na oblasti Q rovnicou

) YW
X(v)  y(v)

1 1
y(u) “z(u)
2 2

y(v) “z(v)

Pod Minkowského ¢iastoénym suctom, resp. st¢inom budeme rozumiet’
Minkowského sucet, resp. Minkowského stc¢in dvoch kriviek kal priestoru
parametricky uréenych rovnicami s rovnakym parametrom (a budeme hovorit’
o ich zhodnej parametrizécii)

k:r(u) = ('x(u), 'y (u), *z(u)),
I 2r(u) = (*x(u), *y(u), *z(u)), u e (a,b) = R,

x(u)  *z(u)
(V) 2z(v)

kol :lr(u)Azr(V):(

(4)

ktoré definuju mnoZinu k @p I, resp. k ®p | bodov priestoru parametricky
uréenl vektorovou funkciou definovanou na tom istom intervale (a, b) ¢ R,
ktord je suétom, resp. vonkajs$im suéinom danych dvoch vektorovych funkcii.
Minkowského ¢iastoénym suétom, resp. Minkowského ¢iastoénym suéinom si
krivky priestoru parametricky definované rovnicami

kK®, |:1r(u)+ 2r(u) = ("x(u) + *x(u), 'y (u) + *y(u), 'z(u) + *z(u)), (5)

RIORI) x(u) 1y(u)}(6’
Y 2(u) x(u) *y()

Dané bodové mnoziny st podmnozinami mnozin, ktoré st Minkowského
suctom, resp. Minkowského su€inom kriviek ur¢enych réznymi parametrami.
Krivky k @p I, resp. k ®p | leZia na plochach k @ I, resp. k ® I, a predstavuji
mnozinu tych bodov prislusnej plochy, ktoré majua zhodné parametrické -
krivogiare suradnice, teda u = v, pre vietky (u, v) < (a, b) x (c, d) = R%.

Na obr. 1 vlavo je zobrazeny Minkowského d&iastocny sucet dvoch
rovinnych kriviek, &asti Descartovho listu a Stvorlistka, vpravo je priemet
Minkowského ¢iasto¢ného suctu dvoch kriviek v priestore, skrutkovice
a Stvorlistka. Na obr. 2 vlavo je ilustrovany Minkowského Ciasto¢ny sucin ¢asti
Descartovho listu a Stvorlistka umiestnenych v rovnobeznych rovinéach, vpravo
je zobrazeny Minkowského Ciastoény sudin Stvorlistka a kruznice, ktoré su
umiestnené v kolmych rovinach.

x(u) 'z(u)
“x(u)  *z(u)

k®, 1:r(u) A 2r(u) :[
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Obr. 2: Minkowského ¢iasto¢ny stcin kriviek

2 Modelovanie stih

Minkowského suétovou kombinaciou krivieck k a | urenych zhodnymi
parametrizdciami (4) budeme nazyvat mnozinu y.K ®pA.l, kde y, 1 € R sl
Pubovolné redlne ¢&isla, parametricky uréent linearnou kombinaciou
vektorovych reprezentacii s¢itavanych kriviek

7 k@, Ad:s(u) = (r'x(u)+A2x(u), 7y (u)+ A%y(u), x'z(u)+ A°z(u)) . (7)

Vol'bou konstant y a A ziskavame dva modelovacie parametre ovplyviujuce
tvar takto definovanych kriviek, a tieto parametre tiez ovplyvilujGi vnitorné
geometrické vlastnosti ziskanych kriviek a ich pripadné singularity. Vzhl'adom
na charakter Minkowského operacii suctu a sac¢inu mozno konStatovat’, ze
uvedené charakteristiky st ovplyviiované okrem toho aj vzajomnou polohou
s¢itavanych, resp. ndsobenych kriviek, a ich vzadjomnou polohou, resp. polohou
vzhl'adom na referen¢ny bod.
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Dvojparametrickd triedu kriviek definovand ako Minkowského suétova
kombindcia kriviek k a I, .k ®pA.1, kde », A € R, nazveme stuhy.

VysSetrovanim vnGtornych geometrickych vlastnosti stih v zavislosti od
parametrov y, 4 € R, uréime singularity, resp. funkciu prvej krivosti x(u) ako
kombinaciu derivacii vektorovych funkcif kriviek, *r(u) a 2r(u) pre u € (a, b) za
predpokladu, Ze tieto existuju. Obmedzime sa teda na pripad, Ze obe vektorové
funkcie, ktorych hodografmi sa krivky k a | s aspon triedy C', resp. nech maju
spojité parcialne derivacie az do radu 2.

Funkcia prvej krivosti je urCend vyrazom

‘(er’(u) ny) 2r'(u))x(;(lr"(u) + ﬂ,zr”(u))‘

- (®)
‘zlr’(u)+/12r'(u)‘

k()=

pre vietky také u e (a, by, pre ktoré plati s'(u) = 7'r'(u)+A°r'(u) # 0.
Singuldrne body stuhy, ktord je Minkowského suétovou kombinaciou
kriviek k a | si teda vSetky také body krivky, ktorych parametricka suradnica
Uge (@, by vyhovuje rovnici
S'(uo):erl(uo)"'/lzr’(uo)zo' 9)
RieSenim su vSetky tie body stuhy s krivo¢iarou stradnicou Uy, v ktorych:
1. nie je definovany ani jeden nenulovy vektor doty¢nice ku krivkam
kal, 'r'(u,) =0, %r'(u,) =0, 'r(u,), >r(u,) st ich singularne body
2. vektory doty¢nic kriviek vdanych bodoch siG linedrne zavisleé,

r'(u) = 4 r'(u), y 20.
X

Na obr. 3 je znazornena stuha, ktord je Minkowského Ciastocnym suctom
Gsecky a kruZnice parametrizovanych na intervale (0, 1), ktorej singularny bod
ma krivociaru stradnicu Uy = % podla bodu 2, a stuhy, ktoré si Minkowského
kombinéciou oblikov Descartovho listu a kruznice. Pri istej vol'be koeficientov
kombinacie vysledna krivka nemusi obsahovat’ ziadny singularny bod, pri
niektorych inych kombinaciach obsahuje singularny bod podl'a bodu 2.

Obr. 3: Singuléarny bod stuhy |
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Obr. 4: Singularny bod stuhy Il

Krivky so spoloénym singuldrnym bodom v referenénom bode O v zadiatku
stradnicovej sustavy definuju stuhy so singularnym bodom pre vSetky
kombinécie koeficientov y, 1 € R . Na obr. 4 sG znazornené rézne formy
Minkowského st¢tovych kombinacii oblukov Descartovho listu a Kissoidy.

Dvojnésobné (obdobne viacndsobné) body stih st definované podmienkou

s(u) =s(u,), U, u, e(a,b), (10)
kde uy, u, su rieSenim sUstavy dvoch, resp. troch rovnic symbolicky zapisanych
er(ul)‘l'ﬂ'zr(uﬂ:er(uz)“'/lzr(uz)' (11)

pricom po Uprave ziskame podmienku kolinedrnosti polohovych vektorov
bodov kriviek k a |

Z(lr(ul)_lr(uz)) :ﬂ(zr(uz - Zr(ul)) : (12)

Ukazky viacnasobnych bodov stuh, ktoré st Minkowského kombinéciou
obluku kissoidy a Stvorlistka st na obr. 5.

Obr. 5: Viacnasobné body stih



266 Velichova Daniela

Minkowského suginovou kombinaciou kriviek k a | ur¢enych zhodnymi
parametriziciami (4) budeme nazyvat’ mnozinu y.k ®pA.l, kde y, 4 € R sl
Pubovolné realne ¢&isla, parametricky uréenu kombindciou vektorovych

X(U) z(u)] [xW) ()

reprezentécii nasobenych kriviek
.(13)
x(u) fz(u)] Px)  y()

1 1
2k®, A1:p(u) = ;(/1[ Zy(“) ZZ(“)
y() “z(u)

Volbou konstant y a A ziskavame iba jeden modelovaci parameter
ovplyvitujici  podobny tvar definovanych kriviek stuh, vzhladom na
rovnolahlost’ v zadiatku stradnicovej sustavy s koeficientom y.4 pre nenulové
hodnoty parametrov. Tento parameter tiez ovplyviiuje vnitorné geometrické
vlastnosti ziskanych kriviek a ich pripadné singularity. Na obr. 6 si ukazky
priestorovych stih modelovanych pomocou su¢inu zndmych oblikov kriviek.

v A=

Obr. 6: Viacnasobné body stuh

3 Zaver

Stuhy st krivky zaujimavych vlastnosti, ktorych tvar je mozné modelovat
zmenou hodnét dvoch modelovacich parametrov (redlnych &isel) vystupujacich
v Minkowskeho kombinédciach dvoch zhodne parametrizovanych obldkov
kriviek. Tieto parametre, okrem inych podmienok, ovplyviiuji vnatorné
geometrické charakteristiky vytvaranych stih, aexistenciu a pocet ich
singularnych bodov. Minkowského kombinacie kriviek mozu sluzit ako
robustny a pritom jednoduchy modelovaci néstroj pri navrhu kriviek réznych
tvarov v dizajne, pocitatovej grafike a poc¢itatovom umeni andjdu svoje
vyuzitie aj pri ndvrhu v architektdre.
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Primét rovnobéZnych fezi na kulové plose

Views of parallel sections on sphere

Svatopluk Zacharias

Plzeii, Czech Republic
email: svataluda@seznam.cz

Abstract. This paper brings some remarks on the correctness of views of parallel
sections on a sphere, circles projected under parallel, oblique and orthographic
projection methods, and some of their properties. More general ideas about central
views of all conic sections ona quadric surface, which are mapped from the
quadric arbitrary point to the plane parallel to the tangent plane to this quadric at
this point. Properties of the outlines of central views of quadratic surfaces in the
central projections are mentioned.

Keywords: Parallel sections on sphere, parallel view, oblique view, orthographic
projection, Steiner-Pelz parabola

Klicovd slova: Rezy na kulové plode, rovnob&zny pramét, kosouhly pramét,
pravouhlé promitani, Steiner-Pelzova parabola
1 Uvod

Nejen na internetu, ale i jinde nalezneme nespravné obrazky popisujici
kosouhly primét fezii na kulové plose, na obr. la, 1b, 1c, nebo pravothlé
pruméty na obr. 2a, 2b, a obr. 3. Napravu uvedeme v nasledujicim textu.

$ 0

Obr. la Obr. 1c Obr 1c

Obr. 2a Obr. 2b
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Obr. 3

2 Priamét kulové plochy

Podle véty Quetelet — Dandelinovy vysvétlime ohniska ve stifedovém primétu
kulové plochy (viz obr. 4). Nejvzdalengjsi bod kulové plochy od prumétny se
promitne do ohniska kuzelosecky, ktera je prumétem obrysové kruznice.
Zaménme rotacni dvojkuzel za rotaéni valec; dostaneme ohniska
V rovnobézném prameétu kulové plochy.

Obrysem kulové plochy je hlavni kruznice UV (viz obr. 5).

Podle véty 6 v nasledujicim textu se rovnobézné fezy na kulové plose promitaji
do homotetickych elips, jejichz ohniska vypliuji kuzelosecku konfokalni
S prumetem obrysu dan¢ plochy (viz obr. 6). Jiné rovnobézné tfezy povedou
kjiné konfokalni elipse. Usedku povazujeme také za elipsu s ohnisky
v koncovych bodech tisecky.

J. Quetelet & P. Dandelin
1794-1847 :‘;} 1796-1874
hy ¥ 4

Obr. 4
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3 Pravouhlé promitani

Véta 1. Soustava rovnobéznych rezit kulové plochy se pravouhle promita do
roviny jako soustava elips, jejichz ohniska vyplni kruznici soustrednou
S obrysem kulové plochy.

Z této véty vyplyva, ze pii pravothlém
primétu jsou oba pdly vzdaleny od
sttedu o excentricitu elipsy, ktera je
primétem rovniku. Bod mize byt
povazovan za kruznici o nulovém
poloméru.

V nacrtkuna obr.7 jsou roviny
kolmé k nakresné zakresleny tu¢nou
useckou. Vysledna ohniskova kruznice
je oznaCena @. Zde jsou zakresleny
i elipsy, které bychom vidéli v bokorysu.

Nasledujici dva  dikazy jsou
provedené¢ metodami odliSnymi od
dikazl v klasické deskriptivni
geometrii.

Obr. 7

Dukaz:
Rovnikovy fez CB na kouli o poloméru 1 svira s primétnou ZO ostry thel ¢
a promitne se do primétny ZO jako elipsa e se stiedem O a ohniskem F. Hlavni
poloosa ma délku 1, vedlejsi poloosa OA =cos ¢ a excentricita OF = sin ¢.
Rovnobézny fez LKv roviné RZ je kruznice o poloméru a. Ta se promitne do
pramétny ZO jako elipsa se sttedem P a hlavni poloosou a.
Z obdélnika PDEG vyplyv4, ze PE = a, vedlejsi poloosa PD = a cos ¢, ohnisko
je G a excentricita PG = a sin g.
Déle plati OP=0R sin ¢ = V1 — aZsin ¢, 0G = v OP% + PG%=sin 9. Bod G
tedy lezi na vysledné kruznici 9, 4 ORP=¢, nebot PR1 OZ a OR 1 LK.
ProtoZe CG je te¢na kruznice g, plati téZ 4 OCG = ¢. Oznacime-li r polomér
kruznice g, potom ¢ = £ GCO= arcsinr.
Obréceng:
Kazdy bod G’ kruznice g vede Kk rovnobéZnému fezu se stfedem R’. Ten
snadno ur¢ime jako prisecik kolmic OR"a P'G".
Pro ¢ = £ 71/2 se fezy promitnou jako rovnobézné usecky.
Pro G'=F (nebo knému protilehly bod na kruznici g) je Z nevlastni bod
pfimky OA, 9 =0,r=0ag=0. ]
Autorem dalsiho diikazu je M. Lavicka.
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Zvolme pravouhlou pravoto¢ivou soufadnicovou soustavu s po¢atkem O:
Na obr. 7 mifi osa "x dozadu a jevi se zde jako bod O. Osa 'y je svisla vzhiru
ajevi se ve skute¢né velikosti. Osa “z je vodorovna smérem vpravo a jevi se ve
skute¢né velikosti. Rovnobézné fezy na kulové plose
x% + y? + z? = 1 sviraji s rovinou z = 0 thel . Promitdme je kolmo do roviny
z=0.

Oznaéime-li na obr. 7 velikost tise¢ky OR = d, potom rovina fezu bude mit
rovnici

zcosep —ysing =d.
Prinikovou kruznici prolozme valcovou plochu ve sméru osy z. Rovnice
prunikové kruznice musi splfiovat rovnici zcos@ —ysing =d i rovnici
kulové plochy x2 + y2 + z2 = 1.
Uvazujme 0<d<1l a 0 < || < g

ysing +d

Do rovnice kulové plochy dosadme z = . Dostaneme rovnici valcové

plochy
d + ysin g\*
cos @ ) =1

ktera po zjednoduseni piejde na klasicky tvar rovnice elipsy v roviné z = 0:

x? (y + dsin ¢)?

1—d2+(1—d2)c052g0_

Tato elipsa ma stied P[0, —d sin ¢], hlavni poloosu V1 — d? , vedlejsi poloosu
V1—d?cos¢o
a excentricitu e = V1 —d?sing .
Protoze ohniska této elipsy lezi na pifimce y +dsing =0, budou mit
soufadnice:

x2+y2+<

[—e,—d sin @], [e,—d sin ¢].

Dosazenim se presvédéime, Ze ob& ohniska lezi na kruznici x? + y? = sin?¢,
ktera je v obr. 6 oznaéena g. Dusledky pfi ¢ = 0 nebo pfi @] = gjsou uvedeny

Vv predchozim dikazu. N
Vétal je graficky vyjadiena na obr. 8. P ==
Muzeme ji pouzit v pfipadé, kdyz chceme 7 ' z
pravouhly primét (nebo pfiblizné pravouhly
pramét) rotaéni plochy v okoli jejiho oblého
vrcholu aproximovat kulovou plochou (obr. 9
aobr. 10). Spole¢na dotykova kruznice se
pravouhle promitne jako elipsa. Pomoci jeji
excentricity ur¢ime polohu primétu vrcholu
rotaéni plochy, jenz lezi uvniti jejiho obrysu.
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Obr. 9 Obr. 10

4 Pokroky v deskriptivni geometrii

Karel Pelz (1845 — 1908) se zaslouZil o modernizaci deskriptivni geometrie. Je
autorem vice nez tficeti védeckych praci, jejich seznam nalezneme napiiklad
v Ottové slovniku nauéném. Znama je Steiner-Pelzova parabola, ktera je
obalkou normal regularni kuzelosecky a slouzi kurceni stfedi kiivosti
regularni kuZelose¢ky. Jakob Steiner byl starsi (1796 —1863).

Oblouky Steiner-Pelzovych parabol jsou na obr. 11.

Pro elipsu dostaneme ¢tyii Steiner-Pelzovy paraboly, osy elipsy jsou jejich

< . " " . . . . b2 a2
te¢nami. Poloméry ktivosti ve vrcholech elipsy s poloosami a, b jsou - %.

Pro oblouk paraboly tvaru y = k v/x,x = 0 je 0sa X je te¢nou Steiner-Pelzovy
paraboly. Polomér kiivosti ve vrcholu paraboly y? = 2px jep.

Pro jednu vétev hyperboly tvaru y = kv1+ x? dostaneme dvé Steiner-
Pelzovy paraboly, které se dotykajl osy Y. Polomér kiivosti ve vrcholu

hyperboly s poloosami a, bje —

Obr. 11

Uved'me ted’ bez dikazti véty (jejichz objevitelem je patrné Karel Pelz)
z knihy Kadetavek, Klima, Kounovsky: Deskriptivni geometrie, 2. dil.

Véta 2 (ze str. 438): Centralni priméty vSech kuzelosecek plochy druhého
stupné z libovolného jejiho bodu na rovinu rovnobéznou s tecnou rovinou
V tomto bodé jsou homotetické kuzelosecky (viz obr. 12).
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Véta 3 (ze str. 438): Centrdlni priméty kuzelosecek plochy druhého stupné,
Jejichz roviny se protinaji v tecné roviné, se promitaji z bodu dotyku této tecné
roviny na rovinu s ni rovnobéznou jako soustiedné homotetické ki'ivky. Stied 2
Jje priumétem dotykového bodu Q (viz obr. 13).

——

|

o

E

[ ~~.
74

Obr. 12 Obr. 13 Obr. 14

Véta 4 (ze str. 439): Kazda kuzelosecka rotacni plochy druhého stupné se
centrdlné promita z vrcholu plochy na rovinu kolmou k ose rotace do kruznice
(nebo do piimky) - viz obr. 14,

Véta 5 (ze str. 442): Centrdlni nebo rovnobézné priméty vrcholii rotacni
plochy druhého stupné do roviny kolmé k rotacni ose jsou ohniska priimétu
jejtho obrysu.

Toto tvrzeni je uvadéno jako Pelzovo rozSifeni véty Quetelet-Dandelinovy
platné pro kouli (obr. 4).

Pokud stfed promitani rotacni plochy druhého stupné lezi vné této plochy, pak
nejvyse dva body skuteéného obrysu plochy se mohou promitnout do nevlastni
piimky pramétny.

U rotacniho paraboloidu promitame také jeho nevlastni vrchol. Na obr. 15
je ve vsech tiech pfipadech primétem plochy elipsa.

s Sa. 8

/
"

R

Obr. 15

Véta 6 (ze str. 442): Rovnobézné rezy libovolné plochy druhého stupné
promitaji Se V jakémkoli rovnobézném promitani do homotetickych kuzelosecek,
Jjejichz ohniska vypliuji kuzelosecku (jednu nebo dveé), konfokdlni s priimétem
obrysu dané plochy (viz obr. 16).
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Obr. 17
Poznamka: U dvojdilného hyperboloidu mize jit o dvé kuzelosecky.

Véta 7 (ze str. 443): V ortogondlnim promitani md obrys rotacni plochy
druhého stupné, vznikle otacenim kuzelosecky okolo hlavni osy, priuméty jejich
ohnisek za sva ohniska.

V témz promitani je obrys rotacni plochy druhého stupné, vzniklé rotaci
kuzelosecky okolo vedlejsi osy, konfokalni s priumétem kruznice, kterou opisuji
ohniska rotujici kuzelosecky (viz obr. 17).

Piidejme nakonec obr. 18, kde je sttedovy priamét kulové plochy, ktera se
dotyka jednim polem primétny a stied promitani S je ve vySce druhého podlu,
od kterého je vzdalen o polomér kulové plochy. Obrys pramétu plochy je
parabola. Pro stftedové promitani je kulova plocha prihledna.
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Poznamka:

Frantiek Kadefavek (1885-1961), 1905 asistent Karla Pelze, 1945 rektor
CVUT

Josef Klima (1887-1943), 1931 tadny profesor deskriptivni geometrie v Brné
Josef Kounovsky (1878-1949), pivodné zem&éméeficsky inZzenyr

Pro obrazky byly pouzity programy Mathematica 7, Corel Photo-Paint.
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