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Forewords

Czech-Slovak Conference on Geometry and Graphics that took place
in hotel Relax, Roznov pod Radhostém, Czech Republic on Septem-
ber 12-15, 2016, was a joint event of two traditional annual conferen-
ces held till 2014 separately in the Czech republic and in Slovakia, na-
mely 36" CONFERENCE ON GEOMETRY AND GRAPHICS organized by
the Czech Society for Geometry and Graphics of the Union of Czech
Mathematicians and Physicists and 25 Symposium oN COMPUTER GE-
OMETRY CSG 2016 organized by the Slovak Society for Geometry and
Graphics.

Among 42 conference participants from the Czech republic and Slovakia
there were present also foreign participants from Austria, Hungary and
Poland. In addition to 20 contributed talks and 5 posters from applied and
pure geometry, graphics and education of geometry, participants enjoyed
3 plenary lectures on various topics. Daniela Velichova from Slovak Uni-
versity of Technology in Bratislava, Slovakia presented the latest results
in the field of studying possible generalizations and some applications of
Minkowski set operations. Zbynék Sir from Charles University, Czech Re-
public shared his experience with teaching selected geometric courses at
the Faculty of Mathematics and Physisc in Prague in the talk entitled
Differential geometry and geometric modelling — some didactic aspects.
Monika Sroka-Bizoni from Politechnika Slaska, Gliwice, Poland presented
selected examples of contemporary architecture and application of geo-
metry in the field of architectural description in the talk Architectural
Geometry.

Workshop on usage of dynamic mathematical software GeoGebra was also
a part of the conference.

Conference was organized by the Department of Informatics and Compu-
ters and the Department of Mathematics, Faculty of Science, University
of Ostrava together with the Ostravian branch of the Union of Czech
Mathematicians and Physicists. Social programme included tourist walks
in the Beskydy mountains with possibilities to enjoy discussions among
participants in the beautiful open nature, not to forget about conference
dinner with traditional folk music performed by the dulcimer group Lipka
from Ostrava.

We would like to invite you to the next joint event of 26" Symposium on
Computer Geometry SCG 2017 and 37" Conference on Geometry and
Graphics that will be held again together by representatives of both soci-
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eties for geometry and graphics as Slovak-Czech Conference on Geometry
and Graphics in September in Slovakia, in order to keep the good tradition
of our common meetings deeply rooted in the history.

Plzen & Bratislava, November 30, 2016

Miroslav Lvéviéka Daniela Velichova
chair of CSGG chair of SSGG
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Architectural geometry

Monika Sroka-Bizon

Geometry and Engineering Graphics Centre, Silesian University of Technology
Krzywoustego Street No. 7, 44-100 Gliwice, Poland
email: monika.sroka-bizon@polsl.pl

Abstract. Architectural Geometry is an area of research, which combines applied
geometry and architecture. H. Pottmann, A. Asperl, M. Hofer and A. Kilian firstly
used the term “Architectural Geometry” in 2007 in their book at the same title.
Cooperation of three geometers and an architect gave a great effect. [3]
But sometimes it seems that architects understand the concept of architectural
geometry in a slightly different way than the authors of the concept. Architectural
geometry in this way means - special geometry, new, mysterious, which needs new
magic wards. Concepts such as parametric architecture, parametric modeling
and parametric design become fashionable slogans. But sometimes it is very
difficult to understand what these terms mean. On a two-selected example
of contemporary architecture the author wants to present that language of geometry
is reliable in the field of architectural description. And knowledge of the geometry
is required to the contemporary designer.

Key words: geometry, architectural geometry, design, architectural design

1 Introduction

Architectural design is a fantastic process. The empty space in a city was
filled with a new structure. The designer must take into account in the assumed
design solution context of the place - genius loci. The specified function has
been placed in the prescribed form, in the geometrical form.

Analysis of two contemporary realized architectural objects can present
some of the aspects of designing and shaping the surface as part
of the architectural object.

2 POLIN - The Museum of the History of Polish Jews — the
box with a surprise

The first object which was analysed it was The Museum of the History
of Polish Jews. The building was built in 2009-2013, in Warsaw,
at Anielewicza Street. The museum was realized in a small park in Muranow,
district of Warsaw, in the former ghetto area, opposite the Ghetto Heroes
Memorial. [4]

A design competition for the museum (2005) was won by the Finnish
practice of Lahdelma & Mahlamaki. According to the jury, the winning design
presented a perfect combination of rational and expressive forms. One
of the architectural critics has called the object "box with a surprise."
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Surrounding of the square, where is located the museum, create rectangular
blocks of flats. Architects, authors of the design, described their project
as a compromise between rather simple form of buildings which are situated
around the square, the green open area of park and the expressive power
of the monument of the heroes of the ghetto.

The main body of the museum building is a cuboid separated curved rupture
described by the architects as Yum Suf — the parting waters of Red Sea.

|\ 8 e
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Fig. 1: Schematic diagram of the design a fectai‘lgular building with a
curved "rupture"

Fig. 2: Physical model of the museum
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Curvilinear rupture of the building, symbolizing parting the red sea, has
been designed as two load-bearing walls with a height of 20 m, with a total area
0of 2000 m”.

The initial computer model of the walls was developed in AutoCAD based
on scans of freehand design sketches. The final computer model of the steel
structure of the walls has been developed in the RHINO. The biggest challenge
for designers was to find solutions for shaping the discrete surface of the walls.
The discrete representation of the surface was the mesh constructed with
quadrangle's panels curved into two directions. The mesh of quadrangles was
covered with shotcrete designed by Torkret company. [2]

Fig. 3: The steel structure of the wall and the final visual, result of the
discrete surface

3 Zlote Tarasy — commercial complex with a interesting
overlap

The commercial complex ,,Ztote Tarasy* was realized in 2002-2006 in a central
part of Warsaw at Plater Street. The building is located near the Central Station
in Warsaw.

The American architect David Rogers from The Jerde Partnership —
the international design office, designed the building. According to his
description of the design the most important and interesting part of the complex
should be the courtyard. This part of the complex should be like the urban
quarter, a shopping arcade.
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The main buildings of the complex are multi-usable objects with a typical
architectural form for this type of objects. A distinguishing feature
of the complex, kind of showcase of the object, is the overlap (the roof) situated
over the inner courtyard of the complex. The surface of roof covering, under
the premise of the design, was to resemble waving fabric thrown over
the treetops...

The design office Ove Arup & Partners from USA developed the first part
of the project roof covering. Engineers from Ove Arup have found the idea
of shell structure as a solution for construction of the structural overlap.
But the shell structures are implemented mainly as a reinforced concrete
structure. And the inner courtyard of the complex need light, especially
sunlight. So finally the discrete surface was realized as steel/glass structure
and the triangle mesh was used as a representation of the surface. This part
of design was realised by Waagner Biro from Austria. The company
specializing in the construction of this type has designed a huge gridshell with
triangular glass panels. Such design solution gave the greatest possibility
to form in free way the curvature of the surface. [1] [5]

So the first architect’s description of the design was realized
as at approximately 10,000 m? free form surface similar to the cloth draped
over seven spheres. [5]

Fig. 4: The computer visualization of the commercial complex “Zlote
Tarasy” in Warsaw
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Fig. 5: The structural overlap — the landmark of this part of Warsaw

4 Conclusion

The realization of freeform shapes in architecture poses great challenges to
engineering and design. The complete design and construction process involves
many aspects, including:

= form finding,

= feasible segmentation into panels,

= functionality,

= materials,

=  statics and costs.

On a base of the analysed objects is possible to present two ways for
presenting discrete surface in architecture — as an invisible part of the object
(POLIN The Museum of the History of Polish Jew) or as the most important
part of architecture, which directly determines the aesthetics of the object. [3]

Only close cooperation of architects, engineers and geometers enables
resolving issues related to designing and constructing of the freeform
structures.

Geometry alone is not able to provide solutions for the entire process, but a
solid geometric understanding is an important step toward a successful
realization of such a project.
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Kfivky v diferenci alni geometrii a geometrickem
modelovani

Curves in differential gemetry and in geometric
modeling
Zbynék Sir

Matematicko-fyzikalni fakulta Univerzity Karlovy

Sokolovska 83, Praha
zbynek.sir@mff.cuni.cz

Abstract. In this paper | want to discuss my experience with teachiiffgi2n-
tial geometry and Geometric modeling at the Charles Unityels particular |
want to focus on several concrete topics and different waystb handle them.
The most interesting is connection between the theoreditdlapplied aspects
of these topics. We will thus discuss the reparameterizati@urves, curvature,
torsion, various frames along the curve, polynomial anidnat curves.

Keywords differential geometry, geometric modeling, curvatueparameteri-
zation, rotation minimizing frame

Klicova slova diferencialni geometrie, geometrické modelovakiivost,
reparametrizace, repér minimalni rotaci.

1 Uvod

V tomto pfispévku se chceme zamyslet nad nékterymat§ a problemy, se
kterymi se setkavame pfi vyuce geometrickych prétinpro obor Obecna ma-
tematika na MFF UK. Neplijde pfitom o néjké prevratigeny. Vétsina latky,
kterou zminime je standartni. SpiSe se bude jedndiithyrozorovani, koncepty
a pristupy, ktera dle naSich zkuSenosti mohou piikp zkvalitnéni vyuky.

Geometrie neni na nasi fakulté ve studiu pfilis Wéhmastoupena. V ramci
hlavniho matematického bakalafského obOhecrd matematikae setkavame
s tradi¢ni dominanci matematické analyzy. Rovnigelaraické predmeéty jsou
pomérné dobfe zastoupeny. Z geometrickych pfedrjgpovinna pouze dife-
rencialni geometrie po jeden semestr v rozsahu 2/1. Nalné& navazuje nepo-
vinné volitelny pfedmét Geometrické modelovanae o zkusenosti s vyukou
téchto dvou pfedmétl se opira tento pfispévek.

Pfes omezenou hodinovou dotaci je mozno pojmout vyulativele narocné,
pravé proto, Zze se mlizeme opfit o fadu znalosti d@ité pojaté analyzy a
linearni algebry. Mlizeme tak z matematické analyaydpokladat velmi so-
lidni znalosti z diferencialniho a integralniho kal jedné a vice proménnych,
kfivkovy a ploSny integral vEetné Greenovy vétyemtie feSeni obycejnych di-
ferencialnich rovnic. Z linearni algebry pak vyuhije dobrou znalost vlastnosti
vektorovych prostorll, rozkladu matic a zejména orthudoi diagonalizace bi-
linearnich forem.
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2 Vyznam parametrizovaré kfivky

Na rozdil od teorie ploch je diferencialni geometrizvkk zalozena podstatné na
globalni parametrizaciJe to zplisobeno tim, Ze kfivky na rozdil od ploch nemo-
hou mit komplikovanou topologii,Lepenim* obrazli intervalll dostaneme vzdy
pouze obraz intervalu (pfipadné uzavienou kfivkwjalbraz kruznice), neni
mozné zadné vétveni. Proto je vhodné vyjit z deBrparametrizované kfivky,
tedy dostatecné hladkého regularniho zobrazerenialu do realného prostoru

c: I — R (1)

Zobecnéni do vyssi dimenze podle mého nazoru népfihlubsi matema-
tické pochopeni a je vhodnégjsi se mu vyhnout. Naogesiadni je pojem repara-
metrizace )

c(t) :==c(o(t)), tel, (2
kde¢ : I — I je diffeomorfismus (&i obecngji bijekce ktera ma dostai
mnoho derivaci spojitych stejné jako jeji inverzeyiwku pak definujeme jako
tfidu vSech reparametrizaci a diferencialni geaireitapeme jako studium vlast-
nosti nezavislych na reparametrizaci.

Hledani vhodnych parametrizaci je velmi duilezite, prakticky neni mozné
se mu rychle naucit, protoZe odhaluje pravé geomedréckiatematické myslent.
Dovolim si uvést svych nékolik oblibenych prikiad

e Kubiky. Mame implicitni kfivku jako mnoZzinu bodl v roving &ié spliiuji
rovniciy? — 2® — 22 = 0. Najdéte parametrizaci této kfivky.

e Cykloida Najdéte parametricky popis trajektorie bodu, kter#ilea po-
vrchu kola o poloméru a, které se vali bez prokluzoyandser doprava
konstantni rychlostp, pfitom v €ase = 0 se bod nachazi v bod@, 0].

e Epicykloida. Uvazujme kruznici o poloméru, ktera se vali po vnéjsi
strané kruZnice o polomém. Parametricky popiSte trajektorii zvoleného
bodu na pohyblivé kruznici. Nacrtnéte tuto kfivku ppéipad R = r,
urCete parametricky interval na némz se kfivka ugagpoctéte jeji délku.

¢ Kissoida.Uvazujme kruznick o poloméru a néjakou jeji te€np. Oznac-
me jakoS bod dotyku pfimky s kruznicik a nechitbod A leZi na kruznici
k naproti boduS. Pro polopfimku, ktera vychazi z bodul a ktera se
protina s pfimkow, oznatme jakaR bod prlnikup a ¢, jako Q bod
prinikuk aq. Oznacme jakd” bod nag, ktery spliujg A— P| = |Q — R|.
Najdéte rovnici, ktera uréuje mnozinu vsech takdvipodi P, a najdéte
parametricky popis této mnoziny.

o Tractrix je kfivka vIR?, kterou opisuje hmotny predmét ktery je tazeny
na provazku délky 1 pfedméteB Ve pocatecnim Cage= 0 se predmét
A nachazi v bod&0, 1) a pfedmétB v bodé(0,0). PfedmétA se po-
hybuje konstantni rychlosti podél osyx doprava. Najdéte parametrizaci
tractrixu.
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1-t2 2t }

cosa, sina) = [H—tz, e

Obrazek 1: Dvé rlizné parametrizace kruznice.

e Vivianiho kfivka. Parametrizujte priinik sféry s valcovou plochou, ktera
prochazi stredem sféry a ma polovicni prumér.

3 Reparametrizace Kivek

Je vhodné rovnéz procvitovat reparametrizaci kiivigiko jednoduchy pfiklad
linearni reparamterizace uvatk riizné parametrizace (isecky. V prostoru méjme
body A = [1,2,3], B = [0, —2, —1]. Naleznéte regularni parametrizaci tsecky
AB. Naleznéte vSechny parametrizage) UseckyAB obloukem tak, aby bod
c(0) lezel ve tfetinéA B, blize k boduA. Naleznéte parametrizadiB tak, aby
obsahovala singularni bod, tj. bod, kde je vektor prwerivchce nulovy.

Velice krasnym prikladem jsou vsak dvé rlizné paetainace jednotkové
kruznice bez bod{1, 0], viz Obr. 1. Ta je samozfejmé parametrizovana jako
[cos(a),sin(a)] , € (—m, ). Zaroven ji vSak mlizeme parametrizovat stereo-
grafikou projekci z osy se stfedem v bodg-1, 0]. Pfesngji uvazujme pfimku,
ktera spojuje body—1,0] a [0, t]. Jako snadné cviteni z analytické goemetrie
nahlédneme, Ze protne kruznici v dalsim bodé o sinitach

1—t2 2t
S —— 3
{1+t2’1+t2] (3)

KdyZz ménime parametr € R, prochazime celou kruznici (bez bodul, 0]).
Ze vztahu mezi obvodovym a stfedovym Ghlem je patzeébé parametrizace
spolu souvisi prostfednictvim reparametrizace tan(a/2). Tento pfiklad je
velmi elegantni, protoze poskytuje vzorce pro vyjadifenkcicos asin pomoci
tangens polovi¢niho Uhlu. Zaroven poskytuje raeionparametrizaci kruznice.
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Racionalni parametrizace maji z hlediska reparanasttjzsté jednu diileZitou
vlastnost, totiz ze jejich stupen se neméni pfi rap@etrizaci linearni lomenou
funkci. Specialné funkce tvaru

S
— +i €
t= OoDstl’ kde\ € R™ je pevné 4)

jsou difeomorfismy interval(D, 1] na sebe. Kupfikladu tak parametrizace 3 pro
t € [0,1] parametrizuje Ctvrtinu kruznice lezici v prvnim kdrantu. Pomoci
reparametrizace 4 miizeme upravit distribuci parameérdomto intervalu a
pfitom ziskat parametrizaci téhoz typu.

PYi obecném pohledu na reparametrizace je klicod&ygak se méni jejich
derivace. Mame-li parametrizac(t) a jeji reparametrizagi(s) := c(¢(s)),
pak derivovanim slozené funkce dostava%ﬁe_ @ . d¢ . Podobné mizeme
pokracovat pro vysSi derivace. Pokud zavedeme ZJaaﬁmd:l zapis, ve kterém
reparametrizovanou kfivku oznacujem@) = c(t(s)) a dale teckou znacime
derivaci% a carkou derivac{.;i—s, dostavame vztahy pro prvni tfi derivace, které
mliZeme shrnout v maticovém tvaru jako

c t/ 0 0 c
=t )2 0 ¢l (5)
C/// t”/ 3t/t// (t/)S C

Jedna se o jakousi matici pfechodu, ktera bude hrébkdiu roli ve studiu inva-
riantll kfivek (kfivost a tozre). Rovnéz z ni mizemg&ist nékteré geometrické
vlastnosti. Napfiklad vektory prvni a druhé derivagey urcuji stejnou rovinu
(oskulagni) a navic vektor druhé derivace mifi dgret poloroviny (ktera obsa-
huje stfed kfivosti).

4 Repeéry podél kfivky

Mame-li parametrizact(t), pak z prvni rovnice (5) plyne, ze parametrizaci
obloukem ziskame reparametrizats), ktera splnuje¢’| = 1/||¢||. Zaroven
je zjevné, ze kazdé dvé parametrizace obloukem s@di§ze reparametrizaci
= +s + s, tedy poCatecnim bodem a smérem prochazeni. Péniaece
obloukem je tak pfirozena, ze je tem@feometrickad“. Je to vyznacny repre-
zentant tfidy vSech reparametrizaci, nebdpovida isomorfismu parametrickéo
inervalu a obrazu kfivky. Proto je vhodné vyuZzit ji kfidéci zakladnich pojmd.
Tento postup se nam osvedcil Iepe, nez jejich definiobacné parametrizaci.
Definujeme tedy v parametrizaci obloukem te€ny vekter ¢’ a kfivosts =
||t’|| jako velikost zmény tohoto vektoru. Pfi nenulové kitigpak dopinime
na orthonormalni (Frenetlv) repér vektary= t'/||t’|| ab = t x n. V tuto
chvili pfichazi klicové tvrzeni, které je zariy vétou (Frenetovou) a definici,
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totiz Ze existuje jedina funkce (nazyvana torze) takova, ze plati

t/ 0 k 0 t
n|l=(-« 0 r n
b’ 0 -7 0 b

Dillkaz této véty je v literatufe Casto zastfen speaiai viastnostmi Fre-
netova repéru. Je leépe pochopitelny, uvazujeme-lcopgohyblivy ON repér
{vi(s),va(s),vs(s)}. Jeho okamzZita zména vyjadfena opét v tomto reféru
vyjadfena matici

] 0 a B\ (V1
V/Q - —« 0 vy \p) ) (6)
\£ -8 -y 0 V3

kdea, 8, jsou realna €isla. Diikaz je pfimocary, nebotv; = §; ; a tedy
0= (v; ;) =vi-v;+v; v} Matice v (6) tedy antisymetricka, ¢imz jsme
mimochodem urcili Lieovu algebru specialni orthonainiLieovy grupy.

V pfipadé Frenetova repéru dostavame z definice vekipze 5 = 0 a
a = k. Zbyvajici funkcey je pak oznacna jake a nazyvana torze. Vyznam
Frenetovy véty je obrovsky, je v ni shrnuta cela lok&korie kfivek. Z po-
hybu Frenetova repéru je mozno pochopit geometrickgnayn kfivosti a torze.
Zaroven z prislusnych diferencialnich rovnic péy zex a + urcuji kfivku jed-
noznacné az na primou shodnost. Takto uréena &fesistuje a je mozno ji s
pomoci Frenetovy véty lokalné kanonicky rozvinout

2 /
c(s) =c(0)+t(s— %53 +...) —|—n(gs2 + %53—1— oY) +b(2—7—53 +...). ()
Vyznamneé jsou ale i dalsi pfipady pohyblivych rep&ejména kdy¥;, =t
a navic v (6) predpokladame, ze= 0, dostavame repér s minimalni rotaci.
Takovym pfikladem je napfiklad volba

vy = (cos¢)n + (sin@)b,

kde¢ = — [ 7. Tento repér ma velky teoreticky vynam, protoZe jeklaidem
paralelniho pfenosu (podél kfivky) a rovnéz velkjzmam pro aplikace. Pro né
je totiz Frenetliv repér nevhodny, jak je patrné z edsjiciho pfikladu.

Pro danou kfivke () mlizeme parametrizovat trubicovou plochu o poloméru
r s kfivkouc(t) jako patefni kfivkou dvéma nasledujicimi zptigob

pi1(t,0) = c(t)+ (cosf)n(t) + (sinh)b(t) (8)
p2(t,0) = c(t) + (cosO)vy(t) + (sinf)va(t). 9)

Ve druhém pfipadé dostaneme lepsi kvalitu parawigtch Car - viz Obr. 2.
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Obrazek 2: Dvé rlizné parametrizace trubicové plodlalevo s vyuzitim Fre-
netova repéru, napravo s vyuzitim repéru s minimadtaci.

Na zaveér této casti chceme zminit, ze nas ppistam umoznuje velmi ele-
gantni a systémovy diikaz formuli pro kfivost a torzhecné parametrizaci

Jexél _(ex@)-E _ det[é,&¢]
i & % &2 B

V parametrizaci obloukem tyto formule plati trivialng@oven snadno nahlédneme,
Ze tyto vyrazy jsou invariantni viici reparametrimadiky formulim (5).

5 Kfivky v geometrickém modeloani

V nejrlizngjsich aplikacich neni praktické ucheatcelou parametrizaci kfivek.

Namisto toho je kfivka reprezentovana pouze koeficiefiii vhodné bazi. V

idealnim pfipadé maji tyto koeficienty geometrickiznam (Fidici polygon).
Jako dobry Gvod do této problematiky se nam osvéditiidiumC! Hermi-

tovské interpolace. Hledame kfiviajt) tak, aby na intervalu € [0, 1] interpo-

lovala koncové body a teéné vektoResime tedy rovnice

C(O) = P07 C(].) = Pl, C/(O) = ‘707 C/(l) = Vl. (10)

Nejprve hledame kubickot(t) v monomialnibazivt = {1,¢,¢2 ¢3}. K¥ivku
tedy napiSeme jako

c(t) = Ag+ Ayt + Aot? + Ast?
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a koeficienty(Ay, A1, Az, As) pak dostaneme jako feSeni soustavy

1 0 0 0\ /Ao Py
111 1][(Aa]| [Py
010 o0f[Aa] ™|V
01 2 3/ \A; \'2)

Existuje takova bazer = {fo(t), f1(t), f2(t), f3(t)}, ve které bude mit
problém jako feSeni

c(t) = Pofo(t) + P1fi(t) + Vifa(t) + Vafs(t)?

Jinymi slovy, odpovidajici soustava linearnichmama jednotkovou matici? Je
snadné nahlédnout, Ze vySe uvedena matice musnafiti prechodid] ! od
monomialni baze k této idealni (Fergusonové) beaeidy dostavame

-1

100 0 1 0 0 0

. 111 1 0 0 1 0

Fo_ —

idv=10 1 0 o =|-3 3 -2 1
01 2 3 29 —2 1 1

Jinymi slovy Fergusonovu bazi mame vyjadfenu vici omialni bazi ve
sloupeccich této posledni matice a tedy

fot) = 1-—3t2+263
) = 3223
falt) = t—2t2 413
fa(t) = —t2 4+t

Za archetyp geometrického modelovani je vSak tfebapaovat Bézierovy
kFivky, tedy polynomalni kfivky vyjadfené v Berreshoveé bazi polynomi stupné
nejvysen

B, = {Bg(t)a B?(t)’ T 7B1711(t)} )

kde B (t) = (")t'(1 — t)("~9). K¥ivku potom parametrizujeme jako

i=0
c(t) =) PiB}(t),

kdeP; € R jsou kontrolni body.
Vyklad teorie Bézierovych kfivek je standartni a delzpracovany v lite-
ratufe. Za zminku ovsem stoji, Ze Bernsteinovy poiwgdyly poprvé pouzity
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Obrazek 3: Bézierova kubika a jeji Fidici polygon.

ke konstrukénimu diikazu Weierstrassovy véty. Jsae &pojeny s teorii prav-
dépodobnosti, nebof”)t (1 — ¢)"~? je pravdépodobnost, Ze jev ktery ma
pravdépodobnostnastane z opakovani pravékrat. Z toho ihned plyne nenu-
lovost polynomii na interval(®, 1] a to, Ze jsou rozkladem jednotky.

Od Beézierovych krivek, které jsou jakymsi idealemogeetrického mode-
lovani chceme prejit ke skute¢né vyznamnym olgjekipro aplikace, kterymi
jsou NURBS [4]. Za timto GCelem musime udélat tfi kyoRrejit ke splajntim,
prejit k racionalnim kfivkam a pfejit od kfivek Kgrham.

Teorie B-splajnli je ¢asto vykladana bez naleZitHyena linearnim algebru.
NaSim zakladnim pohledem je, Ze mame-li dano wziddeni(ug, u1, . .., um)
kdeuy < uy < ... < uyy, definujme prostor funkdP, (uo, u1, . . . , 4y, ) Obsa-
hujici funkcef : [ug, um] — R, které maji na celém intervalug, w,,] spojitou
(p — 1) derivaci a zUZené nakazdy inteya}, u;.1] jsou to polynomy stupng.
Jedna se zjevné o vektorovy prostor, jakou ma dimenz© élegantnim jevem
geometrického modelovani, Ze je mozno rekurzivisgrs@it posloupnost funkci

stupnép

. 1 ;,<t< tit1
Niolt) = { 0 jinde } (11)
t—t; t; —t
Nip(t) = ————Nip1(t) + et Niy1p-1(t), (12)
Litp — L titp+1 — tit1

ktera tvori bazi (B-spline) tohoto protoru funkci &@m z(zenych na interval
[tp, thm—p])-

Pfechod k racionalnim kfivkam je mozno vylozit ndkiadu Bernsteinovy
baze s tim, ze pro B-spine bazi je konstrukce anal@gi@ matematického
pohledu je pfirozené racionalni Bézierovy kfivkyagtat jako afinni verze po-
lynomialnich kfivek. Z diivodli geometrického moddai je véak nutné, aby
zaroven fidici polygon byl afinni verzi projektitro fidiciho polygonu. Z toho
diivodu se vahy objevuji nejen na posledni (homogeitidigouradnici, ale jsou
jimi pfenasobeny vSechny soufadnice. UvaZujeme fealynomialni kfivku s
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Fidicimi bodyw; [P;, 1], jejiz afinni verze ma tvar

> io wiPiBl(t)
YimowiBR ()

V tuto chvili je vhodné pfipomenout reparametrizaci @moci niz dostaneme

reparametrizovanou kfivke(s), ktera ma tytéz fidici body, ale vatwo, . . ., w,),
kdew; = \w,. Dlkaz je pfimocary

c(t) =

(13)

)\i

B (t(s)) = B?(S)m

atedyi
i wiPiBP(t(s)) _ Yo NwiPiB'(s) _ 3o, wiPiB}(s)
Do wi By (t(s)) Yo NwiB} (s) YicoWiBl(s)
Z toho vyplyva, Ze kazdou racionalni kfivku miizemeparametrizovat tak, aby

prvnia poslednivaha byla roviaTohoto vyjadfeni se vyuZiva zvlaste v pfipad”
kuZelosecek.

6 Zaver
V naSem pfispévku jsme se pokusili ukazat, jak n&zéikladni pojmy z teorie
krivek mliZzeme vyuZivat jak k teoretickemu vykladiak k aplikacim. Pfi vyuce

je velmivhodné tyto pohledy kombinovat. V naSem piigprispévku se chceme
podobné vénovat teorii ploch.

Literatura

[1] M.P. do Carmo: Differential Geometry of Curves and SurfacBsentice
Hall, Inc. Englewood Cliffs, New Jersey 1976

[2] G. Farin, J. Hoschek, M. KimHandbook of Computer Aided Geometric
DesignElsevier, 2002

[3] J. Hoschek, D. Lasserf-=undamentals of Computer Aided Geometric De-
sign A. K. Peters, 1993

[4] L. Piegl, W. Tiller: The NURBS BookMonographs in Visual Communi-
cations. Springer, Berlin, 1997

[5] A. N. Pressley:Elementary Differential Geometrgpringer 2010






Czech-Slovak Conference on Geometry and Graphics 27

Minkowski point set operations
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Abstract. Paper brings a survey of basic properties of Minkowski point set
operations - sum, difference and product of two point sets defined as basic geometric
objects: points, lines and curves. Intrinsic geometric properties of resulting geometric
figures are determined by means of derivatives of vector functions representing
operands of Minkowski operations. Interesting examples and applications of
generated forms are included and illustrated.

Key words: Minkowski sum, difference and product, modelling curves and surfaces

1 Introduction

Minkowski sum @, Minkowski difference ®, and Minkowski product ® of two
point sets are point-wise operations based on sum and product of two points in
a basic geometric space performed on their position vectors with respect to a
fixed reference point.

Minkowski sum is believed to be introduced by H. Minkowski arround 1903,
during his close cooperation with D. Hilbert in Géttingen. This operation is used
in Grassman algebras for symbolic calculations. Re-discovered by Rida Farouki
in 1990-ties it was applied in Computer graphics to summing up polygonal
regions in plane or convex polyhedra (polytopes) in higher dimensions,
calculation of offsets, robot motion planing, etc.

More definitions are available, based on different approach to representtion
of a point (vector, complex number or quaternion). In this paper we will use
vector based definition of point.

Definition 1. Minkowski sum of point sets A and B is set S of all such points that
are sums of all points a € A with all pointsb € B

S=A®B={a+bjac AbeB}.

Interesting geometric interpretation of Minkowski sum of two point sets as
continuous motion of one set on the boundary of the other without any change of
orientation leads to other form of definition.

Definition 2. Minkowski sum of point sets A and B is set S that is the union of
all positions of set A translated by all position vectors of points from set B

S=A®B=JA":

beB
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Minkowski difference of two point sets can be introduced in various not
equivalent forms.

Definition 3. Minkowski difference of point sets A and B is set D of all such
points d whose Minkowski sum with the set B is a subset of set A

D=A®B={d;d®B c A}
Formula connecting Minkowski sum and difference is as follows, while A®
and (-B)C stand for complements of sets A and -B in space C
AOB=(A°®(-B)°[,
AUA® =C,(-B)U(-B)° =C.
Definition 4. Minkowski difference of point sets A and B is set D of all such
points that are differences of all points a € A and all pointsb € B
D=A®(-B)={a—-b;ac AbeB}.
The above definitions determine different sets, therefore in general
A®B = A® (-B).

Operation of Minkowski product was introduced by Rida Farouki in 2001 on
complex planar sets (in C = R x R) by means of product of complex numbers
representing points in the complex plane. Concept has been extended in 2002 by
Weiner and Gu, later in 2003 by Smukler to 4D (in H = C x C) by means of
quaternion product. In 2013 it was generalized to arbitrary dimension n by means
of wedge (outer) vector product of points’ position vectors satisfying the
following properties:

l.anb=-(bnra)
2.ana=0

3.(a+b)ac=(anc)+(bnac)

. e nejf=1

Definition 5. Minkowski product of point sets A and B is set P of all such points
that are products of all points a € A with all points b € B

P=A®B={anrbjac AbeB}
Given pointsa, b € E", a= (a1, az, ..., an), b = (b, by, ..., by), their sum is
a+b=(ag +..+ae,)+ (e +..+be)=
=(a +b,a,+b,,..,a,+b)eE"
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while their product is
anb=(ae +..+a.e,)A(be +...+be,)=
=ab (e, re)+ab,(e, Ae,)+...+a,b (e, AE)+...=
=(ab, —a,b)(e, ne,)+...+(a,,b, —a,b, )(e, ., Ae,)
Bivectors

€12 =6 NEY 6, =€ AR,
€03 =€, NE3,., €y, =€, AE,

""en—lAn = en—l N en

form orthonormal basis of the bivector space

/\2 (Ed), d :[;] — n(nz_l)

while for n = 3 is d = 3 and wedge product is equivalent to the cross product (up
to one sign). Bivector space A%(E®) with basis {€1r2, €143, €243} is isomorphic to
space E3 with basis {e1, e, es}, and this regular linear transformation mapping
one basis to the other one

{8, 65,85 —€,,8, 5>}
P(UAV)=UxXV
P (UxV)=UAV

is represented by matrix

0 0 1
M,=M ,=/0 -1 0
4
1 0 O
Properties of Minkowski sum &
— Commutative A®B=B®A
— Associative A®B)®@C=A®d(B®C)
— Distributive (AuB)®(CuD)=

=(A®C)UA®D)UB®C)uU (BAD)
UP,EDUQJ:UPI@Q],LJEN

Properties of Minkowski product ®
— Anti-symmetric A®B=-(B®A)
— Distributive A®B)®C=(A®C)® (B®C)
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2 Minkowski operations on points and manifolds

Let point p in space E" be determined as p = (p1, p2, ..., Pn) and manifold M c E"
be given by vector map r(ui) = (Xz(ui), X2(ui), ..., Xa(Ui)), Ui € Q, with coordinate
functions xj(ui), j = 1,..., n, i < n defined and at least once differentiable on QcR',
Minkowski sum p @ M = M"c E"is manifold represented by vector map
p(ui) = (Xy(Ui) + P, ..., Xa(Ui) + pn), Ui € Q.

Manifold M” is manifold M translated by position vector of point p.
Minkowski product of point p € E" and manifold M c E" is manifold

M* c EY, d = n(n-1)/2, determined by vector map in the form
pAM =
(pe, +...+pe)A(x(u)e +..+x(u)e)=
= (X, (u) = px (U)o P, X, (U) = P, X, (U))

Minkowski product M* = p A M of point p and surface patch M in E® can be
considered as image of manifold M determined by vector map

r(u,v) = (Xa(u, v), X2(u, v), xs(u, v)), (u, v) € Q < R?

under a “quasi-central projection” from the centre p = [p1, p2, p3] to the plane
passing through origin O and perpendicular to position vector of centre p, while

0 p3 _pz
r*u,v)=r(u,v).T=r(u,v).| —p, 0 P,
pz _pl 0

Iustrations of Minkowski product of point and various manifolds are in Fig. 1.

17

T ZF

777

7L

77
i

7 LAt

6 [
1 o

Figj. 1. Minkowski product of helical arc, disc, and parabolic surface patch.
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Minkowski sum and product of two lines determined parametrically by vector
functions p(u) =p +ua, u € R, q(v) = q + vb, v € R are manifolds

S=p() ®q(v)=p+q+ua+vb,
P=puy®qv)=pagq+gaua+pavb+uansvb

defined for (u, v) € R2 Their form is determined by lines> common position.
Classification of various super-positions of two lines in space and their special
position with respect to fixed reference point at origin is included in the following

Table 1, with illustrations of resulting manifolds.

plane formed by lines.

Parallel lines Intercept lines Skew lines

@ | Line Plane Plane
If one lineis passing | If lines form plane | If one line is passing
through origin, passing through origin, | through origin,
@ = the other line. @ = plane they form. @ = plane through the

other line.

® | Plane Hyperbolic Hyperbolic
If lines form plane | paraboloid paraboloid
passing through | If lines form plane | If one line is passing
origin, through origin, ® = line | through origin,
® = perpendicular | through origin that is | ® = plane through
line through origin. | perpendicular to the | origin perpendicular

to the line passing
through origin.

-~} S

Table 1. Minkowski sum and product of two lines.

Minkowski sum and product of line and plane parametrically represented by

vector functions p(t) =p +ta,t e Rand q(u, v) =q +ub + vc, u, v e R, are
manifolds determined for (u, v) € R? as

S=pu)®q(v)=p+qg+ta+ub+vc

P=puy®qV)=parq+pAa(ub+vc)+qgnata+tan(ub+vc)

With respect to the mutual position of line and plane, special properties of the
resulting manifold can be determined, see in Table 2 and 3.
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Line parallel to plane If line is passing | If plane is passing
through origin through origin
@®| Plane parallel to both Parallel plane through | The same plane
this line
®| Hyperbolic paraboloid Plane perpendicular
to given line
Table 2. Minkowski sum and product of plane and parallel line.
Line If plane is passing | If line is passing | If line and plane
intersecting | through origin through origin share origin
plane
@| Space
®| Space 1-parametric Plane through | Plane
system of planes | origin that is | intersecting
with common line | perpendicular to | given plane
through origin that | given line. in line pasing
is perpendicular to through  origin
given line. perpendicular to
given line.

SO RS W

ol |

Table 3. Minkowski sum and produci

of intersecting plane and line.

Minkowski sum and product of two planes represented by vector maps in forms

p(u,v)=p+ua+vb, u,veR,q(s,t)=q+sa+tc,s,teR

determine the whole space, in case they are intersecting and none of them is
passing through origin. Minkowski sum of two parallel planes is plane in the
same direction, while their Minkowski product is the whole space. Results of
Minkowski sum and product of two planes in special positions with respect to
the reference point are illustrated in Table 4.
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Intersecting | Intersecting planes | Parallel One plane
planes through origin planes through origin
@®| Space Plane in The other
the same plane
direction
®| Space 1-parametric system | Space Space formed
of hyperbolic by system of
paraboloids with parallel lines.
common line in
pierce line of planes

through origin.

"

v ' |
Table 4. Minkowski sum and product of two planes.

Minkowski sum of two curves in E® represented parametrically by vector maps
k(u) = (xk(u), yk(u), zk(u)),u e <R
1(v) = (xI(v), yl(v), zl(v)),ve LcR
is translation surface patch defined on planar region Q = I x L < R?
s(u,v) = (xk(u)+x1(v), yk(u)+yl(v), k(u)+zl(v)), (u, v) € Q.
Intrinsic differential characteristics of this surface are derived as
0, =K du + 2K"1 dudv-+ [ v D, =(K) (K.Y <[k

[K' 1 K"] [K' 1 1"]

g, =Ldu’ +Ndv’, L="—= N=2—"
2 k<1 k<1
k| kK
D,=LN=2D=[k1 I 1 D
L ek ke k] e

while K denotes the Gaussian curvature.
Minkowski product of above two curves in E3 is surface patch defined for all

(u, v) € Q by vector map
yk(u)2l (V) - 2k Wylw) '
p(u,v) =| zk(u)xI(v)—xk(u)zl(v)
xXk(u)yl(v) - yk(u)xI(v)
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Intrinsic differential characteristics are determined by vectors that are vector
products of derivatives of vector functions representing original two curves

k'xl=a,kxl"=b,k'xl"=c,k"xlI =d,kx1"=e

¢, =|a|[ du® + 2abdudv +|b| dv* D, = [laxb]’
@, = D' (Ldu? + 2Mdudv+ Ndv?)

L=[d,a,b],M =[c,a,b],N =[e,a,b]

K = DLN B DM
Dlz Dz = D1_1 ( DLN - DM )
de da db
D, =lae [a] ab
be ab |0

Ilustrations of Minkowski sum and Minkowski product of line segment and
circle are in Table 5, while Minkowski sum and Minkowski product of two
circles in perpendicular planes in E®are presented in Table 6. Different forms
appear for different sets of common points of the two circles, which influences
consequently also number of singular (double) points on resulting surfaces and
complexity of their forms.

Line segment and circle | Line segment and | Line segment and circle

in the same plane circle in parallel plane | in perpendicular plane

Table 5. Minkowski sum and product of line segment and circle.
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Concentric circles located
in coordinate planes, with
centres at origin, and with
2 common points

Circles located in
coordinate planes, and
with 1 common point

Concentric  circles
located in planes
parallel to coor-

dinate planes, with 2

common points

Table 6. Minkowski sum and product of two circles.

Partial Minkowski sum and product are point set operations constrained to
special types of point sets, e.g. differentiable manifolds K, L represented by
vector maps with equal parameterization q(u), r(u) defined on interval | c R

Spe = K@ L={qg(uo) + r(uo), Vuo e I € R}
Pre = K® L ={q(uo) A r(uo), Vuo e I € R}

Partial Minkowski sum or partial Minkowski product of two euqally
parameterised curve segments is a curve at the surface that is Minkowski sum or
Minkowski product of these segments

Spe S, Ppe c P

that is homeomorphic image of diagonal of the rectangular I x I in the parametric
space R2. Both, curves and surfaces are illutrated in Table 6.

st

Fig. 2. Minkowski product of 2 circles with none, one and two common points.
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3 Minkowski combinations of point sets

Generalisation of Minkowski point set operations are Minkowski point set
combinations, leading to more powerful modelling tools enabling determination
of two-parametric families of surfaces or curves with extreme form elasticity
depending on values of 2 real parameters.

Definition 6. Multiple of a point set A = E® by a scalar k € R is the set A¢ in E3
defined as

A =kA={km/meAkeR}

Thus, we can define k-multiples of point sets with straightforward geometric
interpretation as scaling of point set by coefficient k, i.e. homothety with centre
in the reference point O.

Lemma 1. Linear combination of n-times set A= &, n € N is subset of n-times
Minkowski sum of set A

NACAPAD ... DA
n-times

Proof. Let us define set A = {ai1, a;}, a1 # a». Then 2.A = {2a;, 2a,}, and
Minkowski sum A ® A = {2a3, 2ap, aitaz}. ThusA®@ A=2A U ({ai} @ {a2}),
which means that 2A c A @ A.

Definition 7. Multiple of a point set A — E® by a regular square matrix M of rank
n with real entries is the set Am in E defined as

A, =AM ={mM/me A, det(M) = 0}

Definition 8. Minkowski summative combinations of point sets can be defined
as:a) linear, for real constants k, |

LS, =k A®IB={ka+lb;acAbeB}

b)  matrix, for regular square matrices P and T of rank 3
MS,; =AP®BT={aP+hT,acAbeB}

Fig. 3. Minkowski linear combinations semi-ellipse and Steiner hypocycloid.
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Definition 9. Minkowski productive combinations of point sets can be defined
as:a) linear, for real constants k, |

LR, =k A®IB={kanrlb/acAbeB}=
={kl(anb)/ac AlbeB}=kI(A®B)
b)  matrix, for regular square matrices P and T of rank 3
MP,, =AP®BT={aPAbT/acAbeB}=
={(anb)P.T/ac AbeB}=(A®B).P.T

Definition 10. Minkowski partial summative combination of two space curves
K: gq(u) = (g1(u), g2(u), gs(u)) and L: r(u) = (ri(u), r2(u), rs(u)),u € € R,

S=kK®ILLkIER,K+IP#£0

determines a 2-parametric family of curve segments represented on | c R by
vector maps foru e I c R

S: s(u) = k.q(u) + L.r(u) = (s1(u), s2(u), s3(u)),
where sj(u) = k.gi(u) + L.ri(u), fori=1, 2, 3.

Differential characteristics, curvature and torsion, of the two-parametric
family of summative laces in E® can be derived by means of derivatives of
operand curves vector maps in the following forms

(ko' +1.r)x(kqg"+1.r")
\k.q’+|.r’3

kg + L kg + 1" kg +1r"]

(ka'+1r')x(kg"+ L")’

[
f
|
|
t
|

Fig. 4. Minkowski summative laces — shamrock curve and leaf of Descartes.
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Definition 11. Minkowski partial multiplicative combination of curves K and L
P=kK®ILk I€R k2+12£0

is a family of curve segments in E® represented on | c R by vector maps
p(u) =ka(u)xlr(u)=

I CAORCAOTAORCE O ORERD
RAORAOAORAOIAOEA®)
Derivatives of vector map of multiplicative laces are derived as
p'(u) = (ka(u) xLr(u))"=kI(q'(u) xr(u)) +(q(u) xr'(u))
p"(u) = (ka(u)xLr(u))” =kI((@'(u)xr(u)) +(@u)xr'(u)) =
=kI(Q"(u)xr(u)) +2(q'(u) xr'(u)) + (q(u) xr"(u))
p"(u) = (ka(u)xL.r(u))” =kl(a(u)xru))”

and differential characteristics of two-parametric family of multiplicative laces
in E3 can be then derived in the following forms

- ‘(k.qx L)' x (kgxl.r)" _ ‘(q xr)' x(qxr)”
(kaxlLr)[ Kl@xr)[’

o [(kaxLry,(kgxlr)", (kgxlr)"] _

2

|(kaxl.r) x(kgxLr)”
_K@xry,@xn)",(@xn"]
@xryx(@xn)|’

A

Fig. 5. Minkowski multiplicative laces — combinations of circle and cissoids,
leaf of Descartes and shamrock curve in perpendicular planes.

4 Conclusions

Minkowski point set operations and their generalisations have many applications
in various fields of computer graphics and geometric modelling, design,
architecture and art. These modelling algorithms can be used for modelling
various forms of curves and surfaces, in morphing — deformation of curve shape,
or adjusting the shape C to a given desirable form A, B = C @ (-k).A, where
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limB =k.A,n>>0. Decomposition of a point set to set components can be
k—n

achieved as Minkowski difference of point sets C and A, while C=A ® B, which
leads for known C and A to B =C @ (-A), see in Fig. 6.

Fig. 6. Deformation of curve adjusted to the shape of circle (on the left),
decomposition of given curve to an ellipse and other curve (on the right).

Minkowski combinations of discrete point sets can be used to generate
mosaics, as illustrated in Fig. 7.

k=-15
—_—
(4] (o] (4] (4]
[} [} |=42
[5] (4] [5] [5] —_———
(o] (o] (o] (o] (o] (o]
(o] (o] (o]
(o] (o] (o] (o] (o] (o] ..'
@ @ o [ ]
k=2 00 00
— e — QOO0OQOOQCOOQ
O k=06 ¥ 3k
1=0.7 Qe
L e ffe% & kB #k
® 0 |=2 3N )
0'0'0 0'0 _— 0'0'0 0'0

Fig. 7. Minkowski combinations in modelling mosaics.
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Packing problems
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Abstract. Very short overview on some special cases of packing problems is given
in the first part of the paper. The second part is devoted to a little more detailed
study of development of result about one class of packing problems. At the end
there are some asymptotical results.

Key words: extremum, packing of cubes

1 Historical overview

Packing problems are very old. It is sufficient to remind Kepler’s conjecture
(called also cannon ball problem) from the 1611 (see e.g. [57], [36], [99], [30],
[47], [41], [50], [42], [51], [43], [44], [45], [46], [29]) or the Newton number
(called also kissing number) from the 1694 (see e.g. [98], [60], [40], [94], [61],
[25], [102], [20], [78], [21], [2], [79]). Both were solved only recently.

The usual key question is on the maximal density of the packing. Finding
the best possible results on the packing problems is almost always too difficult,
therefore many special cases were investigated. Of course, these special cases
are very interesting and often useful.

Let us remind shortly a few of these special cases together with the
literature:

Packing of circles into the square, see e. g. [95], [96], [97], [92], [69], [63],
[87], [1], [66].

Packing of circles into the circle, see e. g. [93], [56], [70], [37], [38], [32],
[33], [34], [35].

Packing of balls into the rectangular parallelepiped, cube or ball (also as
placing of points which are the centres of balls), see e. g. [88], [62], [100], [7],
[81, [23], [21], [9], [10], [54], [11], [64], [49], [55], [13], [14].

Packing of rectangles into the rectangle or square, see e. g. [74], [67], [4],
[5], [52], [53], [6], [90].

Packing of triangles into the circle, see e. g. [65], [101], [3], [12], [19], [18].

Packing of circles into the triangle [89], [68], [71], [72], [37], [91].

2 Original Leo Moser’s problems

Problem (L. Moser [73]). Determine the least number V (2) such that every

system of squares with total area 1 can be parallelly packed into some rectangle
of the area V (2) .
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Leo Moser’s collection of problems [73] gave creative urge for the research
not only on the above question but on other similar questions. (This collection
later extended Leo’s younger brother W. O. J. Moser [75].) Approximately in
the same time arose also the very interesting problem books [39], [24].

Extraordinarily valuable collections of problems [76], [77] were republished
many times (in extended form). They were finally published as the book [22]
with the foreword of Pal Erdés — one of the greatest propagator of the intuitive
geometry problems (see e. g. [26], [27]), and excellent books on packing and
covering problems [28] and [21]. Let us recall also the survey [31].

Denote V,(d) the least number such that every system of n cubes with

total volume 1 in d -dimensional (Euclidean) space can be packed into some
rectangular parallelepiped of volume V,(d). Determine V,(d) and also the
maximum V (d) of the set of all V,(d).
Obviously, the sequence V, (d) is nondecreasing and lim V,(d)=V(d).
n— o
Known results in almost chronological order without more detailed

commentary are the following.
Kleitman and Krieger [59]: every such finite system can be packed into the

rectangle with sides of lengths % and V2,50 V(2) < % =1.632993162.

Trivially, V,(2) = 22 21,207 106 781,

Twenty years later Novotny [80]: V;(2)=1.2277589 and

V(2) z% >1.244 for three squares with area % and one square with area

05 .
Novotny [82], [83]: Va(2) =Vs(2) = 232 ; V4(2) =V, (2) =V (2) = 258
On the basis of these results is maybe true the following
Conjecture 1. V (2) = 255 21244016 936 .
Novotny [81]: V(2) <1.53.
Hougardy [49]: V (2) <21 <1.4.
Dimension 3: A. Meir, L. Moser [67]: V,(3)<4.

Novotny [84]: V,(3)=% required for x = ?\’/g . Xy = 3\/1;
V3(3) =1.44009951, required for x =0.85084956, x,=0.63593794,
X; = 0.502 45141 .

Novotny [85]: V,(3) =1.519 6303266, required for x = 0.820 068594,
X, = 0.584 6311102 , X, = x, = 0.499112 082 .

Novotny [86]: V5(3) =V,(3) and V,(3)<2.26.
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Conjecture 2. V,(3)=1.519 6303266 for every positive integer n>4,
e.g. V(3) =1.519 630 3266 .

Dimension 4: V,(4)=1.420319245 required for x=0.976755178,
y =0.547 398666 and V;(4)=1.633696 62, required for x =0.912 366 488,
y =0.671979 213, z =0.566 768 345 ([15][16]).

Dimension 6: V,(6)=1.534554558 required for x=0.98883788,
y =0.634 305358 ; V;(6) =1.944 49161 required for x=0.966 71505,
y =0.699 300 546 and z =0.637 089 066 ([17]).

Asymptotical results (unpublished):
dIim V,(d)=n for n=2,3,4.
—> ©

3 Conclusion

In the paper, we offered a brief historical overview on some special cases of
packing problems. We have also mentioned some of the crucial packing
problems together with its solutions (if known). Unfortunately, despite the wide
interest of mathematicians there are still many questions unanswered. And
possibly even more questions are undiscovered.
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Abstract. Recalling a recently introduced class of RE curves (i.e., rational
envelope curves) and RE surfaces (i.e., rational envelope surfaces), we present
simple and efficient methods for interpolating with medial axis/surface trans-
forms providing rational envelopes. The approach is presented on two particular
examples. Furthermore, some possible applications of the presented algorithms
are mentioned and referred, e.g. the construction of flexible blending canal

surfaces using RE curves, and modelling parts of branched skins and blends
with RE surfaces.

Keywords: Rational envelope curves, rational envelope surfaces, Hermite
interpolation, blending, skinning.

1 Introduction

Investigating the rationality of geometric shapes belongs to challenging and thor-
oughly studied problems in geometric modelling, see e.g. [4, 5]. On the other
hand non-rational descriptions are more frequent as results of algebro-geometric
operations. Then suitable approximate parameterization techniques must be of-
ten applied to overcome disadvantages of non-rational parameterizations.

The first simple non-rational parametric descriptions are square-root param-
eterizations. A curve or surface is called square-root parameterizable if it may
be rationally parameterized in terms of ¢ or u, v and 1/p(t) or 1/p(u,v), where
p(t) or p(u,v) is a polynomial in ¢ or w,v, respectively. However, in some
particular cases constructions with square-root parameterized curves or surfaces
lead to rational resulting shapes.

In this survey paper, we recall some results from several recent papers. The
so-called RE curves, i.e., curves considered as medial axis transforms in 3D
yielding associated rational envelopes of circles in 2D were introduced and stud-
ied in [2]. Next, RE surfaces satisfying the distinguished condition that when
considered as medial surface transforms in four-dimensional space provide ratio-
nal envelopes of spheres in 3D were introduced and investigated in [3]. Reader
interested in this topic can also find some applications with presented objects
(e.g. blending and skinning) in [1, 3, 10].

2 Rational Envelope (RE) curves

Let be given a parametric curve y(t) = (y(¢),r(t)) in the Minkowski 3-space
R?! (with the signature + + —) considered as an medial axis transform (MAT)
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of its associated domain. The corresponding two branches x* (#) of the envelope
curve x(t) are parameterized by

Ty ) £y OVIy O — ()

+
x=(t) = y(t) —r(t) ; (1
Iy ()11
where ut = (ug, —uy) for u = (uy,us). Clearly, the Minkowski Pythagorean
Hodograph (MPH) curves (see [11, 9] for more details), which satisfy
Iy’ @O = r2(t) = o*(t) 2

for some rational function o (t), guarantee the rationality of the associated enve-

lope branches x*.

Nonetheless MPH curves are not the only ones providing rational envelopes.

In particular, let y(t) = (y(t)7 R(t)) be a regular C'' parametric curve con-

sidered as the MAT of a planar domain with y(¢) and R(t) rational. Then the
corresponding envelope is given by

R(t)y (OVARM)lY ()] — R™(t)

2IIy @) '

Hence, the envelope x= (¢) of ¥(#) is rational if and only if there exists a rational
function o (t) such that

Ry’ ()" = R=(t) = o*(1). @)

Curves y(t) = (y(t), R(t)) in R?! satisfying condition (4) are called RE
curves, i.e., curves yielding Rational Envelopes, cf. [2].

x*(t) = y(t) - G)

As shown in [9], any MPH curve can be obtained in this way by using the fact
that if ¥ is an MPH curve then the corresponding envelopes x* (¢) are planar ra-
tional Pythagorean Hodograph (PH) curves, [6, 7]. An analogous construction
is possible in the case of RE curves as well.

First, for a given rational planar curve x(t), we construct its one-sided gen-
eralized offset curve y(¢) with varying distance r(t), i.e., the curve in the form

X/J_(t)
I ()1

We stress that in this case the sign &+ is not needed. The constructed curve is
rational if and only if
r(t)

rean @ (©

is a rational function. Then, using (6) we arrive at a class of all RE curves in the

form
y(t) = (x(t) + f(&) X" (2), f(t) X' ()]) - (7

y(t) = x(t) +r(t) 557 ©)
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3 Rational Envelope (RE) surfaces

Consider a C! segment y(u,v) = (y(u,v),r(u,v)) of a medial surface trans-
form (MST) in the Minkowski 4-space R (with the signature + + +—), then
the boundary of the corresponding domain €2 is given by the envelope formula

(ruG = oF) Yo+ (1B = 1uF) yo & (yu x y,)V BG— F°
EG — F? '
®)

where a,, denotes the partial derivatives of a with respect to u, etc. The compo-
nents E, F, G of the first fundamental form of ¥ (u, v) are computed using the
indefinite Minkowski inner product R?! whereas the components E, F, G of the
first fundamental form of y(u, v) are determined using the standard Euclidean
inner product in R3,

Clearly, the so-called MOS surfaces (i.e., Medial surfaces Obeying a certain
Sum of squares condition, see [8]), which satisfy

xtT=y—r

= =2

EG - F =o%(u,v), 9)
for some rational function o(u,v) € R(u,v), guarantee the rationality of the
associated envelope branches x*.

Nonetheless, as in the univariate case of RE curves and MATs [2], MOS
surfaces are not the only MSTs yielding rational envelopes. This brings us to
a broader class of (generally non-rational) RE surfaces, i.e., surfaces yielding
Rational Envelopes. Accordingly, we set r(u,v) as the square root of some
non-negative function R(u, v). This leads to

1 1
Ty, = §Ru € R(u,v), rr,= §Rq, € R(u,v). (10)
Then the rationality of the envelope x*, cf. (8), is guaranteed by the condition
R(W—F% = o%(u,v), (11)

cf. [3]. Additionally, any RE surface ¥ in R3! can be constructed starting from
an (associated) rational surface x in R® and a rational function f in the form

Y(u,v) = (x4 f (xu X %), f |[xu X %) - (12)

In contrast to MOS surfaces, it is easy to generate RE surfaces in the formy =
(ya r= \/E)
4 Interpolation by RE curves

Consider the following G* Hermite input data in R?! — the end points p; and
the associated tangent vectors t,, ¢ € {0,1}. Using (1), we obtain the associated
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points q; € R? on the corresponding envelope curve as

\ v J— v
v ti3 t; +t; 16112 — (ti3)?
qi = Pi — Pi3 5
12

(13)

where X = (21, 25) for x = (1,29, 23). We choose v; as the perpendicular
vectors to the vectors 52 - qj, i.e.,

. 1
Vi = oy (pi — Qi) . (14)

The magnitudes «; of v; are free parameters and can be chosen to modify the
resulting shape. Next, we interpolate q; and v; in the plane by a suitable Hermite
interpolation method (we use e.g. Ferguson cubics) and obtain a planar curve
x(t), t € [0, 1] satisfying

x(i) =q;, and x'(i)=wv;, i€{0,1}. (15)

Finally, we lift the interpolant x(¢) from R? to R?!. This is done by com-
puting a polynomial f(t) such that the curve (7) interpolates the input data in
R21, We employ the Ferguson interpolant again, this time given by the Hermite
data fo, f1, f{, f1, where

= f= 22 g =g = - OV g

B ||V1|| t;-v;

were computed by solving

y(i)=p; and ¥'(i) = Bit;, (17)
where . N
go= B @ v (18)

ti-v;

This gives the sought-after RE interpolant y(¢).

Example 4.1 We construct an RE curve interpolating the data
Po = (07()’ 1)) P1 = (77()’2)) to = (272a 1)5 t; = (27 _25 1/2) (19)

First, we compute the boundary points and vectors via (13) and (14). Next we
interpolate this data by the Ferguson cubic and finally using (7) we arrive an RE
interpolant, see Fig. 1.

In [1, 2], this approach was used for constructing suitable blending surfaces,
i.e., for computing flexible transition canal surfaces smoothly joining two given
circular cones (or other canal surfaces) — see the references for more details.
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X

Figure 1: Medial axis (blue) associated to a suitable MAT providing two ra-
tional branches of the envelope (red and magenta) and interpolating data from
Example 4.1.

5 Interpolation by RE surfaces

Consider four points p; = (pi,7;) € R*! and four tangent planes @; at these
points given by the vectors t;; = (t;1,7;1) and €52 = (b2, Ti2), i = 1,...,4.
Using envelope formula (8), we obtain the associated end points q; on the cor-
responding envelope

(111G — T2 Fy) ti1 4 (Ti2Bs — 11 Fy) tio & (i1 X ti2)\/ E:G; — f?

E’LGZ - F'L'Q ’
(20)

where Ei = |El|2’ Fi = ‘ti2|2, Gl =t;1 -t and El = |ti1|2 — 7'121, FZ' =
[tia|> — 73, Gi = ti1 - ti2 — T;17Ti2. Naturally, the normal vectors n; of the
envelope surface at q; are

qi =Pi — 7T

n; = \i(q; — pi), Ai €R. 2D

We can construct in R? a polynomial patch x(u,v) (e.g. the Ferguson patch)
interpolating the points q; and the associated normal vectors n;. Next, using
formula (12) we lift x(u, v) to R*! and as a result we arrive at the medial surface
transform ¥ (u, v). Conditions on y(u, v) to interpolate the points p;, i.e.,

y(ui7 U’i) = ﬁiv (22)
yield the following conditions on the function f(u, v):
filui,v) = — (23)

|
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Moreover, we require that y(u,v) touches the tangent planes @; at the given
points p;, i.e.,

Vu(ui,vi) = Bt + Biz i, 24)
Yo(uisvi) = i1t + iz tia,
which yields
Filunv) =  (xu(uiy vi) + fiui vi)ng (ug, vi)) - my
u 1y Y1 nl . ml bl (25)
Filug,v) = (ko vi) + filug, vi)ne(ug, v;)) - my
v 1y Y1 nl . mz )

where m; = t;; X t;5. Hence when constructing a rational function f(u,v)
satisfying conditions (23) and (25), the surface associated to ¥(u,v) smoothly
envelopes the given 4 spheres and respects the given tangent planes at the pre-
scribed points.

Example 5.1 Consider 4 spheres

ﬁl = (anaflal)a §2 = (8713233/2)3 (26)
ﬁS = (7a7a0a5/2)a §4 = (0777_1, )7

and 4 associated tangent planes at p,; given by

@i ti1 =Py~ Py, t12=Ps Py,

G2: =Py =Py, t2=Ps - by, @27)

az: t31 =P3 — Py t32 =DP3 — P

Qg ty =P3— Py ta2 =Py —Pr-
We compute the corresponding points q; and the normal vectors n; of the asso-
ciated envelope, cf. (20) and (21). Next we can choose the tangent vectors u;1,
u;9, €.g. by projecting t;1, t;2 to the plane given by the point q; and the normal
vector n;, i.e,

tii-n; ti2-ny

n;, U =t n;. (28)

=t — —
;1 il |ni|2 |111:|2
Then we construct the Ferguson surface x(u, v) interpolating the points q; and
the tangent vectors u;; and u;e and compute the lifting function f(u,v) as a
one dimensional Ferguson surface interpolating (23) and (25). Finally we com-
pute the corresponding medial surface transform y in form (12) and the second

branch of the envelope, see Fig. 2.

As concerns applications, we recall the operations of skinning and blend-
ing. Applying RE surfaces, a simple method for computing rational branched
skins of a system of balls in 3D and rational n-way blends between canal sur-
faces is offered. These operations play an important role in various applications,
e.g. in computational chemistry, molecular biology, computer animation, and
modelling of tubular surfaces, cf. [3, 10].



On interpolations with MATs/MSTs providing rational envelopes 59

Figure 2: Medial surface (yellow) associated to a suitable MST providing two
rational branches of the envelope (green and red) and interpolating data from
Example 5.1.

6 Conclusion

In this paper, we recalled results from some of our recent papers devoting to
curves, or surfaces parameterized via square-roots but yielding associated ratio-
nal envelopes of circles in 2D, or spheres in 3D, respectively. Especially we
focused on Hermite interpolations with these shapes. In addition, some applica-
tions of the presented methods were recalled and referred.
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1 Ukazka FeSeni dané problematiky v kotovaném promitani

Sestrojte kulovou plochu, je-1i dana jeji te¢né rovina t s bodem dotyku T a dalsi
bod K plochy. Ulohu feste v kotovaném promitan.

Hlavnim cilem je zjednodusit studentim konstrukci, naucit je vyuzivat GG
v deskriptivni geometrii a zpiehlednit vysledek.

! N \} RSN

Obr. 1: Hotova tiloha v kétovaném promitfmi
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Nasim cilem je najit stfed a polomér kulové plochy. Stred lezi na kolmici k
teéné roving, ktera prochazi bodem dotyku. Dale lezi v roviné soumérnosti
usecky TK. Polomér je roven vzdalenosti stfedu S od bodu T.

Konstrukce:
kolmice k te¢né roviné, ktera prochazi bodem dotyku,
stied usecky TK,
rovina kolma k tsecce TK jejim stfedem,
prasecik kolmice a roviny soumérnosti,
polomér r= |ST |.

agrwhE

1.1 Zadani

Sestrojte kulovou plochu, je-li ddna jeji te¢na rovina t = ABT, A=[4,0,0],
B=[0,6,0], T=[1,1,3] s bodem dotyku T a dalsi bod K=[6,6,2] plochy.

Po spusténi programu si vybereme z nabidky 3D grafika. Dale zvolime
Zobrazit - Nakresna.

~Obr. 2: Uvodni strana GeoGebry

Obr. 3: 3D GeoGebra
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1.2 Konstrukce

zadani, zadame body v soufadnicich do ptikazového fadku A=(4,0,0),
B=(0,6,0), T=(1,1,3), K=(6,6,2), body A, B se zobrazuji jak ve 3D, tak
i v nakresné

zvolime tla¢itko 'rovina tfemi body', klikneme na body A, B, T ,
1=ABT

tla¢itkem 'prinik ploch' sestrojime stopu rovinyzt, vybereme zadanou
rovinu a pudorysnu

bod T promitneme do plidorysny, vedeme ptimku bodem $ kolmo k
pudorysné

najdeme prusecik kolmice a primétny, zrus§ime jeho popis

ruéné prejmenujeme na T_1(3), bod se objevi také v nakresné

bod K promitneme do pudorysny, vedeme piimku bodem K kolmo k
pudorysné

najdeme prusecik kolmice a primétny, zrusime jeho popis

ru¢né piejmenujeme na K_1(2), bod se objevi také v ndkresné

bodem T vedeme kolmici k k roving t

bodem T 1 v nadkresné vedeme kolmici k 1 ke stopé roviny t, objevi
seive3D

stopnik P pfimky k najdeme ve 3D, jako prusecik k ak 1, objeviseiv
nakresnég, prejmenujeme na P_1=P

spojime body T a K ve 3D, budeme konstruovat rovinu B

spojime body T_1 a K_§$ ve 3D, tisecka se objevi i v nakresné

najdeme stied O tsecky TK

bod O promitneme do pudorysny, vedeme ptimku bodem O kolmo k
pudorysné

ruéné prejmenujeme na O_1, bod se objevi také v nakresné

bodem O vedeme rovinu ¢ kolmou k TK

tlac¢itkem 'prunik ploch' sestrojime stopu roviny ¢, vybereme zadanou
rovinu a ptdorysnu

stied S najdeme jako prusecik k a roviny ¢

bod S promitneme do primétny, bodem vedeme pfimku kolmou k
pramétné

bod S_1 najdeme jako prusecik kolmice bodem S a primétny, objevi
se i v nakresné

polomér r je roven vzdalenosti bodi S a T

sestrojime hledanou kulovou plochu

pramét kulové plochy sestrojime v nakresné, stied je S 1 a polomér r
je roven vzdalenosti bodi Sa T
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2 Zavér

Propojeni 2D a 3D GeoGebry rozsifuje moznosti pochopeni probirané latky.
Nabizi okamzitou vazbu mezi realitou a promitaci metodou. Studenti se snaze
orientuji v posloupnosti feSeni dil¢ich loh konstrukce. ZkuSenosti s takto
feSenymi priklady na prednaskach a cvicenich jsou vyborné, protoze studenti
tento zpuisob postupu feSeni vyuzivaji i k samostatné pfiprave.

Podékovani

Clanek vznikl za podpory projektu Inovace poéitatovych uéeben a inovace
naplné nékterych pocitacovych predméta.
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1 Motivace

Obrazky v 3D GeoGebie pouzivam na ptfednaSce v pfedmétu Deskriptivni
geometrie na stavebni fakulté VSB-TU v zimnim semestru 1. ro¢niku. Jde
o prvni seznameni s pojmem rozvinutelnd a nerozvinutelna plocha, o vytvoreni
ptedstavy o vzniku téchto ploch z danych fidicich Gtvart. Obrazky jsou také
zamysleny jako motivace k samostatné praci s GeoGebrou.

1.1 Rozvinutelna plocha (torzus)

Chceme ukazat vznik rozvinutelné Sroubové plochy pohybem jeji tecny. Do
vstupniho pole zadame parametrickou rovnici Sroubovice. Z nabidky Ndstroje
vybereme Bod na objektu a zvolime bod T na $roubovici §. To nam umozni
tento bod ukazovatkem posunovat po Sroubovici nebo tento pohyb spustit
zapnutim tlac¢itka Animace zapnuta ve vlastnostech bodu T. Vbodé¢ T
sestrojime te¢nu Sroubovice, ohrani¢ime ji bodem T a pruseé¢ikem P s rovinou
(X, y). Te¢nu skryjeme a ve vlastnostech bodu T zatrhneme tlac¢itko Animace
zapnuta, ve vlastnostech use¢ky PT a bodu P zatrhneme Stopa zapnuta. Cast
te¢ny, pohybujici se podél hrany vratu, vykresli torzus a bod P evolventu. (viz.
Obr. 1)

Obr. 1: Torzus
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1.2 Rotace krychle (zborceny hyperboloid)

Ukazeme vznik ¢asti zborceného hyperboloidu rotaci hrany krychle kolem
télesové thlopiicky. Zacneme sestrojenim krychle a jejim vhodnym otoc¢enim
tak, aby télesova thlopficka byla kolma na rovinu (X, y). Kolem této télesové
uhlopricky bude rotovat vybrand hrana, mimobézna s osou rotace. Pro vétsi
nazornost si tuto hranu prodlouzime na ptimku h a ohrani¢ime ji priseéikem P
srovinou (X, y) a bodem Q, ktery si zvolime jako Bod na objektu z menu
Nastroje. To ndm umozni tento bod ukazovatkem posunovat po pfimce h a
ménit C¢ast zobrazené plochy nebo tento pohyb spustit zatrzenim tlacitka
Animace zapnuta ve vlastnostech bodu Q. Kruznice, po kterych se otaci body P
a Q sestrojime volbou nastroje Kruznice dand osou a bodem. Na
rovnobézce bodu Q zvolime bod K tlaéitkem Bod na objektu, aby mohl pozdé&ji
pii animaci rotovat po této kruznici. Tvofici useCky obou regulii sestrojime
pomoci povrsky PQ rotaéniho kuzele s vrcholem v bodé Q a bodem podstavné
hrany P (viz. Obr. 2). Vrchol pfemistime do bodu K.

Obr. 2: Sestrojeni tvoricich use¢ek KN a KO

Nepotiebné objekty skryjeme, bod K mizeme ukazovatkem posunout po
rovnobézce do bodu Q. Ve vlastnostech bodu K zapneme animaci a ve
vlastnostech use¢ky KN zapneme stopu (viz. Obr. 3).
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Obr. 3: Cast zborceného hyperboloidu

Vypneme animaci bodu K a stopu tse¢ky KN. Na tse¢ce PQ zvolime bod M a
sestrojime jeho rovnob&Zku. Zapneme animaci bodu M a stopu jeho
rovnobé&zky (viz. Obr. 4).

Obr. 4: Jiné vytvoreni téZe plochy
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1.3 Hyperbolicky paraboloid (sedlova plocha)

Ukazeme moznosti konstrukce zastieSeni sedlovou plochou. Do Ndkresny
vlozime fotografii stiechy a v Grafickém ndhledu 3D nakreslime zborceny
ctyfuhelnik ABCD, ktery pfiblizné odpovida obrazku. V roviné rovnobézné
s fidici rovinou ABA; sestrojime tvofici use¢ku XY, pfi¢emZ bod X je volen
jako Bod na objektu. Bodu X zapneme animaci a tise¢ce XY stopu (viz. Obr. 5).

Obr. 5: Hyperbolicky paraboloid

Na tvotici tise¢ce XY zvolime bod T, v ném sestrojime tvotici tise¢ku druhého
regulu KL a zapneme jeji stopu (viz. Obr. 6).

Obr. 6: Druhy regulus tvoficich pFimek

Tyto tsecky urcuji te¢nou rovinu plochy v bodé T. Sestrojime priisecnici této
te¢né roviny s rovinou (X, y) (stopu). Pii zapnuté animaci bodu T muZeme
sledovat, jak se te¢na rovina podél pifimky XY ,,0ta¢i“ a soufasné jeji prunik
s plochou (viz. Obr. 7).
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Obr. 7: Te¢na rovina hyperbolického paraboloidu

1.4 VInkovy konoid

Chceme ukdzat vlastnosti plochy, kterd byla pouzita ke konstrukci stiechy na
fotografii. Do Ndkresny vlozime fotografii sttechy a v Grafickém ndhledu 3D
zadame ve vstupnim poli rovnicemi fidici Gtvary plochy. Na fidici pfimce
zvolime bod A, sestrojime celou tvofici useCku AB, zapneme animaci bodu A
a stopu usecky (viz. Obr. 8).

Obr. 8: Vytvoreni vinkového konoidu

Dalsi vhodnou volbou bod na objektech v kombinaci se zapnutymi stopami a
animaci lze ukazat jiné moznosti vytvoreni konoidu. Napfiklad pohybem
sinusoidy, ktera vznikne jako fez plochy rovinou rovnobéznou s fidici
sinusoidou. Pii pohybu je patrné, Zze se jeji amplituda zmensuje az k nule
(viz. Obr. 9).



70 Giittnerova Pavla

Obr. 9: Jina moZnost vytvoieni konoidu

2 Zavér
GeoGebra je velmi dobry nastroj pro vytvafeni ptedstavy o nejrtiznéjsich
prostorovych objektech, pokud nemame po ruce skute¢ny 3D model.

Podékovani

Tento ¢lanek vznikl za duchovni podpory a povzbuzeni mych kolegti z Katedry
matematiky a deskriptivni geometrie VSB-TU Ostrava, za coz jim patii mj
dik.
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Abstract. Possible ways of an effective use of the combination of tools
of dynamic geometry and computer algebra features of GeoGebra are
presented by means of particular examples in the contribution. The
curves are considered as locus curves or envelopes of families of curves.

Keywords: Algebraic curves, cardioid, conchoid, dynamic geometry,
GeoGebra.

Klicovd slova: Algebraické kiivky, kardioida, konchoida, dynamicka
geometrie, GeoGebra.

1 Uvod

Clanek predstavuje néstroje pro kresleni a vysetfovani rovnic algebraic-
kych kiivek v roviné, které nabizi zdarma dostupny program pro studium
a vyuku matematiky GeoGebra (viz www.geogebra.org).

Pouziti téchto néstroju, jejichz ucinek sahd od pouhého vykresleni
kiivky az po automaticky vypocet jeji rovnice, je v prvni ¢dsti ¢lanku
ukazano na piikladu kardioidy, algebraické kiivky ¢tvrtého stupné, kterd
je specidlnim piipadem epicykloidy pro odvalovani kruznic téhoz poloméru
[10]. Je vyuzito skuteénosti, ze kardioidu lze snadno predstavit jednak
jako obalovou kfivku jednoparametrického systému kiivek, jednak jako
mnozinu bodu danych vlastnosti.

Kardioidu muzeme ale definovat také jako konchoidu kruznice vzhle-
dem k pdlu na jejim obvodu [10]. V druhé éésti cldnku je predstavena dalsi,
v odborné literatuie dosud zatim jenom letmo zminénd (viz [3]), kiivka
¢tvrtého stupné, ktera je pro zménu konchoidou paraboly vzhledem k pélu
v jejim ohnisku. Na geometrické konstrukei této kiivky zajimavého tvaru,
kterd vychazi z ilohy na mnozinu bodu dané vlastnosti uvedené ve shirce
[4] vydané koncem 18. stoleti v Praze, budeme ilustrovat pusobeni al-
goritmu automatického odvozovani geometrickych vét implementovanych
v GeoGebre.

2 Kardioida

Program GeoGebra dovoluje zkoumat tvary a rovnice algebraickych kiivek,
at jsou nahliZeny jako obalové kiivky jednoparametrickych systémi kiivek,
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nebo jako mnoziny bodu danych vlastnosti. Postupné si na piikladu kar-
dioidy (zvané téz srdcovka) ukdzeme oba pristupy.

2.1 Obalova krivka

Obalovou krivkou, téz obédlkou, parametrického systému kiivek v roviné
rozumime kiivku, kterd se dotyka kazdé z kiivek tohoto systému [5].
Rovnice obalky tak ziskdme eliminaci parametru ¢ ze soustavy alge-
braickych rovnic, kterd je tvofena rovnici parametrického systému kiivek
l(z,y,¢) =0, kde ¢ je redlny parametr, a jeji derivaci l,(x,y, ¢) = 0.

Uvazujme kruznici k se stiedem S = [0,—a] a polomérem a, kterd
urcuje systém kruznic [ tak, ze kazdéd z nich mé stfed @ na k a prochéazi
bodem PJ0,0], viz Obr. 1. Potom obélkou systému kruznic [ je kardioida
¢, kiivka ¢tvrtého stupné o rovnici

(2 + ¥ + 2ay)® = 4a*(2® + ). (1)

Obrézek 1: Kardioida jako obélka

Symbolické odvozeni této rovnice v prostfedi CAS programu GeoGebra
je zachyceno na Obr. 2. Nadale se zaméfime na moznost ziskani rovnice
kardioidy z geometrické konstrukce provedené v Ndkresne. Dle zadani se-
strojime kruznici k(S, a), kde hodnotu a ovldddme posuvnikem; v ¢ldnku
budeme pracovat s nastavenou hodnotou a = 1. Na kruznici £ umistime
bod P[0,0] a volny bod Q. Potom sestrojime kruznici ! se stfedem @
a prochazejici bodem P. Prvotni informaci o podobé obalky ziskdme
prostfednictvim volby Stopa zapnuta, kterou aktivujeme pro kruznici [.
Pii pohybu bodem ) podél k zaznamenavé program jednotlivé polohy
[, jak vidime na Obr. 1. Jejich sjednoceni pak poskytuje prvni ptiblizeni
k podobeé vysetfované obalky. Pro ziskani rovnice kiivky a jejiho grafického
zobrazeni pouzijeme piikaz Obalka[l,Q]. Vysledkem je jednak rovnice
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bi=(x-a (1-02)/(1+152))\2+(y+a (1-2/(1+1A2))2-(@ (1-t'2)/(1+142)y'2-(a (1-t)2/(1+1:2))'2

1 b= t2x2+t2y2+2at2x+2at2y74aty+x2+y272ax+2ay
- 241
bt:=Derivacelb, t]
2 2 _
L obt(t) = dat°y+8atx—4day
421241

c:=Eliminovat[{b,bt},t]

- ci= {xﬁa+3x4yza+3x2y4a+yﬁa+4x4y32+8x2y3a2+4y5a274x4a374x2y233}

c1:=Rozklad[c]

—el:={a (®+y’) (x*—4x*a’+4xPay+2x*y* +day +y")}

c2:=Prvek[Cinitele[Prvek[c1,1]].3.1]

- €2 = )(474-)(2z:2+4x2ay+2x2y2+4ay3+y4

Obrézek 2: Symbolicky vypocet rovnice kardioidy v prostiedi CAS

1 c:=Obalka[l,Q]
0 - ci=x"+xN 4 4aly— Ayt +4yP =0

Obrézek 3: Vypocet rovnice kardioidy jako obalky v prostiedi CAS

obalky ¢, kterou vidime na Obr. 3, jednak zobrazeni kiivky ¢ v Ndkresné,
jak je zachyceno na Obr. 1.

Je nutno dodat, ze funkce Obalka nemd dosud univerzalni ptisobnost.
Kardioida patii také mezi tzv. kaustiky, tj. obalové kiivky paprska odraze-
nych od urcitych kiivek. Konkrétné se jedna o obalku paprsku odrazenych
od kruznice, jestlize jejich zdrojem je bod lezici na jejim obvodé. V tomto
pripadé funkce Obalka zatim rovnici kardioidy neurci. Vice o vypoctu
obélek v GeoGebie viz [1].

2.2 Mnozina boda danych vlastnosti

Nyni budeme kardioidu uvazovat jako mnozinu bodu dané vlastnosti. Opét
existuji ruzné zpusoby, jak kardioidu jako mnozinu bodu definovat, viz
[8, 10]. Zde vyuzijeme definici kardioidy jako upatnice, tj. jako mnoziny
pat kolmic sestrojenych z daného bodu na vsechny jeji tecny. Ijvaiujme
kruznici k se stfedem S[0, —a] a polomeérem a, bod PJ0,0] a volny bod
Q@ na k. Jestlize v bodé @ sestrojime te¢nu ¢ a k ni kolmici z bodu P
s patou F', viz Obr. 4, potom mnozina bodu F' pro vSechny body @ na k
je kardioida s rovnici

(* + 9% + ay)® = a®(@° + 7). (2)
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V<

Obrézek 4: Kardioida jako mnozina bodu dané vlastnosti

Abychom z obrézku vzeslého z vySe popsané konstrukce ziskali rovnici
vySetfované mnoziny, neni zatim mozné pouzit posuvnik pro ovladani
hodnot poloméru a vychozi kruznice. Zadnou komplikaci viak nepfindsi,
pokud k sestrojeni této kruznici pouzijeme libovolné zvolené body S a P.
Zde vsak, pouze pro zjednoduseni podoby vysledné rovnice a zachovani
jeji korespondence s tvarem (2), pouzijeme soutadnice S[0, —1] a PJ0,0].
Rovnici vySetfované mnoziny bodu potom z piislusného obrazku, ktery
vidime na Obr. 4, ziskdme zaddnim piikazu RovniceMnozinyBodu[F,Q].
Je jedno, jestli tak ucinime v piikazovém fadku nebo v prostiedi CAS.
Vysledek ziskany v druhém ptipadé vidime na Obr. 5.

1 ¢:=RovniceMnozinyBodu[F,Q]
® |- c:= x"'+2x2y2+2x2y7x2+y4+2y3 =0

Obrazek 5: Vypocet rovnice kardioidy jako mnoziny bodu v prostiedi CAS

Za funkci RovniceMnozinyBodu se skryva algoritmus, ktery geomet-
ricky obrazek prevadi na soustavu algebraickych rovnic a tuto soustavu
nésledné tesi. Z toho plyne jednak omezend pusobnost této funkce, jed-
nak obcasna nekorespondence mezi poskytnutym algebraickym fesenim
a skute¢nym tvarem hledané mnoziny. Témito omezenimi netrpi funkce
MnozinaBodu pro zobrazeni numericky spocitaného tvaru mnoziny bodu.
Zadavame ji piikazem se stejnou syntaxi, tj. ve tvaru MnozinaBodu[Q,P],
kde @ je bod vykreslujici mnozinu pii pohybu bodu P.

3 ,,Preclikova“ krivka

Kardioidu 1ze definovat také jako tzv. konchoidu. Konchoida je kfivka,
kterd je urcena pevnym bodem (pdlem) P, kiivkou k a parametrem b.
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Jestlize p je pfimka prochéazejici bodem P, kterd protind kfivku k v bodé
K, potom mnozina bodu L, M takovych, ze |LK| = |KM| = b, kde b
je konstanta, je konchoidou kfivky k vzhledem k bodu P, [7]. Napiiklad
kardioida ¢ z Obr. 1 s rovnici (1) je konchoidou kruznice k vzhledem
k bodu P s parametrem b = 2a.

Nyni se ale budeme vénovat jiné algebraické kfivce ¢tvrtého stupné,
ktera je pro zménu jednou z vétvi konchoidy paraboly vzhledem k jejimu
ohnisku, jak pro parabolu p : 22 —2ay —a? = 0, ohnisko F[0, 0] a parametr
2a ilustruje Obr. 6. Z obrazku je patrny charakteristicky tvar této kiivky

Obrazek 6: Konchoida paraboly p vzhledem k jejimu ohnisku F

pripominajici preclik, proto o ni hovorime jako o ,preclikové* kiivce. Pti
jejim umisténi vzhledem k soufadnicovym osdm podle Obr. 7 muzeme

0.5a

Obréazek 7: Preclikové kiivka
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algebraickou rovnici této kiivky pséat ve tvaru
(z* — a®)® + 2%y = ay®(2y + 3a), (3)
jejl parametrické rovnice potom jsou

_ —at3+3at B at*—6at?+ a.
T e YT T e

teR. (4)

7Z algebraickych kiivek ¢tvrtého stupné, které byly v minulosti v odborné
literatufe popsany, je této kiivce nejblizsf kiivka dand rovnicf (22 —a?)?
ay?(2y+3a), zmitovand v [9] a [2] jako ,knot curve“. Jejf obrazek a struény
popis jsou uvedeny na strance mathworld.wolfram.com/KnotCurve.html.

Jak je uvedeno v [3], preclikovd kiivka se objevila pii pouziti pro-
gramu GeoGebra k feseni nésledujiciho problému na mnozinu bodu dané
vlastnosti, ktery je jako ,Problém 35“ zadan a ukazkoveé vyfesen v latin-
sky psané sbirce geometrickych tloh [4]: Je ddna kruznice se stredem A
a prumérem M P (viz Obr. 8). Pro libovolny bod B této kruznice lezi bod
C na poloprimce AB tak, Ze plati

MO  a

AO  BC’
kde a je polomér kruznice a O je pata kolmice spusténé z B na M P. Urcete
mnozinu bodu C'.

/N

P M

Obrazek 8: Problém 35; ilustrace zadani

Resenfm problému 35, které uvadi autor sbirky [4] Toannis Holfeld,
je parabola o rovnici y? = 2ax + a?. Jeji odvozeni neni nikterak slozité,
vystacime s nékolika poznatky elementarni geometrie. Nebudeme ho zde
vSak provéadét, soustifedime se pouze na postup ziskani rovnice z geo-
metrického obrazku prostrednictvim funkce RovniceMnozinyBodu. Jak uz
bylo uvedeno vyse, uplatnénim této funkce se geometricka uloha prevadi
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na algebraickou. Jeji tispésnost tak zavisi na vhodnosti pouzité konstrukce
k ptfevedeni na soustavu algebraickych rovnic. Proto se vzdy snazime
danou tlohu realizovat Eukleidovskou konstrukei, ktera proveditelnost al-
gebraické reprezentace zarucuje. Piiklad takovéto konstrukce problému 35
je zachycen na Obr. 9. Zaddme-li, do piikazovém Fadku nebo v prostiedi

E Q C

P o M
c

Obrazek 9: Problém 35; Eukleidovska konstrukce

CAS, piikaz RovniceMnozinyBodu[C,B], vysledkem je rovnice paraboly,
kterd odpovida vyse uvedenému Holfeldovu feseni. Existuje vSak jesté je-
den bod na pifmce AB, ktery spliiuje podminku (3), pokud nebereme
v uvahu orientace v tomto vztahu uvazovanych usecek. Timto bodem,
oznaé¢me ho C’, je obraz bodu C' ve stiedové soumérnosti podle bodu B.
Jak je patrné z Obr. 9, mnozinou téchto bodu C’ je préavé ,preclikova
kiivka“, tentokrat s rovnici 223 4+ 22y? + 322 + 22y + y* — y? = 0. Uve-
deny vztah mezi body C a C’ je klicem k vySe popsané roli této kiivky
jako konchoidy paraboly.

Prostfednictvim funkce RovniceMnozinyBodu jsou do GeoGebry im-
plementovany algoritmy automatického odvozovani a dokazovani geomet-
rickych vét. Konkrétné se jednd o jeji zadani formou piikazu se syn-
taxi RovniceMnozinyBodu[logicky vyraz, volny bod]. Vysledkem je
rovnice kfivky, kterou v dané konstrukci vykresluje ,volny bod“, pokud
je splnéna podminka dana ,logickym vyrazem“. Postup pouziti tohoto
prikazu si ukazeme na Problému 35. Nejprve ptipravime konstrukci dle
zadani problému, ovsem s tim rozdilem, ze bod C v ni figuruje jako volny
bod. Pfitom tse¢ky vystupujici ve vztahu (3) opatiime odpovidajicimi
jmény, viz Obr. 10. Potom zaddme RovniceMnozinyBodu [M0O/A0==a/BC,C]
a jak vidime na Obr. 11, vysledkem jsou rovnice obou kiivek, Holfeldovy
paraboly i ,preclikové® kiivky. Je to dano tim, ze pfi prevedeni z geo-
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AO |M

Obrazek 10: Problém 35; vychozi konstrukce pro automatické feseni

b:=RovniceMnozinyBodu[MO / AO £ a/BC,C]

® - bi=axt+8 Xy 2 + 3Py 2yt —y? =0

Rozklad[LevaStrana[b]]
- 2x—y+1) 2@+ Y +3°+2xy’+y —y)

Obrézek 11: Problém 35; automaticky vypocet rovnice mnoziny bodu

metrické na algebraickou se uloha stdva obecnéjsi. Konkrétné v piipadé
problému 35 prestavd hrat roli orientace tsecek. Pro blizsi sezndmeni
s timto piistupem k feSeni daného problému lze doporucit online dynam-
icky material [6].

4 Zaver

V ¢lanku bylo na piikladech dvou krivek ¢tvrtého stupné ukézano, jaké
moznosti nabizi program GeoGebra pii ziskavani rovnic algebraickych
kfivek z dynamickych obrazku provedenych v Ndkresné. Je nesporné, ze
pii vyvoji prislusnych néstroju se stdle vice uplatinuji algoritmy automat-
ického odvozovani a dokazovani geometrickych vét. Nabizi se tak otazka,
jak muze tento trend ovlivnit metody studia a vyuky geometrie.

Podékovani
Clének vznikl za podpory projektu GAJU 121/2016/S.
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Geometrical Constructions and the Digital Information Space
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Abstract. In a period of rapid growth of digital and information technologies is
dedicated to the development of these skills. But in education we should not forget
for the means of classical geometry, because geometry was one of the cornerstones
in the construction of knowledge. We show some of the constructions that have
their place in the educational process at this time, because among other things, they
can help show for students the correlation between synthetic and analytic geometry.

Key words: constructions, digital information space, synthetic, analytical geometry

1 Introduction

In the digitization of education geometry it is very important to ensure the
adequate content of the digital information space. This is necessary, because it
is during the development of ICT is a global information space in the past
dominance of objects written character (mainly books, textbooks) is becoming
a nearly pure digital information space (mainly digital objects). We can assume
that in the foreseeable future it will be a minimum difference between the
global information space and the digital information space. Geometry and
information science both are the enormous progress of science, which brought
geometry is considered as an exact science, information science is the
discipline that deals with society, although its position in the system of science
is not yet specified. Geometry is the science which accompanies the humanity
from its beginnings; information science has developed in recent decades.
Information science also includes the exact description of digital information
space as a set of objects and relations between them maintained by information
system, fundamental building element of the digital information space is a
digital object.

2 Synthetic and analytical approach of teaching geometry
and new technologie

We must think about the appropriate use of ICT during teaching at schools.
This closely related with the filling of the digital information space. We as
teachers, we should ensure the highest quality of basic elements - objects of this
space with which our students meeting during the learning process. Now we
use electronic textbooks, useful applets, etc. The number of such devices within
the global information space and also within the digital information space is
growing rapidly. We deal with than teaching of geometry at the universities is
influenced by this.
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The goals of teaching geometry are acquirement knowledge of some parts
of geometry necessary for some other courses of the study programme,
studying geometry develops spatial imagination of students and learning
geometry could help to transfer geometric imagination into the real life and a
future work of students.

Study literature is digitized and thus elements of a classic information space
are changing into the elements of the digital information space. We think that
using of new information technologies is more attractive for students and their
achieved knowledge are better. In our opinion this is because we use
possibilities of visualization and dynamic view on particular problems.
Gradually degrades formalism of acquired knowledge. For example free
software GeoGebra gives wide range of uses, not just in the geometry lessons
but also in mathematics. We work with this software, as we are of the opinion
that the instruments of this software allow for easy connection of synthetic and
analytical approach to teaching geometry. Also by means of software
GeoGebra is possible to create interesting objects of the digital information
space - applets. These can be very effectual using during the learning process.

We think that new technologies allow more clearly teaching. It is true that
new methods displace some classic elements of the educational process that
have been used for centuries in the past. We rarely use classical drawing tools
(a compasses, a ruler). We replace them with various softwares (GeoGebra,
CAD, etc.). GeoGebra is the best and most used software for drawing at
schools in this time. From this perspective some geometrical constructions were
forgotten over the time in the teaching of mathematics in secondary schools and
universities. Students have rarely learn about the Golden ratio of line segment
or other important proportions, or line segments irrational and the rational
length. It is possible to combine new technologies with classic constructions, so
as to ensure that these constructions will be component of the educational
proces.

Sibor Upraw Vahad Nastavenia Néstoje Dno Nipoveda

Usetia

4 as1a 30setk Oselka
5 =224 el

Fig. 1: A_ﬁp_let in GeoGebra
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When we use simple applets in GeoGebra (Fig. 1), students see the desired
geometric interpretation. In this case there are complementarities between the
analytic methods with synthetic, what we consider to be very beneficial.
Students identify as positive when they can use modern technology during the
lessons. We think that in this way acquired knowledge are not formally,
because they tried to identify and constructs the line segment with irrational
length.

Analytic and synthetic methods in geometry, both of these methods must be
remembered that the main principle of a mathematics teacher's work is not only
teaching, but more important than knowledge transfer is the formation of
personality of the student therefore the teacher is to qualitatively change the
psyche of the student. Criteria by which this evaluation process is rated are:
student's confidence in their abilities of thinking, desire of student for
knowledge, reached the stage of development thinking. (Hejny in [1])

Therefore, we believe that for fulfillment of this strategy is preferable
in lower grades the synthetic approach, for the possibility of illustration, which
is very important for students because then they can work with objects that they
can imagine or plot. The abstraction is to get the higher grades, which is
conditioned by the development itself. The analytical approach is therefore
preferable to develop at an older age and at colleges and universities, where is
already a precondition to the fact that students are able to generalize and have
not problem with abstraction.

This does not exclude the possibility that students of lower grades at least
become familiar of the basic principles of analytical methods such consistent
work with the use of square paper. We believe that in the upper grades should
not teach these methods completely separate, because only a very small group
of students can then find the link and interdependence between them. At
colleges and especially at universities should be connection of these
approaches.

3 Golden ratio, harmonic, arithmetic and geometric proportions

Even last millennium people considered basic geometrical constructions
necessary and appropriate, as evidenced by the statement of the German
mathematician, physicist, astronomer Johannes Kepler (1571-1630):

Geometry has two treasures: Pythagoras' Theorem and Golden Ratio. The first
is prized by gold, the other looks more like a precious stone. "

We must recall that the ancient knowledge was the basic foundation of
modern knowledge and science. Without wisdom and knowledge of classical
geometry, there would not be neither advances of our time in the form of
graphics software. It is true that it has open up completely different options in
the teaching of geometry, for example, giving us the opportunity to show
interactively some terms and demonstrate them. It is in our opinion a great
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asset, but we consider that it would be a shame if classical methods of teaching
geometry completely disappeared.

The first clear definition of number ¢, which later come to be called as the
Golden Ratio, was brought by Euclid around 300 B.C. Formulated by task,
which in today's mathematical language could be read as follows: Divide the
line segment AB into two segments - longer AC and shorter CB, so that the
contents of a square the side AC equals the contents of rectangle with sides AB
and CB.

Fig. 2: Line segment AB divide by Golden Ratio

If we use the label as in Fig. 2 we can by mathematically language of algebra
write this problem in the form of |AC|:|CB|=|ABJ:]AC|. Without loss of
generality, we can assume that the length line segment CB is |CB|=1 and the
length of line segment AC is x units, |AC|= x. Then we get that x:1= (x+1): X.

If we find the length of x, the task will be solved. After elementary adjustments
we get, that the wanted length x is the solution of the quadratic equation

: . . 1++5 1-+3
X2 - X - 1=0. Solutions of this equation are the numbers x, = ——, x, = ——.

We wanted only positive solution to this equation. Searched the length of x
is given explicitly, i.e. x = x; = ¢, which is the value of the Golden Ratio and we
say that the point C divides the line segment AB by Golden Ratio [3].
Geometrically, we can construct the point C as shown in Fig. 3. Just we remind
that this is not the only possible construction of the Golden Ratio.

c B

Fig. 3: Line segment AB divide by Golden Ratio

Between important ratios we could include arithmetic, geometric and
harmonic proportion. It is a division of the line segment length into the two
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parts, so that the length b of the longer part of this line segment is the
arithmetic, geometric, respectively harmonic proportion of the length a of the
entire length line segment and ¢ the remainder part of this line segment.

Said ratios we now refer as Pythagorean. We denote three members a, b

. . B : +
and c, where a > b > ¢, then the member b is obtained as arithmetic & = ===

a4 !

&

— . ) . 2ac
b = v ac geometric respectively harmonic b = —5, average members a and c,

i.e. members a, b, ¢ are three consecutive members of arithmetic, geometric or
harmonic sequence.

If we divide a line segment in arithmetic proportion, thus the ratio between
the longer part and the shorter part is 2:1, the geometric proportion divide of
line segment by the Golden Ratio which we have already mentioned, i.e. the

ratio between the longer and shorter part of this segment is ﬁ‘j :1 (p:1). By

using harmonic proportion the ratio between the length of the longer and the

shorter parts is +/2: 1. Construction the dividing point of line segment through
of all the ratios is shown in Fig. 4, point H denotes the dividing point of line
segment in harmonious proportion, point G in a geometric proportion (Golden
Ratio) and point A in arithmetic proportion.

[N
- JI e
- / ~

L
HGA
Fig. 4: Division of a line segment in arithmetic, geometric

and harmonic proportions

4 Interesting constructions

Example 1: Let the rectangle with sides of length a and b. We construct the
line segment whose length is equal to the k-multiple of lengths a, b, where k =
1/2, 1/3, 1/4, 1/5.

Only some of our students know how to structurally solve this example by
using similarity of the triangles as shown in Fig. 5 for 1/4.
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174 174 144 14

Fig. 5: Division of line segment into quarters

It is a great pity that completely disappeared construction shown in Fig. 6,

which was previously massively used in the construction of buildings and the
roof trusses.

|
e " ‘ 11 | 110

‘ / 110

1/3

</
AN —

1/4

1/3

13 ‘ . 13

Fig. 6: Division of line segment into halves, quarters, thirds, fifths etc.

The proof of this construction is based on the similarity of triangles. We

prove that rectangles QQ;Q,Qs, XX;X;X3 have relevant length of the sides (see
Fig. 7).

D Ss o D Ss _C
15 - .
Q;-"'.Qz " X, Xo T
Sufe o s omsf | o s
| Q- - Q; v X1 Xz - .
A s: B A 3 B

Fig. 7
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This construction is interesting for students, because in the past in
construction practice was used. We can assume that this design was also used
in determining the basic structural elements in the construction of the Roman
Catholic Church of All Saints in Tvrdosin. Fig. 8 shows this church and
geometric construction the structure of the truss above the sanctuary.

Tvrdodin, Rk. V8etkych svitych
Svétyha vazha & 34,5

Fig. 8: R.C. Church in Tvrdo$in and geometric construction of the
truss above the sanctuary

5 Conclusion

Finally, we want only to add that despite the above facts, we consider that in
teaching of geometry is necessary to develop synthetic and analytic approaches
simultaneously. Even if prevails in the lower grades synthetic approach, the aim
should be that students in higher grades know to solve any geometric task
comprehensively, using the system, i.e. that these approaches did not separate,
but deeply connected.

Appropriate use the new technologies during the teaching process allow us

make it more attractive and especially to improve the quality of the teaching
process and learning of students, what largely affects the level of their
knowledge. We think such an approach can help the teacher to eliminate
formalism from knowledge of students and to their better utilization for the
company and practice.

We can only hope that in this day in age of modern technology, in the teaching
of geometry the classical approach does not completely disappear and also its
beauty, which gave us great mathematicians and scholars of our past. It would
be ashame, if the presented constructions so often used in the past and in
practice were completely forgotten.

We believe that properly selected parts of geometry should be included in the
education of all students at universities. It was so in the distant past, when
geometry was one of the main pillars of education.
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Our opinion is not based only on the distant past but also the present. We have
already mentioned the possible use of geometry for information science that is
new. We hope that geometry remains still interesting for all study programmes
at universities.
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Konstrukcia kuzel’oseciek
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Abstract. The paper presents the construction of conic arcs of non-
parabolic type and their expression in Bézier form with the weights w;
which are directly given as the result of the main conic data elements. The
algorithm for generation of these arcs is based on the known theorems of
projective geometry.

Keywords: kuzelosecka, Bézier-Bernsteinova reprezenticia kuzelosecky,
shoulder-doty¢nica, shoulder-bod.

1 Uvod

V geometrickom modelovani sa na aproximdaciu vSeobecnych kriviek
najcastejsie pouzivaju Bézierove krivky (parabolické obliky). V pripade,
ze pre tuto aproximdciu si vhodnejsie eliptické alebo hyperbolické
obliky, je mozné pouzit’ racionalne Bézierove krivky s vdhami w;. Tieto
obliky mozno zadat’, podobne ako parabolu, doty¢nicami v jeho konco-
vych bodoch, ¢ize tromi riadiacimi bodmi by, b1, bo. Na dourcenie kuzel'o-
secky K mneparabolického typu potom staci zadat’ jeden jej jednoduchy
prvok - dotyénicu, resp. bod, ktorym ma prechadzat. Jeden zo sposobov
dourcenia kuzelosecky K je pomocou shoulder-dotycnice @, resp. shoulder-
bodu ¢ [1]. Existuje niekol’ko moZnosti na opisanie takejto krivky v
Bézierovom tvare. Jednou z nich je konstrukcia umoziujica vyéislovanie
jej bodov pomocou modifikovanej Brianchonovej vety.

2 Konstrukcia kuzeloseciek neparabolického typu

Uvazujme kuzelosecku K urcenu riadiacimi bodmi
bo = (0,90,1) ", b1 = (z1,y1,1)", by = (xa,y0,1)7
a shoulder-doty¢nicou
Q= (a,b,c)", a,b,c €R, (a,b,c) # (0,0,0) < f(&) =0,
kde f(¢) = az+by+c, pre £ = (x,9,1)T. Na vyjadrenie kuzelosecky K
v Bézier-Bernsteinovom tvare treba urcit’ korektnych siradnicovych repre-

zentantov tychto vstupnych prvkov. Vychdadzame pritom z predpokladu,
ze riadiace body kuzel'osecky maji homogénnych reprezentantov zvolenych
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tak, aby pre priesecniky qo = Q A By a g = Q A By, kde By = by A by,
B2 = b1 A b2, platilo

1 1 1 1
=—by+ =b =—b;+=b
qo0 20+21 a q2 21+227

t.j. shoulder-doty¢nica @ je strednou prieckou ramien riadiaceho trojuhol-
nika [5]. Pri danej volbe stiradnic bodov b, b1, b maju tieto prieseéniky
tvar

1 1
qo = 5(m0+x1,y0+yl’ 2)" a (J2=§($1+$2’ Y1+, 2)

Kedze qg,q2 € @, potom musi platit”
a(zo + 1) +b(yo +y1) +2¢ =0
a(x1 + x2) + b(y1 +y2) +2¢ =0.

Odtial’ jednoduchymi tpravami dostaneme

f(bo) = —f(br)

f(b2) = —f(b1)
t.j. f(bo) : f(by): f(b2) =1:—1:1. Takych reprezentantov pbg, cbi, Tbo
riadiacich bodov, aby spfﬁali tito podmienku, ndjdeme rieSenim sustavy
homogénnych linedarnych rovnic:

flbo)p—k=0, f(b1)o+k=0, f(b2)T—k=0.
Jednému z rieSeni prislicha trojica riadiacich bodov:

by = f(b1) f(b2)bo, b] = —f(bo)f(b2)b1, b3 = f(bo)f(b1)b2.

Bézier-Bernsteinovu reprezentaciu kuzelosecky pre nové riadiace body
bg, by, b5 sa pokusime odvodit’ tak, ze budeme konstruovat’ jej body ako
body dotyku doty¢nic kuzelosecky K priradenych realnym parametrom t.
Vyuzijeme pritom tzv. modifikovani Brianchonovu vetu:

Modifikovanad Brianchonova veta: Spojnice jednotlivych dotykovych
bodov troch roznych dotyénic kuzelosecky K s prieseénikmi dvoch s nimi
neincidentnych dotyénic prechddzaji jednym bodom (Brianchonov bod b).

T

Pre kazdé t € R (t € (0, 1)) zostrojime doty¢nicu
T =T(t) = by(t) Aba(t),

kde bi(t) = (1—t)bs+tbt a bi(t) = (1—t)bj +tbs, kuzelosecky K a k nej
potom pomocou modifikovanej Brianchonovej vety zostrojime dotykovy
bod z = X(t). Ked’ si upravime zdpis dotyénice do tvaru:

T = (1—t)%(by AbY) + t(1—t)(bf A b)) + t2(b A DY),

mozme pri konstrukeii bodu X () kuzelosecky K efektivne postupovat
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Obr. 1: Typ kuzelosecky zéavisi od volby @ = (a,b,c)

podla nasledujiceho algoritmu:

1. krok: b(t) = (b5 AbL(t)) A (b5 ABY(E)) =
= [b A ((A—t)b} + tb3)] A [b5 A ((1—)b + tb7) ] =
= [1-t)( a‘Ab*) + (b5 AD5)| A [—(1-t) (b5 A b3)—t(b] Ab3)] =
= —(1—t)*(bsbibs) bg—t(1—1)(b5b1b3) b —t*(bgbibs) by =
= —(byb1b3) [(1—¢)2b5 + t(1—t)b} + t2b3]
2. krok: L(t) = b(t) A b =
= —(bjb1b3) [(1—t)2b5 + t(1—t)b} + t2b3] A b =
= —(bgbibs) [(1-)>(bg A b})—t2(b] A b3)]
3. krok: X(t)=LAT =
(bob*b2)[( £)2 (b A bT) (b5 A b3)] A
[(1 £)2 (b5 A bY) + t(1—t) (b5 A bs) + t2(bF A b3)] =
—(b5b103) [tg(l—t)Q(bSb’{bS) bi + t(1—t)? (bsbibs) by
+ 3 (1-) (bgbib3) b + £ (1—)2 (bybibs) b | =
(bEbibs) (1 —t)[(l—t)2b3+2t(1—t)b;+t2b§] -
—(bsbibs)2t(1—t) 37 b BE(1).

Vyslednd Bézier-Bernsteinova parametrizacia
X(t) = —(b5biby) 2t (1—t Zb*32

je definovand len pre t € R\ {0,1} a reprezentuje dva otvorené obliky
kuzelosecky K s krajnymi bodmi by a by (jeden pre ¢ € (0, 1), druhy pre
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Obr.2: Typ kuzelosecky zavisi od volby g

ostatné t € (1,00) a t € (—00,0)). Typ kuzelosecky K zavisi od volby
shoulder-dotyénice @ (obr. 1).

Dalsia moznost’ je, ze shoulder-dotyénicu nahradime shoulder-bodom g,
t.j. bodom, ktorym chceme, aby kuzelosecka prechddzala. Pri konstrukeii
dotycnice @ v danom bode g pouzijeme modifikovani Pascalovu vetu:
Modifikovana Pascalova veta: Priese¢niky jednotlivych dotyé¢nic
kuzelosecky K so spojnicami dotykovych bodov zvysnych dvoch dotyénic
lezia na jednej priamke (Pascalova priamka P).

Samotnu konstrukciu dotyénice () mozno zrealizovat’ pomocou nasledu-
juceho algoritmu:

1. krok: P = [(bo A b1) A\ (bg AN q)] A [(bl A b2) A (bo N q)}
2. krok: L =bg A by
3. krok: Q@ =(LAP)Ag.

Pri vybere homogénnych reprezentantov riadiacich bodov bj, b3, b5 a pri
konstrukcii kuzelosecky K je potom mozné pokracovat’ uz znamym sposo-
bom. Aj v tomto pripade od vol'by shoulder-bodu ¢ zavisi typ kuzel'osecky
(obr. 2).

Poznamka: Pri formulécii algoritmov ako aj pri rieSeni polohovych tloh
je symbolom A oznaceny vektorovy sicin a symbolom (b5bibs) zmiesany
sucin stlpcovych vektorov b, by, bs.
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Obr. 3: Kvet vytvoreny eliptickymi oblikmi

3 Zaver

Kuzelosecka urcend riadiacimi bodmi bg, b1, bo v afinnych stradniciach
ma analytické vyjadrenie

S (b1)f (b2)bo B3 (t)— f (bo) f (b2)b1 BE (t) + f (bo) f (b1)b2B3 ()
F(01) £ (b2) B3 (£)—f (bo) £ (b2) BE () + f(bo) f(b1) B3(t)

ktoré mozno jednoducho prepisat’ do racionalneho tvaru

S22 g wibiB2(t)
Yoo wiBA(1)

s véhami w; = (=1)"f(b;) f(bk), i,4,k € 0,1,2, i # j # k # i.

V prispevku je prezentovand konstrukcia opisujica kuzeloseckové obluky
neparabolického typu a ich vyjadrenia v raciondlnom tvare s vahami w;,
ktoré su priamo dané ako vysledok vstupnych kuzeloseckovych prvkov,
t.j. riadiacich bodov a shoulder-dotyé¢nice (prip. shoulder-bodu).
Opfisand konstrukcia umoziuje vykreslovat’ rozne obrazce (obr. 3) vytvore-
né z eliptickych a hyperbolickych oblikov a menit’ ich tvar jednoduchym
sposobom (len volbou @Q, ¢, prip. zmenou riadiacich bodov).

Numerické vypocty boli realizované a obrazky vytvorené pomocou dyna-
mického systému GeoGebra 5.0.

X(t) =

X(t) =
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Abstract. We deal with application of intersection of curves in
resolution of a singularity. The basic tool is a product of curves in
homology group used on a certain set of generators producing as a
result multiplicity of the infinitely near points of a singularity in the
inverse of their proximity matrix. We explain the interconnection
of several concepts related to a isolated singularity such as blowup,
proximity relations, intersections and homology group of the blowup
illustrated on an example.
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1 Importance of intersection

The intersection of varieties is a fundamental tool for their inspection and
mutual position. There is a huge theory of intersection covering many
cases, see [2]. We restrict to a very special case following [3, 5] and we
mention just few important applications in order to illustrate the range
of the topic at first. A classical topic is Bézout theorem which was in
fact known to earlier authors. Its applications are often starting point
of many modern topics in intersection theory such as intersection mul-
tiplicity (a generalization of root multiplicity), stability of intersection
(Moving lemma). Clearly, the singular points of a curve — Z(f, Vf), gen-
eral case for varieties, is a very important and in general form for arbitrary
varieties also very much open field of modern problems and approaches
to their solutions, if available. In the area of discrete and constructive
geometry, applications in configuration counting (e.g. “How many lines
intersect three lines in P3(C) in general position?”) can be easily found
and they cannot be easily solved in many cases. The general framework
for computing is given by Chow ring and its applications. Multiplicity of
a point on a curve is a special case of intersection multiplicity evolved by
Fulton, Vogel and Stiickrad [4] and many others (see e.g. [1]).

2 Basic notions

Let C be a plane curve given by a polynomial equation f = 0. A point
O € C has multiplicity at least m provided all derivatives of order less
than m are zero at O. Alternatively, the Taylor polynomial of f at O has
the lowest non-zero term at least of degree m.

Additionally, if some derivative of order m is non-zero at O, we say
the point O has exactly the multiplicity m. A point with its multiplicity
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Figure 1: The blowup transform of the curve C gives an exceptional
divisor E and the strict transform curve C’ with two single intersections
instead of one double intersection.

0 is outside curve, a point with its multiplicity 1 is a regular point of a
curve, a point with its multiplicity at least 2 is a singular point of a curve.

As a simple example, we consider a curve given by a polynomial 224>
in an affine plane over complex numbers. It has the point O = (0,0) of
multiplicity 2.

Many questions arise with the notion of multiplicity with respect to its
computation and its influence on the quality of a curve. The basic cover
how many points of certain multiplicity can the curve have, what can be
their configurations. These questions are solved form very broad classes
of varieties in terms of other invariants.

3 Multiplicity of a point on a curve via blowup

One way of exploring the multiplicity of a point, as a local value, is using
blowup transform. We prefer to explain it using fig. 1. A more formal
way can be found in many books.

The curve C on the plane S is blown in its singularity O up creating
the exceptional divisor F and the strict transform curve C’, both on
the surface S’. The simple node singularity vanishes, however there is a
relation of intersection of E' and C’ instead respecting the multiplicity of
the origin.
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Symbolically, if 7: S” — S is a projection: 7*[C] = 2[E] + [C"], since
the point O is double.

Clearly, it may happen that some points on the curve C’, even those
on F are again singular. Hence, additional blowup mappings are required.

An algebraic curve C' C P?(C) = S = Sy with its resolution 7: S’ — S
is given as a composition of a finite sequence of blowups 7;: S;11 — S;,
i €{0,...,N — 1} for singular points O;. The curve C = C© is blown
up into CM) and several copies of the divisor Ey, etc. The image of E; in
S}, is denoted EZ-(k) (we start always with EZ-(HI)).

In some steps, we also look at the considered complex curves/surfaces
as the real manifolds. The (complex) curve C is closed oriented (real)
2-dimensional manifold as well as E and C’ mentioned above. Here, S’,
Si, S are (complex) surfaces, some obtained by the blowup technique.

We show certain calculus which is possible within the graph of the
blowup. It is based on homology groups of the curve.

Topologically, the blowup can be seen as a gluing of a S?> = P!(C) ~ E;
instead of a singular point. Roughly, we get such generator Fy,..., Fn_1
of the homology group H»(S’) for each singular point during the resolution
of the singularity. We demonstrate it on the following example.

3.1 Example of resolution

Starting with the curve C': 38 = 2!, its singularity O

C

and using the quadratic transform x1y; = y, 1 = x, one gets (z1y1)% =
xi!, hence By : 2§ =0, OW: yf =23

Ey oW
O,

The next blowup zays = x1, y2 = y1 gives C?): Y5 = 23 and Ey :
y3 = 0. Clearly, E(SQ): xo = 0.
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Then, x3y3 = T2, y3 = y provides C'3): y3 =3, Ey: y3 =0, E(()B): Ty =

0, Ei?’): on the other map of a surface due to the fact we work over
projective plane/surface.

E Ey 0(3)

The transform x4 = x3,z4y4 = y3 changes the equation into C4: 33 =
x4, E3: 23 = 0 and E((;l)7 E§4): on the other map of a surface, E§4): Yy =
0.

Resolving the tangent exceptional divisor using x4 = x5ys, Y4 = ys gives
Ey:ys =0, CO): ys = a5, Eés): x5 = 0.

—— |E
o 3 00)

Os Ey
Es| Ey

And finally, no three divisors intersect and it was resolved with z5 =

Tg, U5 = Ty resulting in Fs: z6 =0, C©): yg =1, EAEG): ye = 0.
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§ T ~3 2T

2 1
Oo 01 02 04 05

Figure 2: The graph of the resolution of a singularity. The vertices are
infinitely near points of the singularity and the edges are given by the
proximity relation.

Ey
Es

Ey
En

/(6

Ey4

Es

3.2 Graph of the resolution
The whole resolution process can be described formally by a graph. The
vertices of the graph are the singular points O; of the curve during the
whole resolution. The edges are given by proximity relation. We say O;
is proximate to O; iff O; is located over O; at E;. Clearly, O; is proximate
to O;_1 for each i > 0.

The whole proximity relation can be written down into a proximity
matrix P = (p;;) so that

1 ifi=y,
pij = 4 —1 if O; is proximate to O,
0 otherwise.

The above example y® = z!! provides the graph in fig. 2 and the corre-
sponding proximity matrix

1 -1 -1 -1 0 0
0 1 -1 0 0 0
0 0 1 -1 -1 0
P= 0 O 0 1 -1 -1
0 O 0 0 1 -1
0 0 0 0 0 1
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Es

Ey

Eo E3 E5 0(6)

Figure 3: The dual graph of the resolved curve y8 = x!'!.

Clearly, each of the points O; might be a singular point on the curve on
which it occurs. Hence, its multiplicity is interesting as well.

3.3 Multiplicity of infinitely near points

The multiplicity m;(C) is the multiplicity of O; on the strict transform of
C.

One can show directly m;(C) = ", m;(C), where O; is proximate to
Oj;. The last column of the inverse matrix to the proximate matrix P
contains these numbers

OO OO O
SO OO ==
SO O~ N
OO - = =W
O~ = DN DN Ot
== N W W oo

4 Dual graph of the resolution

Now, we get another description of the singularity using dual graph. The
vertices of the dual graph I'(C) are the exceptional divisors F; and two
such vertices share an edge iff they intersect. An additional natural sub-
division rule for edges is used in case O; is proximate to O;_; and some
Oj for j <i—1.

If the curve has several branches, it is convenient to add vertices for
each resolved branch of the curve to each corresponding En which is
crossed transversely. The resulting graph is called augmented dual graph
of the curve. For the above example, the dual graph is in fig. 3.

The shape of the dual graph cannot be arbitrary. A typical dual
graph looks like the one in fig. 4. This is due to Euclid’s algorithm which
is encoded in the resolution (on the exponents of the curve at singularity)
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L/

Figure 4: Typical dual graph of an isolated singularity

Voo i 'V, Vie1 Vi Vi Voo i 'Va Vi
W/

Figure 5: The dual graphs of A, singularities. The graph for As; and
Aopy1.

of the branch and certain subdivision rule as we could have seen in the
above example.

Structurally, the simplest singularities are those name A,, n > 1.
There are two cases, n = 2k, n = 2k — 1. The corresponding dual graphs
are drawn in the fig. 5.

5 Computation in homology groups

The computations of the multiplicity can be interpreted in terms of ho-
mology group of the blown up curve via intersection.

Let w: S’ — S be a blowup of C' C S given by f = 0. Let C’ be a strict
transform of C, O has multiplicity m on C' and E be the corresponding
exceptional divisor. Then, in the group Hs(T')

m[C] = [C'] + m[E],

moreover, one has the additional relations

ELIE) =1,
[E].7*[F] =0,
7 [F].x*[G] = [F].[G]

for any g such that [G] = [Z(g)] and [F] = [Z(f)].

What is a geometric meaning of [E].[E] = —1? The intersection form
counts the intersection points of the corresponding curves with orienta-
tion. The above fact says, we cannot move freely the exceptional curve on
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the blowup surface so that the original and the moved one intersect with
the same orientation as e.g. lines in the projective complex plane do.

Let [E;] be the strict transform of [E;] in the resolution. It can be
shown by induction that

[Ey] = Zpij 12

since m;([E)]) = [EY)] — py [EF ).

This provides another look at the multiplicity of a point. It is the
intersection number of the strict transform of the curve with the strict
transform of the exceptional divisor corresponding to the point. Hence,
the inversion of the proximity matrix gives the sought intersection num-

bers.

6 Conclusion

We reviewed several concepts of a multiplicity of a point using blowup,
graphs, homology and other modern tools of algebraic geometry. As an
example, we used a curve which has a cusp of higher order as a singularity
to demonstrate the concepts.
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KruzZnica ako racionalna krivka do stupna Styri

Circle as a rational curve of lower degree than five
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Abstract. In the paper the exact — rational polynomial representation of circle is
analysed. For this reason we use rational Bézier curves. Analysis is restricted to the
case of a polynomial curve of degree two, three and four. This article follows the

paper [1].
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curve, Bézier curve, circle
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krivka, Bézierova krivka, kruznica

1 Motivacia

Polynomialne parametrické modelovanie kriviek je velmi rozsirenym
nastrojom pre generovanie roznych tvarov. Trieda vyjadritelnych kriviek je
dostato¢ne Siroka, no ako je vSeobecne zname, i tak jednoduchu krivku ako je
kruznica, polynomicky parametrizovat’ nemozno. Prave tento fakt je uvadzany
ako motivacia pre zavedenie kriviek raciondlnych. V [1] je ukdzana miera
aproximacie kruznice polynomickymi krivkami druhého, treticho a Stvrtého
stupnia. Pritom v kazdom z tychto pripadov aproximujeme kruznicu najmensim
moznym poctom Bézierovych kriviek, tj. v kvadratickom pripade tromi,
v kubickom pripade dvomi aV pripade krivky Stvrtého stupnia jednou
Bézierovou krivkou. V literatre, napr. [2], [4] je spravidla demonStrovany
priklad, kvadratickej raciondlnej reprezentacie kruznice,

2

1- 2t

x(t):_ y(t):_z, —oo <t <oo, (1)
1+ +1

Je l'ahké sa  presvedCit, ze pre n=2, riadiace body
Po = (01), P, = (L1), P, = (10), racionalne vahy dg =2, 0 =1, dp =1 a kvadra-
tické Bernsteinove polynémy, Standardny tvar racionalnej parametrickej krivky
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Zn: fi (t)ai xi Zn: fi(thai vi
= R I = R
Z fi (i Z fit)

i=0 i=0

)

nadobudne formu (1). Spdsob najdenia tychto raciondlnych vah vsak spravidla
uvadzany nie je.

V prispevku preto prave na kruznici ukazeme, ako racionalne vahy najst
pre trojicu kvadratickych raciondlnych Bézierovych krivek a pre dvojicu
kubickych racionalnych Bézierovych kriviek. Pokusime sa taktiez vyjadrit
kruznicu ako jednu racionalnu Bézierovu krivku Stvrtého stupia.

2 KruzZnica ako racionilna polynomicka krivka

Zapis jednotkovej kruznice

x2(t)+y?(t)=1 3)

pre racionalne vyjadrenie (2) dava tvar

E2(t)+n?(t)= p2(t) 4
kde

0=t 10-3 Gl A0-3 tte

i=0 i=0 i=0
Maticovy zapis (4) je v tvare
)=t " M(agxo - anxn)
)=t - t"M(apyo - dnyn) .
p(t):ﬁt tn)M(qO e qn) =TMT

Pravu stranu v (4) tak mozno zapisat’
p2(t)=(T™Mr)(T™MT)T = T(MrrT M7 }rT , (6)
Dalsi postup je zalozeny na detailnej analyze matice

A=MIT'MT, )

3 Kvardaticky pripad v Bézierovej forme

Pre kvadratické Bézierove krivky mame



Kruznica ako racionalna krivka do stupia Styri 105

1 0 0} do do
ME=|-2 2 0faq |=| 2a-g)
1 -2 1Jaz2) (do—-2q1+02
a tak (7) ma tvar

a0’ 200(a1-a0) ao(ao — 201 +72)

A=|  2qo(a-qp) 4(qy - d0)? 2(qy - do) .
do(do — 201 +a2) 2(a —doXdo — 201 +d2)  (do —2ay +7p)?

Kvadraticka formu (6) prevedieme na formu skaldrneho sucinu
\T
TATT=(1t tZ)A(lt t2) =£lt t2t3t4)3 (8)
kde
bo =ago, by =agy +@&0, by =agy +a11 +agy, by =a1p +az1, by =az .

Vzhl'adom na symetriu matice A dostavame
2

bo=do”,
by = ~4dp” + 4dg 0y,
by =60q” + 40> ~12qq a3 +20 G, 9)

bz =- 4qo2 —803% +12qq a1 — 4dg Gy +4d1 da,
by = Clo2 +40,% +q5° —4dg g1 +20g gz — 40 dp-

Ked'ze (5) vyjadruje pravu stranu vo vztahu (4), adekvatne mocniny parametru
t v (4) su nasledujuce (demonstrujeme pre jeho nulty a prvy stupen):
a0’ xo” +yo% )= a0”, (10)

- 4QO2(X02 + Y02)+ 4q0 1 (XoX1 + Yoy1)=-400” + 400 .

Obecne vzato, $truktara tychto vztahov ma tvar
- tag; Qj(Xin + inj)+"' =+aqiqj +
resp.
-+ agj qj(FiFj )+ =+ag; q;j +
Ekvivalentnymi tpravami tak z (9) — (10) dostavame

a5 (Fo.Fo)= a3

do a1 (Fo. F1) = do a1,
do d2(7o. )+2q1(r1 r)= QOQ2+2q12, (1)
oy a2, ) qlqz,

F
ds (r2 r2)
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V (11) vidime, ze v prvy a piaty vztah vyjadruji, Ze koncové body uréené

vektorami To,F2 leZia na jednotkovej kruznici, tj. fo =[fo|=rp =[fo|=1, druhy

a stvrty vztah davaja vzajomnt polohu dvojic riadiacich bodov:
rcosa=rcosfB=1, (12)

Kde a, 8 stuhlymedzi fp.f a Iy,Ty.

L)

a)
Obr. 1: Riadiace body, pre racionalnu Bézierovu krivku, uréené
radiusvektorami. a) kvadraticky pripad, b) kubicky pripad.

Vzhl'adom na to, ze z (12) vyplyva rovnost’ a=pf, vztah medzi raciondlnymi
vahami qg, (1, g, dostavame z tretej rovnice,

qo 92 (rorp cos(2ar) 1)+ 2ql2 (r12 —1): 0,

Elementarnymi Gpravami ziskame vysledny vztah

01 = /do 92 Cos . (13)

4 Kubicky pripad v Bézierovej forme

Zopakovanim toho istého postupu pre

1 0 00 qo C]O

el 3 3 0 0ju| | du-a)
3 -6 3 0|q 3(o - 201 +q2)
-1 3 -3 1jd3) \-do+3d1-3dz+03

dostaneme vektor B podobne ako v (9)
bo = 4o bs =30,” + 20y g,
by = dodr bs = gz ds,
by =305% + 2092, be =as”
bg = 90107 + dod3.
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Ekvivalentnymi upravami za predpokladu, ze o+ g+ =z, dojdeme k vysled-
nym vztahom
quz :%tanza’ Q123 :%tanzﬂ’ 9043 _g (14)
h a5 4192

Pri vol'be g =0d3 =1 dostavame explicitné vyjadrenie pre 1,0 :

2 2
q1:%3200ta , q2:%3,/200tﬂ ., tanatanp=4. (15)

Je uzito¢né si uvedomit’, ze uhly o f hemozno volit’ vzdjomne nezavisle ani za
predpokladu a+pB+y=r.

5 KiruZnica ako racionalna krivka Stvrtého stupna

V [1] sme ukazali, ze hladka uzavretd krivku mozeme vyjadrit' ako polynomicku
krivku Stvrtého stupfia na ohraniCenej parametrizacii 0<t<1. Naviac, vhodnym
vyberom riadiacich bodov dostdvame dostatocne dobrii aproximaciu kruznice
(maximalna odchylka je menSia ako 4% polomeru). Pre pokus o presné vyjadrenie
racionalnou krivkou zopakujeme postup z predoslych kapitol.

Obr. 2: Riadiace body, pre racionalnu Bézierovu krivku, urcené
radiusvektorami pre vyjadrenie kruZnice ako uzavretej hladkej krivky.

Ked'ze chceme celt kruznicu vyjadrit’ ako jednu Bézierovu krivku, musi obecne platit’
a+pf+y+06=2xvid Obr2. Vzhladom na stredovi symetriu kruznice je
prirodzené predpokladat’ symetrické hodnoty riadiacich paramet-
rov: o = f, o +y=f+06=r. Analogom ststavy (11) je v tomto pripade sustava (pre

jednoduchost’ uvazujeme symetricky pripad raciondlnych vah Qg =04 =1)
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rp=ry=1

- 1 . 1

1" osa’ 2 cospg’

coS C0So
yr2=1, r2=1,

cosa cos 3

3r[2 cos(a + 7/) - 1]q2 + (qu tan a)2 =0, (16)

3r[2cos(B + 5)-1]u, + (2q3 tan B)? =0,
8[—“’5(”‘ +/) 1}11% <7 13 o

CoSs a C0s f

Maéme tak dva parametre rp =1, a. Elementdrnymi upravami (16) vSak do-
stdvame
cosa cosa
fo=r= =
cosy cos(z—a)

=-1, (17)

Dovod, pre¢o kruznicu nemozno vyjadrit' ako jednu racionalnu krivku
Stvrtého stupna je nasledujuci.

.

;f \g_ﬁ, EBU

Obr. 3: Schématické znazornenie parametrizacie pre rozne stupne
racionalnej krivky. a) kvadrika, b) kubika, c¢) kvartika.

Pre kvadraticky pripad sme v uvode zmienili, ze vztah (1) reprezentuje
celt kruznicu, a zaroven Stvrtkruznica medzi bodami Py a P, sa da vyjadrit’ ako
Bézierova kvadrika. Na Obr. 3a) je oblik A reprezentovany parametrizaciou

—0 <t <0, obluk B parametrizaciou 0<t<1a obluk C parametriziciou
l<t<oo,

Podobne pre kubicky pripad racionalne vyjadrenie v celom pripustnom
intervale —00 <t <0 generuje celu kriznicu, kym Bézierova kubika generuje
len polkruznicu B z Obr. 3b) s koncovymi bodami Pp = (—1,0), Py = (0,1) .

V pripade racionalnej krivky Stvrtého stupfia naSa konstrukcia sa snazi
vyjadrit’ celu kruznicu len pre obmedzeny defini¢ny obor parametra 0<t<1,

kym raciondlny pristup predpoklada —0<t<oo, tj. segmenty AaC
zdegeneruju do jediného bodu, ¢o vedie k sporu (17).
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6 Zaver

V prispevku sme odvodili v§eobecné racionalne vahy racionalnej Bézierovej
reprezentacie kruznice pre kvadraticky a kubicky pripad. Ukazali sme taktiez,
7e nie je mozné reprezentovat’ celi kruznicu ako jednu racionalnu Bézierovu
krivku §tvrtého stupna.
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Zobrazeni koule v kosoihlém promitani —
co neni napsano v ucebnicich deskriptivni
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what is not written in any textbook of
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Abstract. Alternative method of finding points of contact between
projection of a sphere and projection of circles lying in planes parallel
to coordinate planes. Two different methods of their construction, one
of them based on analysing the situation in space and the second using
properties of projective geometry.
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projektivni geometrie.

1 Cim je tento clanek zajimavy...

Tento c¢lanek je urcen zejména pro ucitele a studenty deskriptivni geome-
trie. Popisuji v ném alternativni zptsob kontrukce bodu dotyku mezi ob-
rysem kulové plochy a pruméty kruznic lezicich v rovinach rovnobéznych
se soufadnicovymi rovinami pii zobrazeni koule v kosoihlém promitani.
Zpusob sestrojeni bodu dotyku, ktery zde predkladam, neni uveden v zad-
né z bézné dostupnych ucebnic desktriptivni geometrie. P¥i hledani vyse
zminénych bodu dotyku vychéazim nejen z rozboru prostorové situace, ale
téz nalézam souvislost s projektivni geometrii a pro ur¢eni bodu dotyku
vyuzivam jejich vlastnosti.

2 Zobrazeni koule v kosotihlém promitani

Kosothlé promitani zadejme tak, ze prumétnou je rovina p = (y, 2)
a smér § promitdni necht je takovy, Ze se osa = smérem 5 zobrazi do
ykosothlé osy“ xy, pficemz < (zg,y) = 135° a pomeér zkrdceni ¢ = %
Kosouhlé promitani je soucasné typem sikmé axonometrie.

Prumétem kulové plochy do roviny p ve sméru § je elipsa (obr. 1).
Muzeme si predstavit, ze kulové plose opiSeme rotaéni valcovou plochu,
jejiz povrchové piimky jsou rovnobézné se smérem §, kterou poté prumeét-
na p protne v elipse. (Coz plyne z toho, 7e § £ nAS [ u.)
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Tato elipsa je prumétem hlavni kruznice [ kulové plochy, kterd lez{ v ro-
viné A prochézejici stredem S kulové plochy kolmo ke sméru promitani §.

Obrazek 1: Elipsa jako prumét koule v kosouhlém promitani

Budeme uvazovat takové dva kolmé pruméry hlavni kruznice I, které
se zobrazi do hlavni a vedlejsi osy obrysové elipsy .

Prvni prameér, ktery ozna¢ime AB, musi lezet v roviné w, pro niz plati,
7e S € w L pu, pficemz je soucasné w || §. V prumétné u je pak Ay By hlavnf
osou obrysové elipsy .

Obrézek 2: Znizornéni situace v roviné w

Druhy pramér C'D hlavni kruznice ! je kolmy k roviné w, coz ale
znamena, ze je zaroven rovnobézny s prumétnou pu, do niz se pak promita
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ve skuteéné velikosti. Je tedy CD || Cx Dy, |CxDy| = 2r, kde r je zadany
polomér kulové plochy. Z vySe uvedenych prostorovych vztahu je také
Vidét, 7e je AkBk 1 Cka

Do roviny w se prumétna g i rovina A kolmo promitaji do piimek,
nebot je p Lwatakéje N LS A w| 8§ = XL w(obr. 2).

V roviné w je prumét roviny A totozny s piimkou A B, prumét roviny p
splyvé s primkou Ay By. Polomér r» = |SA| kulové plochy se promitanim
ve smeéru § zvetsi na délku a = |Si Ag| hlavni poloosy obrysové elipsy .

Oba pruméry C'D kruznice | a Cy Dy, elipsy I jsou kolmé k roviné w,
takze jejich promitnutim do roviny w splynou body S = C = D, resp.
Sk = Cy, = Dy.

X
w A g
: g
'I
II’S 'II
A z
Il 'l
Lk { /
” Ak a I
k
] [0

Obréazek 3: Poloha roviny w

Protoze je rovina w kolma k prumétné u, muzeme ji posunout tak, aby
prochéazela prostorovou osou z, kterd je také kolma k p. Osa x se smérem §
promitd do prumétny p do , kosotthlé osy* xy, a protoze je w || 8, lez{ osa xy
v roviné w a je souc¢asné kolmym pramétem celé roviny w do p (obr. 3).

Délku a hlavni poloosy obrysové elipsy I najdeme tak, ze rovinu w
sklopime do prumétny pu.

2.1 Konstrukce koule s hlavnimi kruznicemi v rovinach rovno-
béznych s 7w, v, 1

Jsou dény soutradnice stfedu S koule a jeji polomér r. V kosoihlém pro-

mitan{ tedy zndme polohu bodu S, (prumeétu stiedu S) a bodu Sy (pru-

métu pudorysu S; stfedu S).

Kosouhlym prumétem koule je elipsa [, jejiz hlavni osa Ag By lezi na
rovnobézce s osou xy prochazejici sttedem Sy.

Abychom nasgli délku hlavni poloosy a, rovinu w, prochazejici prosto-
rovou osou z, a tudiz kolmou k roviné p = (y, z), do prumétny p sklopime.
Protoze kosoihld osa xj, je kolmym prumétem roviny w do u, prostorova
osa x se sklopi tak, ze je (x) L x.
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Ve sklopené roviné w uréime sklopeny smér promitani (§). Zvolime-
li pomocny bod (X) na kladné poloose (z), pak jeho prumétem bude
bod X umistény na kladné poloose zy, tak, ze |OXy| = 1 -|O(X)], nebot
koeficient zkraceni ma hodnotu g = % Bod O je pritom pocatek soustavy
soufadnic (obr. 4).

(h1,) =(Ax) A |

T

Obrazek 4: Konstrukce koule v kosotihlém promitani

Dale ve sklopené roviné w sestrojime kruznici (k) s polomérem r, jejiz
stfed (S) umistime na osu (x) — na presné poloze kruznice (k) v podstaté
nezalezi.

Vyznacime-li polomeér (S)(A) kruznice (k), jenz je kolmy ke sméru pro-
mitan{ (§'), bude jeho prumétem na osu xj, ve sméru (§) isecka (Si)(Ax),
jejiz velikost je rovna hledané délce hlavni poloosy a.

Tim jsme nasli polohu hlavnich vrcholu Ay a By obrysové elipsy k.

Vedlejsi osa Cy Dy, elipsy [, prochéazi sttedem Sy kolmo k ose xj, pfi-
cemsz je |CypDy| = 2r.

Jak jsme jiz uvedli vyse, je C'D prumérem obrysové kruznice [ kulové
plochy, ktery je kolmy k roviné w, neboli rovnobézny s prumétnou u. To
jednak znamend, Ze se promitanim ve sméru § do prumétny u jeho velikost
nezméni, ale také ze je prumeét Cy Dy, || CD, neboli Ze je Cy, Dy, L w, z ¢ehoz
plyne, ze je téz Cyp Dy L xy.
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Pro uplnost dodejme, ze v ucebnicich deskriptivni geometrie je kon-
strukce obrysové elipsy [ kulové plochy provedena na zakladé Quételet-
Dandelinovy véty. Ta fika, ze se pii kosotihlém promiténi zobrazi do ohni-
sek obrysové elipsy krajni body toho pruméru kulové plochy, ktery je
kolmy k prumeétné.

Ve sklopené roviné w je timto prumérem prumér (F)(F’) kruznice (k)
na ose (z). Pak se tedy polomér (S)(F') o délce r promitne smérem (§)
na osu xy do tsecky (Sg)(Fk), jejiz velikost je rovna excentricité e obry-
sové elipsy lx. Protoze koeficient zkrdceni méa hodnotu q = %, jee=3.
Obrysova elipsa [ je pak sestrojena na zakladé znalosti polohy vedlejsich
vrcholu Cy, a Dy, a ohnisek Fj, a Fj.

Pro vétsi nazornost lze sestrojit obrazy hlavnich kruznic p, n a m kulo-
vé plochy, které lezi v rovinach rovnobéznych se souradnicovymi rovinami
= (z,y), v=(2,2) ap=(y,2).

Hlavn{ kruznice m kulové plochy v roviné u' (S € p’ || p) se zobrazi do
shodné kruznice my, se stfedem v bodé Si. V tomto ptipadé je vektorem §
vlastné realizovéno pouze posunut{ kruznice m z roviny p’ do praumétny pu.

Pruméty kruznic p a n v rovindch 7’ (S € «' | w) a v/ (S € V' || v)
jsou elipsy px a ng. Sestrojime je pomoci sdruzenych pruméru.

Spoletnym prumérem elips py a ni je usecka FjF] na rovnobézce
s osou x, stfedem Sj. Ve sklopené roviné w jsme totiz videéli, ze se délka r
na ose () promitd do velikosti excentricity e na ose x.

Druhy sdruzeny prumér elipsy pi o velikosti 2r lezi na rovnobézce
s osou y prochdzejici stfedem Sy. Analogicky druhy sdruzeny prumér
elipsy ny rovnéz velikosti 2r lez{ na rovnobézce s osou z jdouci stiedem Sk.

2.2 Konstrukce bodu dotyku mezi elipsou [; a elipsami pg, ni, myg

— 1. zpusob feSeni
Nejprve se podivejme na spoleéné body dotyku obrysové elipsy i s kruz-
nici my, jejiz pramér je 2r. Témito body dotyku jsou vedlejsi vrcholy Cy
a Dy, elipsy 1, nebot vedlejsi osa Cj, Dy, velikosti 2r elipsy Iy, je nejkratsf ze
vSech jejich pruameéru. VSechny ostatni body kruznice my tedy musi lezet
uvnitt elipsy lx.

Spole¢né body dotyku elips I a pr budou lezet na piimce rg, do niz se
promita prisecnice r rovin A a «’. Prusecnici r pfitom sestrojime tak, Ze
protneme dvé piimky roviny A se dvéma piimkami roviny 7’; ziskanymi
pruseciky pak bude piimka r prochazet.

Abychom mohli tento postup zrealizovat, zavedeme kdétované pro-
mitdni s prumétnou ', S € ' || p. Situaci v roviné p’ ndsledné kosouhle
promitneme smérem § do pramétny u.

Pro konstrukci prusecnice r nejprve najdeme ,stopy“ rovin A a 7w’
v prumétné i’ a déle pak pouzijeme jednu hlavn{ pfimku v kazdé z téchto
rovin, pficemz si jejich spole¢nou kétu vhodné zvolime.
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Zacnéme rovinou 7', Jeji stopou v prumétné p’ je rovnobézka s osou y
prochézejici stfedem S, nebot smér osy y je spoleény obéma rovindm 7’
i /. Protoze je déle rovina 7’ L p', splyvd kolmy prumét (nazvéme ho
spudorysem*) kazdé hlavn{ ptimky roviny 7’ do prumétny ' s jeji stopou.

Néslednym kosothlym promitdnim do prumétny p se stopa roviny m’
zobrazi do rovnobézky s osou y prochazejici stredem Si. Ta je vsak i ko-
sothlym primétem A}, pudorysu k) libovolné hlavni pifmky A’ roviny «’.

Nyni se podivejme na rovinu A. Prumér C' D obrysové kruznice [ v ro-
viné A je rovnobézny s rovinou pu, coz znamend, ze stopa roviny A v pru-
meétné p’ splyvd s primkou C'D.

Déle si zvolime hlavni pfimku h roviny A tak, aby kosothly pramét h;,
jejiho pudorysu hy C p' prochédzel bodem Ajy. V prumétné p vidime, Ze
A € hy, || CpDyg, coz mimochodem znamensd, ze je piimka hi, nutné
tecnou obrysové elipsy l;. Z polohy piimky h;, muzeme odvodit kétu
hlavni pfimky h.

Urcéime ji ve sklopené roviné w. Pfedem poznamenejme, ze vzhle-
dem ke kolmosti nize uvedenych piimek a rovin viaé¢i roviné w se bu-
dou ve sklopené roviné w tyto piimky jevit jako body a roviny jako
pifmky. Nejprve feknéme, ze ve sklopené roviné w vidime prumétnu p’
jako rovnobézku s osou xj, kterd prochézi bodem (S). Piimka (hy,)
splyvd s bodem (Ag) € xp. Promitaci paprsek uréeny vektorem (3'), ktery
timto bodem vedeme, vyting na piimce (u’) bod (hq), ktery odpovidd
pudorysu hj hlavni ptimky h. Protoze ve sklopené roviné w je rovina A
totoznd s piimkou (A)(B), bude bod (h), ktery odpovida hlavn{ pfimce h,
lezet na pimce (A)(B) tak, aby byla tsecka uréend body (h1) a (h) kolma
vuci pifmee (p'). Pritom jeji délka udéva hledanou kétu hlavni piimky h.

Koéta hlavnf primky h, tj. jej{ vyska nad pramétnou u', kterd odpovida
délce T na prostorové ose z, se kosoihlym promitanim zkrati na hodnotu
Tp=q-T=1iT.

V primétné p' nyni zndme polohu bodu Hy, € hy, Ny, ktery je
kosothlym prumétem ,pudorysu® H; bodu H, coz je prusecik pouzitych
hlavnich piimek h a h' rovin \ a 7'.

Abychom mohli sestrojit kosotihly prumét ry, prusecnice r rovin A a 7/,
potfebujeme urcit polohu kosothlého prumétu Hy bodu H € hNA'. To
je oviem snadné, nebot vime, Ze tsecka HiH, kterd je rovnobézné s pro-
storovou osou x a méa délku Z, se musi kosotihle ve sméru § zobrazit do
prumétny p do usecky Hip, Hj, rovnobézné s osou xj, o velikosti T.

Bod Hj, tedy najdeme tak, ze prisecikem Hi, € hy, N A}, vedeme
rovnobézku s osou xj, na niz naneseme délku Ty, pficemz samoziejmé
musime respektovat, zda je kéta bodu H kladna ¢i zaporna.

Druhym bodem na pruseénici r; je stied Sy coby kosothly pramét
stfedu S, v némz se protinaji stopy rovin A a 7’. Jejich kosothlymi
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priuméty do p jsou pifmky CxDy a by, , kde S, € by, || y.

Pak je tedy ry = <> Sk Hy, primka rj, protind elipsy Iy a pg v jejich spo-
letnych bodech dotyku, coz jsou zaroven pro elipsu pi jeji body prechodu
viditelnosti.

Body dotyku obrysové elipsy I s elipsou ny se sestroji zcela analo-
gicky. Nebudeme proto znovu provadét podrobny rozbor prostorové situ-
ace, pouze rychle zopakujeme jednotlivé konstrukéni kroky.

Spoleéné body hlavni kruznice n a obrysové kruznice [ kulové plochy
lezi na pifmce 7, v niz se protinaji roviny v/ a A.

Protoze je rovina v/ L p', splyva jeji stopa i kolmy primét h; libo-
volné hlavni pifmky h do primétny g’ s rovnobézkou s osou z prochéazejici
sttedem S koule.

Stopou roviny A v prumétné ' je piimka C'D a ddle pouzijeme uz diive
sestrojenou hlavni pfimku h C A, jejiz kosodhly pramét hq, pudorysu
h1 C p/ prochézi bodem Aj a jejiz kétu zndme.

Kosotithlé priméty hy, a hy, padoryst obou hlavnich pifmek rovin
A a v/ se protinaji v bodé Gi,, z néhoz odvodime kosotihly prumét Gy
prostorového bodu G € hN h. Je tedy G1, Gy || xk, |G1, Gr| = T

Potom piimka 7 = <> S G protina obé elipsy I a ny ve spole¢nych
bodech dotyku, coz jsou zaroven pro elipsu ny jeji body prechodu viditel-
nosti.

2.3 Konstrukce bodt dotyku mezi elipsou [, a elipsami p, a ny

— 2. zpusob reSeni
Druhd metoda, pomoci niz lze nalézt body dotyku mezi obrysovou elip-
sou i a elipsou py, resp. elipsou ny, je zalozena na konstrukci tetné ro-
viny 7 kulové plochy ve spoletném bodé T obrysové kruznice [ a hlavni
kruznice p, ptipadné n.

Ackoliv 1ze tuto konstrukei nalézt v [3, s. 418-419], jeji vyklad nenf
dle mého nézoru piilis srozumitelny. V ucebnici [4, s. 347-348] je zpusob
sestrojen{ uvazovanych bodu dotyku uveden bez dukazu. Konecné v [5,
s. 257] neni konstrukce bodu dotyku popsdna vibec. Proto povazuji za
piinosné provést nyni peclivy rozbor prostorové situace a konstrukei bodu
dotyku nazorné vysvétlit.

Tecna rovina 7 v bodé T' kulové plochy je kolmé na jeji polomér ST.
Protoze pozadujeme, aby bod T byl bodem obrysové kruznice [, musi po-
lomér ST lezet v roviné A, coz ale znamena, zZe roviny 7 a A jsou vzdjemné
kolmé (obr. 5).

Protoze je soucasné rovina A kolmé ke sméru promitdni §, musi byt
rovina 7 se smérem promitani § rovnobézna.

ST L1, STCAN= ML~ ALS 71X = 1|7F
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Jelikoz je tedy tec¢nd rovina 7 rovnobézna se smérem promitani s, jedné se
o promitaci rovinu, jejimz kosotthlym prumétem do roviny p je piimka tg.
Plati, Zze t; je tecnou elipsy li, coz dokdzeme sporem.

Necht je pifmka ¢, seénou obrysové elipsy lj,. Piimka ¢, ma tedy s elip-
sou I, kromeé bodu T}, spoletny jesté dalsi bod T}, T, # T}. Pfitom bod T},
je kosoihlym prumétem bodu dotyku T' teéné roviny 7 s kulovou plochou
a lezi na jeji obrysové kruznici [.

Prostorovy bod T” musi také leZet na obrysové kruznici [ kulové plochy,
nebot viechny body koule s vyjimkou bodt kruZnice [ se promitaji dovniti
elipsy . Piitom je T;T" || 5, takze je T" # T.

Protoze je tetnd rovina 7 rovnobézna se smérem promitani §, musi
obsahovat bod T”, tudiz i celou tisecku TT”, kterd je tak kolméa na polomér
ST kulové plochy. Tim ovSem dostdvame v roviné A pravy thel mezi
polomérem ST obrysové kruznice [ a jeji secnou TT”, coZ je spor.

Obrézek 5: Vlastnosti tetné roviny kulové plochy

Dale si ukazeme, ze pokud je T, bodem dotyku elips I a p, musi byt
tecna ty obrysové elipsy I v bodé T} rovnobézna s osou z.

Kruznice p prochdzejici bodem T je hlavni kruznici kulové plochy lezici
v roviné 7’. V roviné 7’ proto lezi polomér ST koule, coz znamend, Ze je
7' L 7, nebot je ST L 7. Protoze je déle na rovinu 7’ kolm4 osa z, musi
byt osa z rovnobézna s rovinou 7.

ST L7, 8Tcr =717 o lz, 7l = 7|z
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Protoze kosotihlé promitani jako typ rovnobézného promitani zachova-
va rovnobéznost, musi byt v prumétné p prumét ¢ roviny 7 rovnobézny
s osou z, kterd v roviné p piimo lezi.

Spoleéné body dotyku elips I a pr tedy najdeme tak, ze sestrojime
body dotyku na teénach elipsy i, které jsou rovnobézné s osou z.

Analogicky plati, ze spoleéné body dotyku obrysové elipsy i s elip-
sou ng urc¢ime jako body dotyku tecen elipsy [, které jsou rovnobézné
s osou y. Muzeme tedy fici, ze elipse [, opiSseme obdélnik, jehoz strany
jsou rovnobézné s osami y a z, a najdeme na nich body dotyku s elipsou [j.

Konstrukce bodu dotyku na te¢nach elipsy rovnobéznych s danym
smérem je popsana v zavéretnych poznamkach.

2.4 Rez koule rovinou rovnobéznou s narysnou v = (z,z), ktera
neprochazi stredem koule
V dalsi ¢asti tohoto ¢lanku se budeme vénovat situaci, kdy je dana kulova

plocha protata rovinou 7, kterd je rovnob&Zznd s ndrysnou v = (z, z), ale
neprochézi stfedem S koule (obr. 6).

Obrézek 6: Rez koule rovinou v

Rovina 7 protne kulovou plochu v kruznici 7, jejiz stied O lezi na
rovnobézce s osou y vedené stfedem S koule. Body O a S maji stejné
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x-0vé a z-ové soufadnice, polohu roviny 7 zaddme tim, Ze zvolime polohu
stfedu O hledané kruznice 7.

Elipsu I, kterd je kosodhlym prumétem kulové plochy, uz umime
narysovat.

Kruznice 7 se do prumétny p smérem s kosouhle promita do elipsy 7,
kterou sestrojime pomoci jejich sdruzenych pruméru. Velikost d pruméru
LL' kruznice 7, ktery je rovnobézny s osou z, se kosothlym promitdnim
do p nezméni, takze je | Ly L} | = d. Hodnotu d uréime ve sklopené roviné w.

Ve sklopené roviné w vidime kruzmici (k) se stiedem (S), jejiz po-
lomér r je roven poloméru zadané koule. Jestlize bod (O) umistime tak,
aby [(S)(0)| = |SkOk|, pak mé tétiva kruznice (k), kterd prochéz{ bo-
dem (O) kolmo na (5)(0), délku d.

Poznamenejme, ze na konkrétni poloze bodu (O) nezilezi, muzeme ho
napifklad umistit na rovnobézku s osou z;, vedenou bodem (S), kterd je
kolmym prumeétem roviny p’ do roviny w.

V konstrukei tedy sestrojime prameér Ly L), elipsy 7y, tak, aby Ly L}, || 2
a |LyL)| =d.

Prumér MM’ kruznice T lezici na rovnobéZce s osou x se kosodhle
promitne do pruméru M, M, elipsy 7y, ktery je sdruzeny k prameéru Ly L],
pﬁéemz je Mle/c || Tk A |MkM];| = %d

Elipsu 7, sestrojime na zakladé znalosti jejich sdruzenych prameéru
LkL2 a ]\4}€.Z\4]I€

2.5 Konstrukce bodt dotyku mezi elipsami [, a 7y

— 1. zpusob FesSeni
Nyni budeme hledat body dotyku obrysové elipsy [i s elipsou 7, coz jsou
zéroven pro elipsu 7 jej{ body prechodu viditelnosti (obr. 6).

Prvni zptsob feseni této tlohy je opét zalozen na tom, Ze sestrojime
prusecnici p rovin A a 7, v nichz lez{ kruznice [ a  kulové plochy.

Znovu si pomuzeme tim, Ze zavedeme pridruzené kétované promi-
tdni s prumétnou u', S € p' || p. Situaci v roviné u’ nésledné kosotihle
promitneme smérem § do pramétny pu.

Stopou roviny A v prumétné p’ je piimka CD, kterd se kosothle
promitne do roviny g do vedlejsi osy CyDy obrysové elipsy . Hlavni
pifmku h roviny A zvolime tak, aby kosotihly prumét hq, jejiho ptdorysu
hi C p’ prochdzel bodem Ag. V prumétné u je tedy Ap € hi, || CrDy.
Kétu hlavni pfimky A uré¢ime ve sklopené roviné w. Tuto konstrukei jsme
provadeéli uz v odstavci 2.2, a proto ji nebudeme znovu popisovat. Kéta ©
hlavni piimky h se kosodhlym promitdanim nasledné zkrati na hodnotu
Tk = 37

V roviné u' lezi stfed O kruznice 7, coz znamend, ze stopou roviny 7
je v prumétné p’ rovnobézka s osou z prochdzejici bodem O. Ta se pak
do p kosothle promitne do pruméru Ly Lj, elipsy 7.
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Protoze je 7 L 1/, splyvaji pudorysy vSech hlavnich pifmek roviny 7
v priamétné ' s jeji stopou. Plati tedy, ze kosodhly priimét hy, C p pi-
dorysu h, libovolné hlavni pifmky A roviny 7 je totozny s pifmkou LiL;.

Priisecnici p rovin A a ¥ ziskdme jako spojnici dvou ruznych bodu;
prvnim z nich je prusecik stop obou rovin a druhym je prusecik hlavnich
piimek o téze kété. V prumétné p vidime stopy rovin A a 7 jako piimky
CyDy, a L Lj,. Jejich prusecik oznac¢me jako bod Ry.

Kosoihlé pruméty hq, a hy . budorysu hq a hq hlavnich pifmek h a h
rovin A a 7 se protinaji v bodé Hjy,. Prise¢ik H € h N h obou hlavnich
piimek se do prumétny p kosoihle promitne do bodu Hy, jenz lezi na
rovnobézce s osou xj, prochdzejici bodem Hj, tak, ze je |HyHi,| = Tk.
Ptitom musime samoziejmé zohlednit znaménko kéty bodu H.

Piimka pp = Ry Hy, kterd je kosouhlym prumétem prusecénice p rovin
A a 7, protind elipsy I, a Ty v jejich spoleénych bodech dotyku T}, a Tj.

2.6 Konstrukce bodu dotyku mezi elipsami [, a 7

— 2. zpusob reSeni
Body dotyku T} a Ty, obrysové elipsy I s elipsou 7 jsou kosothlymi
pruméty bodu T a T”, v nichz se protinaji obrysovéd kruznice [ a kruznice 7@
kulové plochy. V odstavei 2.3 jsme ukdzali, ze tecné roviny 7 a 7’ koule se-
strojené v bodech T' a T kruznice [ jsou rovnobézné se smérem promitani 5
a do prumeétny p se zobrazi do piimek tj, a t}, které jsou tecnami elipsy lj.

Obrazek 7: Znazornéni koule v prostoru

Déle ukézeme, ze prusecik Py € ti Nt} lezi na piimce g =<+ S;Oy,
ktera spojuje kosothlé pruméty stiedu S koule a stiedu O kruznice 7.

V odstavci 2.5 jsme oznaéili pruseénici rovin A a 7 jako piimku p. Ta
je ovSem soucasné spojnici bodu T a T".
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Necht je nyni bod U stiedem tsecky TT” a necht p je rovina uréend
body S,0 a U. Body S,0 a U jsou tii ruzné body, které nelezi v jedné
piimece, takze rovinu skuteéné definuji, coz dokdzeme sporem.

Predpoklddejme tedy, ze bod U lezi na piimce SO. Protoze oba body
SiU, kde S # U, patii do roviny A, lezi v roviné A také bod O.

Jelikoz je kruznice I C A se stiedem S hlavni kruznici kulové plochy,
musi kruznice 7 se stfedem O lezet v roviné 7, kterd je kolma k roviné .
Ptitom jsou body O a U totozné.

7 kolmosti rovin 7 a A plyne, Ze je rovina ¥ rovnobéznd se smérem
promitdni § a do prumétny p se promitd do piimky, neboli kruznice 7 se
do p promité do tsecky, coz je spor.

Kdyby splyvaly body S a U, pak budou totozné vSechny tii body S, U
a O, coz je ve sporu se zadanim tlohy.

v
o
T
\ o\ U
n \
T
u
p

Obréazek 8: KruznicelC AanmCV

Déle ozna¢me prusecnici rovin 7 a 7’ jako pfimku p. Protoze jsou obé
roviny 7 i 7/ rovnobé&Zné se smérem promitdni 5, bude se smérem S rov-
nobéznd i jejich prusecnice p. Do prumétny p se pak zobrazi do bodu Py,
ktery je pruse¢ikem piimek ¢ a t}.. Ukdzeme, ze piimka p lez{ v roviné
p=(S,0,U).

Nejprve se podivejme na situaci v roviné A. V bodech T a T” obrysové
kruznice I C X lze sestrojit jeji tecny ¢ a t’, které se protinaji v bodé T.
Vime, ze tetnd rovina v daném bodé plochy musi obsahovat te¢nu, kterou
v tomto bodé sestrojime k libovolné zvolené kiivce na plose, jez timto
bodem prochdzi. Proto tecny t a ¢’ lezi v tecnych roviniach 7 a 7’ kulové
plochy v bodech T' a T".

Pak je tedy bod T € t Nt bodem pifmky p = 7N 7.

V roviné v je situace analogickd. Ke kruznici m sestrojime v jejich
bodem T a T’ teény u a u', které se protinaji v bodé U. Také teény u
a u' lezi v tetnych rovindch 7 a 7’ kulové plochy, coz znamend, ze bod
U € unu' lezi na pifmce p = 7 N 7/. Pfitom jsou ziejmé body T a U
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navzajem ruzné.

Plati, ze v roviné A bod T lezi na polopiimce SU, kde U je sted tsecky
TT', takze T lezi v roviné p = (5,0, U). Podobné v roviné 7 bod U lezi na
poloptimce OU, rovnéz tedy lezi v roviné p. Z toho plyne, ze cela pfimka
p =T U lezi v roviné p, coz jsme chtéli dokézat.

Vyse jsme uvedli, Ze je piimka p rovnobéznd se smérem promitdni §,
a protoze je p C p, znamend to, ze je se smérem § rovnobézna i celd rovi-
na p. Do prumétny p se pak rovina p promita do piimky qi = <> SOk.

Vidime tedy, ze kosothly pramét Py € ¢, Nt;, piimky p skutecné lezi
na pifmce g, = <> S,Oy, (obr. 9).

2.7 Uziti projektivni geometrie pro konstrukci boda dotyku mezi
elipsami [; a nj

Abychom mohli najit body dotyku mezi obrysovou elipsou I a elipsou 7,

je tfeba urcit pfesnou polohu bodu Py na piimce g = <> S;pOf. Pokud

se nam to podaii, miuzeme pak z bodu Py vést tecny t a t}, k elipse I,

piipadné k elipse 7ix,, a sestrojit na nich body dotyku T}, a T7.

Obrazek 9: Konstukce bodu dotyku uzitim projektivni geometrie

Nez se ale do toho pustime, zduvodnéme jesté jednou, pro¢ bod Py
lezi na ptimce S;Oy, tentokrat uzitim vlastnosti projektivni geometrie.
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Podle [1, s. 121, véta 28,1a] je svazek kuzelosecek uréen dvéma svymi
kuzeloseckami.

Proto elipsy Ii, a 7, urcuji svazek kuzelosecek s(T%, ty, T}, t},), v némz
se vechny kuzelosecky dotykaji ve spoleénych bodech T}, a T}, dvou ruz-
nych tecen tj, a t), pricemz je Ty, € t, T}, € t), a T, # Tj,.

Na zdkladeé [1, s. 110, véta 26,6a] a [2, s. 222, poucka (3,1)] muzeme
tvrdit nasledujici. Prusecik Py € t; Nt} a piimka py =< T} T}, jsou pro
vSechny kuzelosecky svazku spoleénym pdlem s poldrou.

Na pifmce py, tvoii pary sdruzenych pola vzhledem k libovolné kuze-
losecce svazku involuci bodu. Pritom nezéalezi na volbé konkrétni kuzelo-
secky ze svazku, pro vSechny kuzelosecky svazku je tato involuce stejna.
Jejimi samodruznymi body jsou body dotyku T} a T7.

Vsechny kuzelosecky svazku maji spoleéné tyto polarni trojuhelniky:
jejich vrcholem je bod Py a protéjsi stranou je primka pg. Zbyvajici dva
vrcholy jsou tvoreny libovolnou dvojici sdruzenych pélu vyse zminéné in-
voluce na pfimce py.

Tyto vztahy nyni pouzijeme k tomu, abychom dokéazali, ze bod P
lezi na piimce ¢, = <> SxOy, kterd je spojnici stiedu elips I a m,. Coz
provedeme, pokud ukdzeme, ze bod Oy, lez na piimce Sy Py (obr. 9).

Oznacme tedy spojnici bodu Sy a Py jako piimku g. Protoze piimka ¢
incidentni s bodem Py, je prumérem elipsy [, jejim pdlem vzhledem k elip-
se I mus{ byt nevlastn{ bod Q. ptimky pi. To plyne piimo z [1, s. 106,
véta 26,1b] a [1, s. 107, véta 26,3b], pfiemz v nasem piipadé jsou tecny
elipsy [ sestrojené v jejich prusecicich s primkou g vzdjemné rovnobézné,
takze se skutec¢né protinaji v nevlastnim bodé ptimky py.

Jestlize nyni oznac¢ime prusecik pitmek g a py jako bod Uy, muzeme
fici, ze body Uy a Qo jsou parem sdruzenych pélu v involuci na piimce py
vzhledem ke svazku kuzelosecek. Body Py, Uy a Qs jsou tudiz vrcholy
polarniho trojuhelnika, ktery je spole¢ny pro vsechny kuzelosecky svazku,
tedy i pro elipsu 7.

Poléra bodu (o vzhledem k elipse 7, coz je primka P,Uj, neboli
piimka ¢, musi byt prumérem elipsy 7, musi tedy prochazet jejim stie-
dem Oy, coz plyne z [1, s. 106, véta 26,1al.

Celkoveé lze tici, ze vSechny ¢tyfi body Sk, Ok, Uy a Py lezi na spoletné
piimce q.

Zavrsenim nasi snahy o nalezeni bodu dotyku T}, a T}, mezi elipsami
i a T je urceni presné polohy bodu Py na piimce ¢ = <> S;pO). Pak Ize
totiz tyto body dotyku sestrojit jako body dotyku tecen tj a ¢} vedenych
z bodu P k elipse [, pripadné k elipse 7.

Konstrukéné najdeme polohu bodu P, na pifmce ¢ tak, ze zvolime
libovolnou piimku z, kterd neni spoletnou poldarou svazku kuzelosecek.
K polate x najdeme pdél X; vzhledem k elipse [ a pdl X5 vzhledem
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k elipse m. Piimka X7 X5 nyni protne pfimku ¢ v hledaném bodé P.

Spravnost této konstrukce plyne z [2, s. 224, poucka (3,5b)]. Presto si
zde uvedeny postup konstrukce nyni podrobné zduvodnime.

Bod P a pfimka pj; jsou spoletnym pdlem s polarou pro vsSechny
kuzelosecky svazku. Pokud si na pfimce pg zvolime bod R a najdeme
jeho polaru r vzhledem k libovolné kuzelosecce svazku, bude dvojice R, r
spoleénym polem s polarou pro vSechny kuzelosecky svazku.

Uvazujme, ze piimka z prochdzi bodem R. Potom jsou dle [1, s. 107,
véta 26,3a] oba pdly X7 a Xs polary x vzhledem k elipsdm [ a 71y, inci-
dentni s ptimkou r. Je tedy r = < X7 X5.

Protoze ale bod R lezel na polafe pg, jeho polara r musi prochazet
polem Pj. To znamend, Ze lze bod P skutecné ziskat jako prusecéik pii-
mek r =+ X1 X5 a ¢ = 5,0;.

Dodejme také, ze jelikoz jsme piimku x volili tak, aby nebyla spole¢-
nou poldrou pro vsechny kuzelosecky svazku, musi nutné byt ptimky r a g
navzajem ruzné.

Rovnéz poznamenejme, ze ackoliv ve skute¢nosti nejprve zvolime piim-
ku x a teprve poté na ni uré¢ime bod R jako jeji prusecik s primkou py,
na piedchozi Gvahy tento fakt nema zadny vliv.

2.8 Neékolik zavérecnych poznamek

1. Polaru x lze ziejmé zvolit tak, aby protinala obé elipsy I a 7.
Piislusné poly X; a X, pak najdeme jako pruseciky tecen, které
sestrojime ve spoleénych bodech pfimky z a elipsy Ik, resp. my.
Pokud tlohu rysujeme v programu GeoGebra, ziskame pruseciky piim-
ky s elipsou okamzité zadanim piislusného pitkazu. Rysujeme-li na
vykresu pomoci pravitka a kruzitka, uvedené pruseciky lze sestrojit
bud'to uzitim afinity mezi kruznici a elipsou, nebo lze pouzit kon-
strukei uvedenou v [1, s. 84, konstrukce 22,1].

2. Tecénu elipsy v daném bodé sestrojime na zakladé znamého faktu, ze
puli vnéjsi uhel pruvodic¢u. Pruvodici elipsy se pritom nazyvaji dvé
polopiimky, které spojuji ohniska elipsy s bodem elipsy.

Abychom ziskali ohniska elipsy, musime nejprve ze sdruzenych pru-
méru uréit jeji hlavni a vedlejsi osu, k ¢emuz pouzijeme Rytzovu
konstrukei.

V programu GeoGebra bychom elipsu uréenou sdruzenymi prumeéry
mohli sestrojit také tak, ze pomoci prickové konstrukce najdeme
paty bod elipsy. Po zadani péti ruznych bodu GeoGebra elipsu vyry-
suje.

P1i rysovani v GeoGebte nasledné te¢nu elipsy v daném bodé ziskame
zadanim explicitniho ptikazu.

3. Konstrukci tecen elipsy rovnobéznych s danym smérem v prove-
deme tak, ze z jednoho ohniska vedeme k tomuto sméru ¢ kolmici,
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kterd protne vrcholovou kruzmici elipsy v bodech P a P’. Témi
prochéazeji hledané teény. Bod dotyku je pak prusecikem piislusné
te¢ny a spojnice druhého ohniska s bodem @, resp. @', ktery je
stfedové soumérny podle bodu P, resp. P’, s prvnim uzitym ohnis-
kem (obr 10).

Q7

Obrézek 10: Teény elipsy rovnobézné se smérem o

4. Konstrukce tecen elipsy z daného bodu V je ziejmé z obr. 11. Se-
strojime je jako spojnice bodu V s pruseciky P a P’ vrcholové
kruznice elipsy a Thaletovy kruznice, jejimz prumérem je usecka
omezena bodem V' a jednim ohniskem elipsy.

Body dotyku T' a T’ na teénéch elipsy pak ziskdme jako pruseciky
tecen elipsy a primek, které spojuji druhé ohnisko elipsy s body @
a @Q’, jez jsou obrazy prvého ohniska elipsy ve stiedové soumérnosti
podle bodu P, resp. P'.

Program GeoGebra umi sestrojit te¢ny elipsy z daného bodu piimo,
takze zminénou konstrukeci neni tfeba pouzivat.

Obréazek 11: Tectny elipsy, které vedeme k elipse z bodu V'
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5. Kdybychom nevédéli, ze bod Py lezi na piimce S;Oy, coz je nicméné
zajimavd vlastnost, kterou jisté stoji za to si odvodit, muzeme urcit
jeho polohu tak, ze si kromé jedné polary z zvolime jesté druhou
polaru y a dohledame jeji pdly Y7 a Y5 vzhledem k elipsam [; a 7.
Pak je Pee X1 XoNeY1Ys.

6. Pokud by rovina fezu nebyla rovnobézna s zddnou ze souradnicovych
rovin 7, v, u, stfed O fezné kruznice kulové plochy by pak nelezel na
zadné z rovnobézek se souradnymi osami x, y, z vedenymi stfedem S
a Teznd rovina by méla obecnou polohu — prochézela by bodem O
kolmo k usecéce SO. V tom pripadé bychom konstrukci fezné kruznice
kulové plochy provedli v Mongeové promitani, které je pridruzené
kosouhlému promitdni. Prumeéry fezné kruznice na hlavni a spadové
piimce I. osnovy bychom transformovali do kosotihlého promitani,
¢imz bychom ziskali sdruzené prumeéry elipsy, ktera je kosouhlym
prumétem této fezné kruznice.

3 Co rici zavérem...?

Ucelem tohoto éldnku bylo srozumitelné a nézorné vylozit geometrické
vztahy, které plati pfi kosouhlém promitani kulové plochy do roviny.
Doufdm, ze tim, jak jsem rozsifila struény vyklad postupu konstrukce,
na ktery se omezuji uc¢ebnice deskriptivni geometrie, bude tento text pro
ucitele a studenty deskriptivni geometrie alespon trochu pfinosny.
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Abstract. The projective spherical models of the homogeneous 3-spaces
(Thurston geometries): E3, S*, H®, S? xR, H? x R, SLoR, Nil, Sol are in-
troduced by the initiative of the first author in [13]. Therefore the above spaces
can be visualized in Euclidean 3-space E3. Our projective spherical model is
based on linear algebra over the real vector space V* (for points) and its dual
V4 (for planes), upto positive real factor, so that the proper dimension is 3, in-
deed. We could illustrate and visualize the interesting objects in the Euclidean
screen of computer in several Thurston geometries (see e.g. [6], [14], [18], [26],
[27], [29D).

In this conference paper we recall a new application based on the above models
(on the base [17]). We generalize and visualize the Simson-Wallace locus
in d-dimensional projective metric space, i.e. we look for the points whose
orthogonal projections onto the hyperplanes of a fixed d-simplex lie on a
hyperplane. We show that this Simson-Wallace locus SW is a (hyper)surface
of d + 1 degree, if the metric hyperplane to point polarity or later scalar product
(', )) is non-degenerate, e.g. in spherical and hyperbolic d-spaces (also in
the geometry of the universal cover of SL2R), respectively. Else it splits by
the ideal hyperplane of poles of the simplex hyperplanes, e.g. into this ideal
hyperplane and a remaining d-degree surface, e.g. in the Euclidean d-space.
Our seemingly new general method is based on the starting concepts of the
Grassmann-Clifford exterior algebra calculus.

Keywords: Projective metric geometry; Simson-Wallace locus; Grassmann-
Clifford exterior algebra calculus; Hypersurface of higher degree in projective
d-space.

1 Introduction

The so-called Thurston geometries are well known. Here E>, S® and H? are the
classical spaces of constant zero, positive and negative curvature, respectively;
S?xR, H?xR are direct product geometries with S? spherical and H? hyperbolic

base plane, respectively, and a distinguished R-line with usual R-metric; SLyR
and Nil with a twisted product of R with H? and E2, respectively; furthermore
Sol as a twisted product of the Minkowski plane M? with R. So that we have in
each an infinitesimal (positive definite) Riemann metric, invariant under certain
translations, guaranteing homogeneity in every point.
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These translations are commuting only in E, in general, but a discrete (dis-
continuous) translation group - as a lattice - can be defined with compact fun-
damental domain in Euclidean analogy, but with some different properties. The
additional symmetries can define crystallographic groups with compact funda-
mental domain, again in Euclidean analogy, moreover nice tilings, packings,
material possibilities, etc.

We emphasize some surprising facts. In Ni/ and in SLoR there are orienta-
tion preserving isometries, only. In Ni/ we have a lattice-like ball packing (with
kissing number 14) denser than the Euclidean densest one [9], [25]. Moreover,
in [29] we have formulated a conjectute in S? x R for the densest geodesic ball
packing with equal balls for all Thurston geometries. In Sol geometry there
are 17 Bravais types of lattices, but depending on an infinite natural parameter
N > 2[14]. Except E3, S?, S xR, H? xR there is no exact classification result
for possible crystallographic groups.

Our projective spherical model, initiated in [13] (see Table 1), is based on
linear algebra over the real vector space V* (for points) and its dual V4 (for
planes), upto positive real factor, so that the proper dimension is 3, indeed. We
illustrate and visualize the topic in the Euclidean screen of computer with some

new pictures mainly in H?, SLoR, Sol and Nil on the base of our publications
[6], [14], [18], [26], [27], [29].

After a more popular introduction to the classical projective space, we shall
illustrate our method related to the generalization of the Simson-Wallace locus
in the d-dimensional projective metric space.

2 On the metric projective model of Thurston geometries

Consider a d-dimensional real projective metric spherical space PMS(VI+!
Va1, R~ (4)), resp. the projective metric space PM (VI Vi R~ (4)),
defined by the real (d + 1)-dimensional vector space V4*1, with a standard ba-
sis {eg, e1,..,e4}. Its dual basis in the space Vi;;1 of linear forms on Vit+i
will be denoted by {e’,e!,... e}, ie. e;e/ = & (the Kronecker symbol,
i,7 € {0,1,...,d}, we shall use the Einstein-Schouten index conventions for
sums, etc.).
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Table 1

Thurston geometries each modelled on PS? by specified polarity
or scalar product and isometry group.

Signature of The group G = Isom X as
Space polarity I7(4) Domain of proper points a special collineation
X or scalar prod- of X in PS3 (V4(R), V4) group of PS3
uct (, YinVy
s3 (++ ++) PS3 Coll PS3 preserving I7(,)
H3 (= + ++) {(x) € P? : {x,x) < 0} Coll P3 preserving 17 («)
(- —++) Universal covering of H := Coll PS? preserving IT(,)
SLa2R with skew = {[x] € PS3 : (x,x) < 0}| and fibres with 4 parameters.
line fibering by fibering transformations
E3 0+ ++) A3 =P3\ {w™} where Coll P3 preserving IT(x),
w>® = (b°), B2 =0 generated by plane reflections
0+ ++4) G is generated by plane reflec-
S?xR with O-line A3\ {0} tions and sphere inversions,
bundle O is a fixed origin leaving invariant the O-
fibering concentric 2-spheres of I7 ()
0 —-++4) G is generated by plane reflec-
with O-line Ct={XecAd: tions and hyperboloid inver-
H2 xR bundle (5} , OX ) < 0, half cone} sions, leaving invariant the
fibering by fibering O-concentric half-hyperboloids
in the half-cone C* by IT(4)
0 —-++) A3 =P3\ ¢ Coll. of A3 preserving
Sol and parallel I1(.) and the
plane fibering fibering with 3 parameters
with an ideal plane ¢
Null-polarity I7(4) A3 =P3\ ¢ Coll. of A3 preserving
Nil with parallel I1(4) with
line bundle fibering 4 parameters
F' with its polar
ideal plane ¢
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The ~ relation will denote the multiplicative equivalence by positive reals
RT for PMS, or by non-zeros R? := R \ {0} for PM. E.g. X = (x), with
x := r'e; € VIt will be a point of PMS, where (x) ~ (cx) is the same
point if ¢ € R for PMS, resp. ¢ € RY for PM; (0) is no point. Similarly
u = (u), withu := eu; € Vg1, will be a hyperplane (hypersphere) of PMS,
where (u) ~ (uc) is the same hyperplane if ¢ € RT for PMS, resp. ¢ € RO for
PM,; (0) is no hyperplane. The incidence of a point X = (x) and a hyperplane
u = (u) : X Tu will be defined by xu := z'u; = 0. Moreover, xu > 0 means
that X lies in the positive halfspace u™ of the hyperplane u (for PMS, resp.
for PM iff d + 1 is even).

The forms (denoted by slanted boldface letters) act from the right on the
vectors (with upright boldface ones), as our unifying convention in the theo-
retical considerations (also later on; we use “left-vectors” and right-forms”
with respect to multiplication by reals)! By this convention we follow e.g.
H. S. M. Coxeter. The “opposite side” convention is also generally used, and
we also apply it later because of our computer algebra programs which needed
also "old style” notations. Moreover, later on the parentheses () will be omitted,
and instead of X = (x) we use simply X = x for a point in that sense, also
u = wu for a hyperplane. First orthogonality L, then angle metric for two hy-
perplanes; and distance for two points will be defined by a hyperplane to point
polarity, i.e. polar to pole mapping by a linear form to vector mapping

(+) s Vapr = VI (u) = (w) = (),

called also polarity. Two hyperplanes u = (u) and v = (v) are said to be
orthogonal: v L v iff w,v = 0, i.e. the pole u., of w is incident to v. Thus, we
also get a bilinear scalar product

(,): Va1 x Vg1 = R, (u,v) = (u,v) := u,v

which is required to be either symmetric, or anti-symmetric [for a so-called null-
polarity, where any polar hyperplane is incident to its pole (point); this holds in
the so-called simplectic geometry, if d + 1 is even].

In a basis-dual basis pair, above, the polarity can be expressed by

e' — el :=¢e :=¢c; ie. (e, e)=¢€",

where the matrix (e%/) is either symmetric, i.e. ¥/ = ¢7%, or anti-symmetric, i.e.
¢l = et (i,5 € {0,1,...,d}).

3 Grassmann-Clifford exterior algebra and its applications

Much more important is the Grassmann-Clifford exterior algebra of V41 and
of V4, that extends the anti-symmetric product operation A (and so the deter-
minant) concept in a very general and concise way. We intend to give a self-
contained summary, the interested reader can follow it and also consult with text
books, e.g. [4]. Our topic is just fitting to introduce this important machinery.
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The set 2 AV of bivectors

xA\y=z'e; Nye; = Z(xiyj — 27y e; A ej :€ HAVIH
i<j

by this (formal) anti-symmetric A (wedge) product of x € V4*! and y € Vit!

and their linear combinations will be introduced (first as a d(d + 1)/2 dimen-

sional linear space). So we can extend the classical Pliicker coordinates of a line

determined by its two points X (x = z’e;) and Y (y = y’e;) in PS or P.
Similarly, the set 2AV 1 of biforms

uAv:=eu; Aelvj = Zei A€ (uv; —ujv;) 1€ 2AVayy
i<j

can be introduced for (d — 2)-planes of PS or P.
Algebraically, a biform u A v takes an R value on a bivector x A y just by
the 2 x 2 numerical determinant

(xAy)(unv) = (xu).(yv) - (xv).(yu).

It is linear in each argument and anti-symmetric in x and y, furthermore in u
and v.

In particular, consider the basis vectors and basis forms where the product
operation is formally required, e.g. e; A e; = 0 (unified zero symbol) and
e; ANe; = —e; A e;. Furthermore,

(ei Nej)(e nel) =1.

Trivectors and triforms can similarly be introduced, the coordinates are 3 x 3
numerical determinants, etc. A (d + 1)-vector

Xo AX1 Ao Axg =det(zf, 2], ...,z ) eg ANer A...eq

has one term, i.e. 1-dimensional, with the basis (d + 1)-vector above with co-
efficient the (d 4+ 1) x (d 4 1) numerical determinant of the vector components
which will simply be denoted by det(xq,x1,...,X4).
Thus a (d + 1)-form will be unique up to an RY factor, again 1-dimensional.
Let
(xo Ax1 A---Axg)(e® Ael A...e?) =det(xo,%1,...,%Xq)

be defined and fixed, as above.

Thus (d+ 1) x (d + 1) determinants give us a possibility to define (”depen-
dently on a fixed volume form”) a linear dual mapping (%) that orders a linear
1-form to a d-vector

(Q?): d/\V”lH—>Vd+17 al/\ag/\---/\ad»—>(al/\ag/\--~/\ad)QQ = w
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by
w: VI SR, x> det(x,a5,a,,...,a4) = Xw .

This, combined with the previous form to vector polarity (. ), provides the so-
called vector product operation x, as above

a; Xag X -+ X ag = w, ::(al/\ag/\~~~/\ad)?.

3.1 A d-simplex
A d-simplex, ina PM C PMS above will be given by d+1 linear independent
vectors ag, aj,ag, ..., a4, these describe the vertices. Its hyperplanes can be
characterized by d + 1 independent linear forms b°, bt b7, . .., b, or vice-versa
by duality. Moreover, these can be considered by a basis-dual basis pair for
Vil and V1,1, respectively.

Namely, as in the Section 2 above

b= (=)%(ag A---ANaj_1 Aagi A--- A ad)o/det(amal,ag, c..,a4)

forany ¢ € {0,1,...,d}, is just a well-formed basis for V11, by changing the
positions in the determinant also with alternating signs. Furthermore, the basic
polarity (.) can be (computed then) given by the unit vector

b’ := bl =b7a;,

where then b/ = (b, b’). Sometimes this matrix (b*/) is given by the dihedral
angles of the simplex hyperplanes (e.g. at a characteristic or Coxeter simplex,
examples come later). Then the metric data of the vertices A; = (a;) can be
computed from the signed subdeterminant (or inverse, if it exists) of (b*/). These
latter computations are not always trivial, as sketched e.g. in [7].

4 The Simson-Wallace locus SWV
Take a point X = (x = z’a;) and the line x —’c.b’ by varying ‘c through X,
orthogonal to the hyperplane

b= (—1)i(a0 AN---Naj_1 ANajpg A A ad)v/det(ao,al,ag, .. .,ad),

i.e. also through the pole b’ := b. = b¥.a; above by projective extension
(formally by 1/00 := 0, so ‘c = o). The scalar ‘c has to be taken so that the
so-called foot or pedal point

X = (ix:=x—"cb")
lies in the above simplex hyperplane b’, i.e.

i i
det(307" S Ai—1,X — c.b s A1, - "7ad) = 0.
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From this equation the scalar ‘c can be determined, we get
‘c =det(ag,...,a,-1,X,;41,...,a4)/det(ag,...,a;,-1,b",a;41,...,24)

for any i € 0,1,...,d. Here x = b’, °c = 1, ’x = 0 can be naturally
excluded if the polarity (.) above non-dengenerate. The denominator is just
bib" = b = <bi, bi>, assumed non-zero (or use the previous projective exten-
sion). The numerator is xb". The above foot points °X,' X, ... /X, ... X are
in one hyperplane, iff first (writing only the i*" variable of the determinant func-
tion, ¢ € {0,1,...,d})

det(ao, ey A1, Xy A1y ey ad)bl

0=det(...;x i), 4.1)

det(ag,...,a;-1,b% a;41,...,a4)

i.e. second, also multiplying by the non-zero denominators (or by projective ex-
tension),

0 = det(bx — (xb°)bP, ... b¥x — (xb")bi, ... b%x — (xb)b?). (4.2)
This is an equation of degree d+ 1 for every point X (x = z'a;) of the projective
Simson-Wallace locus SW.

Third, by coordinates (z°, z!, ..., %) with respect to the projective simplex

{Ao = (a0), 41 = (a1),..., g = (ag),A=(a=ap + a1+ +aq)}

(to be explained yet in concrete cases) the equation (4.2) will have a concise
coordinate form, by Einstein-Schouten index conventions. We formulate our
main

Theorem 4.1 The Simson-Wallace locus SWV to the simplex, given in Subsect.
3.1 in a projective metric d-sphere or d-space, satisfies the equation

0 = det(b™2%a;, — 2°0%0a;,,...;b"zla;, — 2'bia;,,
.. ;bddxjdajd — xdbdjdajd) =
— Z(,l)f(joy-uyji,uwjd)(booxjo _ xobojo) L (biixji _ :Eibij") .
(bddgia — gipdia),
Here (Jo, ..., Jis- -, ja) runs through all the permutations of (0,1, ..., d),

as usual I(jo,...,Ji,- .-, Jjd) denotes the number of inversions; and we divided
by the non-zero determinant det(ay, . .., a;,...,aq).

(4.3)

Some obvious points of SW are those of the edges of the simplex S =
Aoy ..., A4, as we look at the above equations of SYV. Summarizing in other
words: For d > 2 (finite) the SV locus contains the points of j-faces of simplex
Sfor0<j<d-2.
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S Applications in 3D

First we will derive a general form of SV in E?, with our computer program,
see [22], [19], [20], [21]. Then we show some special cases like SVV associated
with equifacial tetrahedra and its properties. Denote by K, L, M, N orthogonal
projections of a point X onto the faces BCD, ACD, ABD and ABC of a
tetrahedron ABCD.

Choose a rectangular system of coordinates so that A = (0,0,0), B =
((I,O,O)7 C = (b,C,O), D = (d,e,f), K = (kl,k’g,k‘g,), L = (ll,lg,lg),
M = (my,ma,m3), N = (n1,n2,n3), X = (x,y, z). Suppose that a # 0,
¢ # 0, f # 0 since otherwise ABC'D is planar.

K,L, M, N are coplanar <

ki ko ks
S S
myp M2 M3
ny N2 N3

hiz = =0. 5.1)

[ e

Proposition 5.1 Evaluation of (5.1) gives the locus equation
ac’f3 .G =0, (5.2)

where

G =A%y +cf(e® + f* — ce)r*z + cf*(a — 2b)zy*+
+cf?(a—2d)xz? + 2cef (b — d)zyz + b(b — a) f9>+
+f(be(a —b) + cd(d — a) + cf?)y*z + f2(b* — ab + ¢® — 2ce)
yz? + (be(a — b) + +ed(d — a) + ce(e — ¢)) f2* — ac® fay+
tacf(ce — e* — f2)xz+
+abef?y? + (a(c?d — 2bce + be?) — (cd — be)*+
+f2(ab —b* — ) fyz + +(ce?(ab + ad — 2bd) + c*de(d — a)+
+be3 (b —a) + f2(a(cd — be) + e(b? + ¢2)))2>.
We see that (5.2) is a cubic surface which is called the Cayley cubic [19].

5.0.1 SV associated with equifacial tetrahedron

Let us explore the class of equifacial tetrahedra (or disphenoids) [?] and their
associate SWs which are Cayley cubics. The faces of equifacial tetrahedra are
congruent acute-angled triangles. The equivalent condition for a tetrahedron to
be equifacial is that pairs of skew edges have the same lengthes, respectively.

Every equifacial tetrahedron ABC D can be placed into a coordinate system
in the following way A = (a,0,0), B = (0,5,0), C = (0,0,¢), D = (a,b,c),.
Suppose thata > 0,5 > 0¢ > 0.
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Figure 1: Cayley cubic associated with a regular tetrahedron

Denote side lengthes of congruent triangles by u, v, w. Itholds b +c? = u?, ¢+
a? = v?, a®+b? = w?. Hence for a given acute triangle with side lengths u, v, w
we can always find a, b, ¢ such that A = (a,0,0), B = (0,b,0), C = (0,0, ¢) as
from a? = (v2 +w? —u?)/2,b* = (w? +u? —0v?)/2, ? = (u? +v? —w?)/2
by the law of cosines follows.

Similarly as in the previous section we derive the SW locus
C := dabcxyz — (bex + acy + abz — abe)? = 0. (5.3)
We can state the

Proposition 5.2 Let ABCD be the equifacial tetrahedron with vertices A =
(a,0,0), B = (0,b,0), C = (0,0,¢) and D = (a,b,c). Then its associate
Cayley cubic is described by (5.3).

Fora = b =c=d = e = f we get a regular tetrahedron and its associate
Cayley cubic (see Fig. 1)

doyz —a(z +y+ 2 —a)> =0.

For a = 2v/2, b = 2v/2, ¢ = 2 we get a special equifacial tetrahedron whose
faces consist of four isosceles triangles with side lengths © = 21/3, v = 2v/3 and
w = 4. It is known as a space filler (sphenoid or disphenoid in crystallography).
Its associate Cayley cubic is

dryz — (2V2 +yV2 4+ 22 — 4)* =0, (5.4)

(see also the end of this section).
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N

Figure 2: Cayley cubic as a set of conics, a = 3,b = 2,c = 1 — top view and
the tetrahedral part of the Cayley cubic associated with a sphenoid

Cayley cubics associated with equifacial tetrahedra have many interesting
properties. We will show how to construct these Cayley cubics by a set of conics.
We see that intersection of C with the ideal plane % is completely reducible and
C N4 consists of three real lines. Then a plane through such a line intersects C in
a conic.

Let for instance z = k, k € R be a set of planes parallel to xy coordinate plane.
Then for C N {z — k = 0} we get

4abezyk — (bex + acy + abk — abe)? = 0
or equivalently

b cx? 4 2abe(c — 2k)ay + a*cPy? + 2ab’c(k — ¢)x + 2abe(k — ¢)y+
+a?b*(k —¢)* = 0.

Note that the canonical form of (5.5) is 0
Ax? 4+ Aoy? = a®b’k(c — k),
where the eigenvalues A1, Ao obey the characteristic equation
A2 — c2(a® 4+ b))\ + 4a*b?Pk(c — k) = 0. (5.6)

If £ = 0 or k = c the conic (5.5) is a double line, if 0 < k < ¢ we get an ellipse
and if £ < 0 or k£ > ¢ we obtain a hyperbola.

Changing values of the parameter £ we can express C by a parametric set of
conics lying in mutually parallel planes.
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Now we compute the volume V' of the tetrahedral part of C, i.e. the part of
(5.3)for0 <z <a,0<y<b,0< 2z < c. Itcan be described by conic sections
(5.5) for 0 < k < ¢, i.e by ellipses and two segments. To compute the volume
we will use the areas Sy, of planar sections of C. The area S}, of the ellipse for a
given k equals by (5.6)

S, — wab k;(c —k) 7rab %ﬁ 5.

)\1)\2

Then

V:/Skdk_—/ VEC—k dk_”“bc
0

We can state the

Proposition 5.3 For the volume V of the tetrahedral part of the Cayley cubic
(5.3) which is associated with an equifacial tetrahedron given by a, b, ¢ holds

w2abe

V =
16

5.7

A Cayley cubic associated with a tetrahedron having four congruent isosceles
triangles is given by (5.4). Now we will derive another descriptions of such a
tetrahedron. Its two opposite dihedral angles are rectangles, while the measure
of the remaining four dihedral angles is /3.

The SW locus passes through the edge lines of the tetrahedron (sphenoid).
Other investigations for the locus can also be interesting. We get the nice result

?z—ylz+at +yP+ 222 -2=0.

6 Computations and visualizations of the SV surface in the
Beltrami-Cayley-Klein model of H?

For hyperbolic d-space H?, as indicated in Section 2, we use the projective
model in Lorentzian (d + 1)-space E*? of signature (1,d), i.e. E1:¢ is the real
vector space V4+1 equipped with the bilinear form of signature (1, d)

(x,y)=—a%"+z'y' + - + 2%y’

where the non-zero real vectors x = (2%, 2%, ..., 2%) € Vi¥*landy = (y°,5!,...
y?) € V*! represent points in projective space P%(R). H is represented as
the interior of the absolute quadric

Q= {(x) € P"|(x.x) = 0} = OB
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Figure 3: The SW surface and the truncated SV surface of the regular ideal
tetrahedron

in real projective space P?(V*! V,,,). Proper, i.e. interior points x € H
are characterized by (x,x) < 0.

The boundary points OH? in P¢ represent the absolute points at infinity of
H<. Points y satisfying (y,y) > 0 are called the outer points of H?. Take a
point X = (x) € P4 point Y = (y) € P? is said to be conjugate to (x)
relative to Q iff (x,y) = 0. The set of all points conjugate to X = (x) form a
projective (polar) hyperplane

pol(X) == {(y) € PU|(x,y) = 0}.

Hence the bilinear form (Q induces a bijection or linear polarity V3! — V;
between the points of P¢ and its hyperplanes. A point X (x) and a hyperplane
« = (a) are incident if the value of the linear form a on the vector x is zero, i.e.
xa = 0 where x € V¥*1\ {0}, and a € V441 \ {0}. Similarly, lines in P¢
are characterized by 2-subspaces of V41 or (d — 1)-spaces of V.

In this paper we set the sectional curvature of H? to be K = —1/k* = —1
with £ = 1 as natural distance unit.

We shall use the Beltrami-Cayley-Klein ball model of the hyperbolic space
H?3 in the Cartesian homogeneous rectangular coordinate system introduced by a
vector basis a; (i = 0, 1,2, 3) for P2, with the following coordinates of infinite
vertices of the regular tetrahedron,

A = (1,0,0,1), A, = (172—‘?{5,0,—%)7
V2 V2 V2 V2
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Figure 4: The truncated SV surface of the regular ideal tetrahedron in the B-C-
K model

We have obtained in Sect. 4 the general equation of the SW surface. Applying
the above method, we get

Proposition 6.1 The equation of the SW surface of the hyperbolic regular tetra-
hedron AygAyAsAs is in the above projective coordinate system

2297 —42°V2 + 12122 + 1222 4+ 2222 + 30222 + 30 2222+

+2023v22 + 2222 —82% =524 — 94+ 12294%V2 — 602 y*V22 = 0.
6.1)

We note here that in H? the SV surface of a hyperbolic regular ideal tetrahe-
dron contains the edges of the tetrahedron. Moreover, the surface has outer part
regarding the B-C-K model of the hyperbolic space.

The above SW surface is visualized in Figures 3, 4.
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1 Uvod

GeoGebra je volné dostupny matematicky software, ktery propojuje alge-
bru, geometrii, analyzu a statistiku. Vice o moznostech programu GeoGe-
bra naleznete v [1]. Vytvorené materiédly 1ze nahrat na web geogebra.org ve
formé pracovnich listu a tim je zpiistupnit dalsim uzivatelim, studentum
nebo kolegiim. Pracovni listy lze sdruzovat do knih a pfipravit tak soubor
tkoli nebo pomucek k danému tématu. Pracovni listy i knihy mohou mit
nékolik drovni piistupu. Web geogebra.org nabizi html kéd pro vlozeni
na své vlastni webové stranky, kde se pomucka zobrazi. Vyhodou pub-
likovani materidlu na geogebra.org je moznost spusténi pracovnich lista
piimo v prohlize¢i a to i pro uzivatele, ktefi nemaji program GeoGebra
nainstalovan na svém zafizeni.

2 Publikovani a sdileni materialua

Uvodn{ strana webu geogebra.org nabizi prohlizeni materidlu uzivatelu
z celého svéta, spusténi programu piimo v okné prohlizece nebo stazeni
programu pro ruzné platformy a operacni systémy.
2.1 Registrace a prihlaseni
Na webu (obrdzek 1) se prihldsime pomoci konta na uvedenych sitich
¢ sluzbéch (obrdzek 2a) nebo snadno vytvoifme téet pomoci registrace
pifmo na geogebra.org (obrizek 2b).

Po ptihlaseni se v pravém hornim rohu stranky objevi nase jméno a
menu (obréazek 3).

Kliknutim na jméno se zobrazi stranka s nasimi pracovnimi listy, kni-
hami, oblibenymi pomuckami nebo materidly, které s nami sdileji ostatni
uzivatelé (obrazek 3).
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Obrézek 1: Uvodni strana webu geogebra.org

Registrovat

Registrovat pomoci piihlasovaciho formulafe

2 cooge [ office 65 B
Registrovat pomoci GeoGebra loginu
GeaGebra
pihis
sebra [ Googl Potvrzen hesl;
: ~
]
0 e
Obrézek 2: a) prihldseni b) registrace

2.2 Vytvorit pracovni list

Pracovni list tvoii GeoGebra soubor, ktery nahrajeme na web a doplnime
informace o vékové skupiné, pro kterou je urcen, jazyk, pripadné lze
pomiucku doplnit obrazkem, PDF souborem apod. Pracovni list je do-
stupny na internetu a (podle trovné pristupu, kterou si zvolite) piistupny
i dal§im uzivatelim. Pracovni list 1ze nadédle upravovat nebo ho smazat.

Z hlavniho menu (obrazek 3) vybereme polozku Vytvorit pracovni list.
Otevfe se stranka (obrazek 4), kterd ndm umozni vlozit GeoGebra soubor,
doplnit jej informacemi, obrazkem a jinymi prvky.

Vlozeni textu
Text
Pro dpravy textu lze zapnout menu A4 pro formédtovani textu. Muzeme

vkladat text tuény, sklonény, podtrzeny, preskrtnuty, ménit barvu a veli-
kost. Samoziejmosti je moznost text zarovnavat vlevo, vpravo nebo cent-
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a Zuzana Moravkova @ #

KOMUNITA AUTOR SLEDOVAN
2 Materialy & Skupiny 4 Sledovani
B «niny
2| Pracont listy

W Oblibené

=- Sdileno se mnou

Srdce Cepice s bambull Slunitko

Zuzana Moravkova Zuzana Moravkova H Zuzana Moravkova

alu:anaMcrankcna + Q

(2 Spustit GeoGebru

ofit pracovni list

iytvorit Knihu
4 Nahrét soubor...
& Vytvoiit skupinu

F Pridat se do skupiny

Kughratioks funkce

Kvadraticka funkce

Zuzana Moravkova

Obrazek 3: Moje materialy

Viozit
Text [>] video
€| GeoGebra [a]| Obrazek
€3 webouy prvek [X] poF soubor
Viezit lohu
? | otazka 7 GeoGebra ciceni

Ulofit a zavift | Storno

+ Nasteveni pracovniho listu 3%

Obrazek 4: Vytvofeni pracovniho listu

2+ stahnout

1 Blog

@ Nipovéda

2% Nastaveni Gétu
[> Odhlasit

>
<

rovat, vkladat tabulku nebo vytvofit ¢islovany ¢i nec¢islovany seznam. Lze

vlozit odkaz, obrazek pomoci url nebo ikony GeoGebry (obrazek 5).

Matematické vzorce lze vkladat bud jako TgXové sekvence mezi [math]
a [/math] mnebo vybérem z menu #. Tvorbé matematickych vzorcu

v BTEXu se vénuje naptiklad [2].
Vlozeni GeoGebra appletu

¢} GeoGebra

Appletem se rozumi samotny ggb soubor. Muzeme nahrat soubor ze

svého pocitace nebo vybrat z jiz nahranych appletu na geogebra.org.

e hledat applet - vyhleddvani mezi nahranymi applety, a to jak
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Obrézek 5: Dostupné ikony GeoGebry

svymi, tak jinych uzivatelu
e nahrat applet - nahrdni appletu (ggb souboru) ze svého pocitace

e vytvorit applet - vytvoreni appletu v online verzi GeoGebry

Vlozeni souboru s obrazkem, videem nebo pdf

Video
Obrazek

PDF soubor

Soubory vlozime pouhym piretazenim mysi ze svého pocitace. U obrazku
muZzeme zménit jeho velikost a pridat popis.

Nastaveni pracovniho listu

Zcela dole na strance (obrazek 4) lze rozkliknout moznosti nastaveni (obrdzek
6).

Pracovnimu listu lze nastavit jazyk, ve kterém je vytvoren, vékovou
skupinu, pro kterou je urcen a klicovd slova pro vyhleddvani (povinna
polozka). Déle nastavime droven piistupu

e vefejny - je volné dostupny na webu geogebra.org (vhodné pro jiz

dokoncené listy),

e sdilet odkazem - mohou ho vidét i ostatni, znaji-li odkaz (napf.

mailem posleme odkaz kolegovi nebo vlozime odkaz na své stranky),

e soukromy - materidl vidi pouze autor (vhodné pro rozpracované ¢i
nedokoné¢ené pracovni listy).



Publikovani a sdileni materialu na webu geogebra.org 149

L

Obrazek 6: Nastaveni pracovniho listu

Materidly, které nejsou v piehledu verejné piistupné, jsou oznaceny ikonou

2.3 Vytvorit knihu

Kniha slouzi ke sdruzovani pracovnich listu. Vkladat je mozné nejen své
pracovni listy, ale i pracovni listy jinych uzivateli. Kniha m4 titulnf stranu,
kterou tvoii nézev, obrazek a popis, dale piistup, vék uzivatele, jazyk a
klicova slov. Potadi kapitol ménime pouhym pfetazenim mysi, stejné jako
poradi pracovnich listi v kapitolach (obrazek 7).

< Upravit Knihu: Diferencidini pocet

Obsah  Tituln strana Zobrazit Knihu

Kapitoly aplikace

1. aplikace I Teéna a normala ke grafu fu
1 13, lecka 2004 - 167
Zuzana Mok

| Piidat kapitolu

Taylortv polynom
i o

Zuzane Morsvkon

Lokalni extrémy funkce
3 " 101
Zuzans Morsukons

Obrazek 7: Uprava knihy

3 Dalsi prace s pracovnim listem nebo knihou

Potrebujeme-li pracovni list nebo knihu déle upravovat, smazat, prejmenovat,
stahnout nebo sdilet, pak v pfehledu materidlu postaci kliknout na ikonu
i Zobrazi se menu, které ndm tyto ¢innosti nabidne.
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3.1 Sdileni

Pracovni listy i knihy muzeme sdilet s dalsimi uzivateli. Lze sdilet odkaz
na socidlnich sitich (obrazek 8) nebo poslat odkaz e-mailem.

Sdilet X
% skupina % Odkaz D E-mail Viozit do strénky

| fEE - - SN i

https://ggbm.at/SrsYAGE2 3]

Obrézek 8: Sdileni odkazu

Dalsi moznosti je zobrazeni pomucky pfimo na svych webovych strankéch.
Lze okopirovat nabizeny html kéd nebo kéd pro vlozeni do MediaWiki
nebo Google Site (obrdzek 9). V pifpadé html kédu je pomucka zobrazen

pomoci tagy iframe. Podrobnym popisem tohoto tagu se zabyvé napiiklad
¢lanek [3].

sdilet X

«@* Skupina Odkaz E-mail </> Vlotit do stranky

<iframe scrolling="no" src="https;//www.geogebra.org/material/iframe/id/Y3rAvidU/width/872  [E]
/height/527/border/888888" width="872px" height="527px" style="border0px"> </iframe>

Viozitdostranky ~ <Appletbeznazvu1> ¥|  HTML -
Velikost appletu  Sitka 872 Vygka 527 ] Zachovat pomér stran
Zobrazit [ Vstupni pole ™ Menu
[ Formétovaci panel I Panel néstroj

[ Tladitko pro restart konstrukce

Nastaveni appletu [ Povolit pravé kliknuti, zoom a tpravy pomoci klavesnice
I Povolit posun popiské mysi

7 Povolit posun a zoom
Barva okraji  #888888

Zobrazit méné

Obréazek 9: Html kod
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Tipy a triky pro tvorbu dloh v GeoGebie
Tips and tricks for GeoGebra

Radomir Palacek

VSB - Technickd univerzita Ostrava
Katedra matematiky a deskriptivni geometrie
17. listopadu 15, 708 33 Ostrava-Poruba
radomir.palacek@usb.cz

Abstract. We show some aspects of GeoGebra on the selected applets
that can be useful for creating tasks in GeoGebra. Tips and tricks
consist of scripting and displaying objects and tasks in unique file.

Keywords: GeoGebra, scripting.

Kli¢ovd slova: GeoGebra, skriptovani.

1 Uvod

V tomto c¢lanku si ukdzeme nékteré tipy a triky pro tvorbu tloh v Geo-
Gebre. Konkrétné se zamérime na zménu vlastnosti objektu tim, ze na ného
klikneme (obr. 1). Déle se podivame na vyuziti tlac¢itek pro prepinani
mezi jednotlivymi tilohami a pro vytvoteni vlastniho krokovani konstrukce
(obr. 2).

Obréazek 1: Zména vlastnosti kliknutim.

Uloha: Krokovani konstrukce:

€N |En(EnlEy "

Obrazek 2: Tlacitka.
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2 Zména barvy, tloustky a stylu éar kliknutim na ob-
jekt

V nékterych ptipadech byva pti vyuce potieba pro lepsi ndzornost zvyraz-
nit urcitou ¢ast konstrukcee [1]. Muze j{ byt pifmka, bod, tsecka, ale také
kruznice, elipsa apod. Mnohdy to muze byt dokonce celd skupina objektu.
Zpusobu jak toho docilit je jisté celd fada. Jednou z moznosti je zména
vlastnosti objektu, ke které dojde poté, co na né klikneme.

Nasim tkolem bude kliknutim zménit styl tsecky p z ¢erchované na ¢ar-
kovanou, barvu z ¢erné na ¢ervenou a tloustku z hodnoty 3 na 13, jak je
naznaceno na obrazku 3.

Obrazek 3: Situace pied kliknutim (vlevo) a po kliknuti (vpravo).

Nyni si ukazeme, jak toho muzeme docilit. Budeme predpokladat, ze
celd konstrukece je jiz hotova. Nejprve si zadefinujeme ¢islo, které bude
vsechny zmény fidit. Nazveme ho prepinac a nastavime jeho hodnotu
na 0. Toto ¢islo se bude ménit pfi kliknut{ na tisecku na hodnotu 1 a pfi
nasledném kliknuti zpét na nulu. Skript zapiSeme ve vlastnostech dané
usecky do zalozky Skriptovini — Po kliknuti.

Pro prepinani mezi ¢ernou a cervenou barvou pouzijeme ptikaz pro
nastaveni barvy objektu

NastavitBarvu[<Objekt>, <Cervena>, <Zelena>, <Modra>]

Jak je patrné, nastaveni se realizuje prostfednictvim tzv. RGB modelu.
Ten je zalozeny na skutecnosti, ze lidské oko je citlivé na tfi zdkladni barvy
(Cervend, zelend, modra) a vSechny ostatni barvy jsou ddny sytosti téchto
barev. Hodnoty parametru <Cervend>, <Zelen&> a <Modra> se udavaji
v rozmezi od 0 do 255.

Styl car ménime piikazem

NastavitStylCary[<Cara>, <Cislo>]

Ve vlastnostech piimky v zalozce Styl se nejprve podivame jaké moz-
nosti ndm GeoGebra v tomto sméru nabizi (obr. 4). Jednotlivym styltum
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Styl gar | ———————————

Obrazek 4: Styly car.

jsou po fadé implicitné pfifazeny ¢isla, kterymi je muzeme volat, tj. 1 -
cérkovand, 2 - ¢arkovand (mensi ¢drky), 3 - teckovand, 4 - Gerchovand,
jakékoliv jiné ¢islo predstavuje ¢aru plnou.

Posledni pozadovanou zménu, kters zvétsi tloustku tsecky, provedeme
prikazem

NastavitTloustkuCary[<Cara>, <Cislo>].

Cely skript pro prepinani mezi ¢erchovanou a ¢arkovanou ¢arou a souc¢asnym
nastavenim barvy na ¢ervenou a zvétsen{ tloustky na hodnotu 13 nakonec
muZze vypadat napiiklad tak, jak je vidét na obrazku 5.

Zakladni Barva Styl Algebra Pro pokrogilé Skriptovani

Po kliknuti  Po aktualizaci  Globalni JavaScript

1 | prepinac=Kdyz[prepinac==0,1,0]

2 | NastavitBarvu[p, 255*prepinac,0,0]

3 | NastavitStylCary[p, 1*prepinac+{1-prepinac)*4]
4 | NastavitTloustkuCary[p, 10*prepinac+3]

Obréazek 5: Skript na zménu barvy, tloustky a stylu éry kliknutim.

3 Tlacitka a zase ty tlacitka

GeoGebra je software ureny primérné pro geometrii a vytvafeni kon-
strukci ruzného druhu. S konstrukénimi dlohami se studenti bézné setké-
vaji ve vyuce matematiky od zakladni skoly az po skolu vysokou. Jako pti-
klad muzeme uvést konstrukei trojihelniku [2], fez télesem, apod. (obr. 6).
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Obrazek 6: Piiklady konstrukénich tloh.

Podle toho, co je na zacatku zadano, mohou mit tyto ulohy fadu
ruznych variant. P modelovani v GeoGebfe potom muzeme vytvaret
pro kazdou variantu vlastni applet. To znamend mit pro kazdou tlohu
jeden ggb soubor, coz muze byt nepraktické. Nabizi se tedy otazka, zda
by nebylo mozné mit vice tloh v jediném souboru. Odpovédi na tuto
otdzku muze byt vytvoreni tlacitka pro kazdou jednu tdlohu. Dalsi vyuziti
tlacitek lze spattovat v krokovani konstrukce, kdy na jeden krok se nam
bude zobrazovat vice konstrukénich prvka najednou, véetné jejich popisu.

Ukéazeme, jak takovéto tlacitka vytvorit a nastavit jejich vlastnosti
prostiednictvim skriptu. To, co se m& pii jejich stisknuti vykonat se muze
znacné lisit podle typu tlohy, proto se omezime jen na nékolik vlastnosti,
které jsou spole¢né pro vétsinu tloh.

Predpoklddejme, ze mame 5 1loh na konstrukci trojuhelniku, které
chceme umistit do jediného souboru. Zadani se bude zobrazovat pii stisk-
nuti tlacitka s poradovym ¢&islem tlohy. Déale budeme vytvaret tlacitka
pro krokovani konstrukce. Pocet kroku u kazdé tlohy bude ruzny.
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Nejprve zavedeme tfi proménné a nastavime jejich poc¢ateéni hodnoty:
uloha=1, krok=0, pocetKroku=8 .

Jak napovidaji jejich nazvy budou to proménné urcujici ¢islo ulohy,
aktudlni krok konstrukce a pocet kroku konstrukce. Hodnota posledni
proménné bude pro kazdou tlohu jind, to se oSetil pozdéji ve skriptu
jednotlivych tlacitek.

Nyni vlozime do ndkresny tlacitka pro prepindni mezi jednotlivymi

tlohami
.
Do GeoGebra skriptu u tlagtitkal napiSeme:

NastavitHodnotu[uloha,1]
NastavitHodnotul[krok, O]
NastavitHodnotul[pocetKroku,9]
NastavitBarvuPozadi[tlacitkol,"lightgray"]
NastavitBarvuPozadi[tlacitko2,"white"]
NastavitBarvuPozadi[tlacitko3,"white"]
NastavitBarvuPozadi[tlacitko4,"white"]
NastavitBarvuPozadi[tlacitko5,"white"]

Obdobné u zbyvajicich tlacitek, jen s tim rozdilem, Ze u proménné
uloha nastavime hodnoty na potadové ¢islo tlohy a pocetKroku na sku-
teény pocet kroku jednotlivych iloh. Barvu tla¢itka, které ma byt zrovna
ystisknuto“ nastavime na lightgray, ostatni na white.

Déle vlozime tlacitka pro krokovani konstrukce.

() o) () ()

Jednotlivé obrézky, které jsou na tlac¢itkach, mizeme vybrat ve vlast-
nostech kazdého z nich v zalozce Styl (obréazek 7).
Do GeoGebra skriptu jednotlivych tlac¢itek napiseme

NastavitHodnotu[krok,0]
NastavitHodnotu[krok,krok-1]
NastavitHodnotu [krok,krok+1]

(») NastavitHodnotu [krok,pocetKroku]

Mezi tlacitka a vlozime text, ktery propojime s objekty krok
a pocetKroku (obr. 8).



156 Palacek Radomir

Obrazky
M= w Vybratze souboru...
¥ & @

B M M K

B> o [

Obréazek 7: Moznosti vybéru obrazku na tlacitka.

o Text *

Upravy

krok / pocetkroku

[ LaTeX vzorec boly | Objekty +
L (prazdné pole) ~
[« T T T 11 ‘t\..
Nahled pocetkroku
text1
o9 tot2
tladitkal

Obrazek 8: Propojeni textu s objekty.

V okamziku, kdy bude konstrukce hotova muzeme nastavit, které jeji
casti se budou na jaky krok zobrazovat. Napiiklad budeme-li chtit, aby se
ve ¢tvrté tloze zobrazovaly piimka a bod od Sestého kroku, potom ve vlast-
nostech téchto objektu v zdlozce Pro pokrocilé do kolonky Podminky
zobrazent objektu zapiseme

uloha =4 A (krok > 6) .
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Vizualizacia 4-rozmernych experimentalnych dat
a ich aproximacia funkciou troch premennych

Four-Dimensional Experimental Data
Visualisation and Fitting Function in Three
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Abstract. The paper presents CAS aided accessible form of visualisation and
approximation of four dimensional data for students in school conditions of
technical universities.
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mocninovou funkciou

1 Uvod

Na technickych vysokych skolach Studenti v ramci odbornych semestralnych
prac Casto vykonavajii a vyhodnocuju technické experimenty, kde sa vo
vymedzenej sustave sleduje vplyv roznych faktorov. Stanovia sa zavisle
anezavisle premenné a skuma sa vplyv zmeny nezavislych premennych na
zavisle premenni. Namerané Udaje sa zaznamenavaji do tabuliek,
spracovavaju a vyhodnocuju. Na spracovavanie experimentdlnych dat
Vv inzinierskych odvetviach sa Casto vyuZzivaju profesiondlne softvéry, ktoré
vSak nie vzdy poskytuju ziadané odpovede. Na uspokojenie poziadaviek
moézeme vo vhodnych pripadoch vychadzat z obsahu kurzov zakladnych
matematickych predmetov aistou formou a turoviiou aplikovania dospiet
k hfadanym odpovediam. lustrujme taku situaciu na priklade.

2 Formulacia problému

Znama je spojitd mocninova zavislost premennej P na sledovanych
nezavislych premennych. Ulohou je namerané udaje aproximovat’ mocnimovou
funkciou, vizualizovat’ udaje a vizualizovat’ aproximac¢ni funkciu.
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2.1 Aproximacia funkciou jednej premennej

Sledujeme vplyv jednej premennej. Namerané st dvojrozmerné tudaje
{[xi, PI]} Na aproximaciu pouZijeme mocninova funkciu jednej premennej

vtvare P =bx?. Studenti uplatnia priamy transfer poznatkov 0 aproximacii

metddou najmensich Stvorcov. Suctova funkcia ma tvar
n

n
2 2
S(a,b)=> (f(x)-R) =2 (bx*-R)".
i=1 i=1
Hrladanie jej minima sice vedie na rieSenie sustavy exponencialnych rovnic,
ktoré nie je zvyCajne obsahom S§tidia, avSak Studenti mozu aplikovat’
linearizaciu zlogaritmovanim hl'adanej funkcie:
P=bx*
InP=Inb+alnx
a linearizované data aproximovat' priamkouy=aX +B, kde y=InP,
X =Inx a B=Inb. Minimum sta¢tovej funkcie potom najdu pomocou sustavy

normalovych rovnic:

0S(a, B) _0 0S(a, B)
oa ' 6B
ktoré uz st linearne. V spitnej transformacii koeficient a dostanti priamo, a na

0,

vypodet koeficientu b pouziju vztah b=e®. Pri vyposte globalnej chyby
aproximacie vychadzaju zo Standardného vzorca pre metddu najmensich

n
Stvorcov ¢ = fl S (f(x)—-PR )2, kde n je poGet nameranych dat.
Ni=1

Vizualizujeme vrovine s kartezidnskym  stradnicovym  systémom
zobrazenim bodov a grafu funkcie, ktorym je Ciara.

2.2 Funkcia dvoch premennych

Merajme trojrozmerné uidaje {[xi, Vi, P.]}
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Merania sa uskutoéiiuju pre usporiadané dvojice {[xi, yi]}, pricom jedna

veli¢ina nadobuda vopred zadané hodnoty a druhd sa meni s konStantnym

krokom. Vysledkom je namerand mnozina bodov v stanovenych uzloch siete
(obr.1).
Aproximujeme mocninovou funkciou dvoch premennych v tvare

P=cx® yb. Tu uz Studenti musia pouzit’ neSpecificky transfer poznatkov, ked’

poznatky o0 aproximacii funkciou jednej premennej rozsiria na dvojrozmerny
priestor. Suctova funkcia bude mat’ tvar

S(a.b,c)= 31 (x %) -R) =3 (cx*y* ~RY,
i=1 i=1
po zlogaritmovani
S(a,b,C) = i(ln(f(xi yi))—In P,)2 = i(C +a X; +hbY; - pi)2 .
i=1 i=1

Jej minimum najdu pomocou sustavy normalovych rovnic, ked’ budu pocitat’
parcidlne derivacie podla a, b a C. Koeficienty a a b dostant v spétnej

transformacii priamo, a na vypodet koeficientu ¢ pouZiju vztah ¢ =e® . Grafom
funkcie P =cx®y"je plocha, ktort mdZeme zobrazit' bud’ v trojrozmernom

kartezianskom systéme alebo ako vrstevnicovy graf v dvojrozmernom systéme
S pripadnym vyznacenim vySok P vrstevnic (obr.2).

Obr. 2

2.3 Funkcia troch premennych
Meriame S$tvorrozmerné Udaje {[xi, Yi» Zis P,]} Merania pre usporiadané

dvojice {[xi, yi]} st obohatené hodnotou treticho nezavislého parametra z.

Vysledkom je namerand mnoZzina bodov v stanovenych uzloch siete pre rdzne
hodnoty premennej z. Umiestnenie jednotlivych uzlov v priestore uréuju
hodnoty nezavislych premennych X, y, z a na vizualizdciu hodnoty zavisle
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premennej P pouzijeme farbu alebo iny vizudlny odliSovaé (obr.3a).
Zoskupenie bodov podla rozsahu hodnoty P nam poskytne moznost
lokalizovat" uzly podla zvolenej trovne hodnoty sledovanej premennej P
(obr.3b).

N
5]
E——

3.43447 P 3.57553

a) b)

Obr. 3

Namerané data aproximujeme mocninovou funkciou troch premennych
vtvare P=dx%®y"z°. Podobne ako pri funkcii dvoch premennych, aj tu
Studenti musia pouzit’ nespecificky transfer, ked poznatky o aproximacii
funkciou jednej premennej aplikuju tentoraz na funkciu aZ troch premennych.

J ’ F

L 377 5 377

2.03 *
08 10 12 14 020 025 030 035 040 045

Obr. 4
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y > z

377

319

261

2.03

020 025 030 035 040 045 020 025 030 035 040 045

Obr. 5

435 4.35

377

319

261

2.03

Obr. 6

Zobrazenie zavislosti P od jednej nezavislej premennej pri pdsobeni
ostatnych mézeme realizovat’ pomocou ¢iary, podobne ako pri funkcii jednej
premennej, ked ostatné dve fixujeme konstantou. Podobne zobrazime aj
zavislost P od dvoch nezavislych premennych pomocou plochy, ked tretiu
fixuyjeme konStantou. V tomto nam velka sluzbu urobi moznost vytvarat
dynamické grafy, ked’ hodnotu fixovanych premennych mézeme rucne alebo
automaticky menit pomocou posuvnikov (obr. 4, 5 a 6), ¢im dostaneme
celkovy obraz o pdsobeni jednotlivych nezavislych premennych.
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3  Zaver

Hoci rozsah zékladnych matematickych kurzov na technickych vysokych
Skolach vidcs§inou priamo nepokryva potreby budtcich inzinierov, s istou
troviiou schopnosti aplikovat’” @ usmernenim by mali byt’ $tudenti schopni ich
naplnit. V prezentovanom priklade predpokladime u Studenta absolvovanie
zakladného kurzu matematiky so zdkladmi geometrie, numerickej matematiky
a istu davku zru€nosti v praci so softvérom umoziujlicim vytvarat’ dynamické
alebo statické grafy funkcii a mnozin bodov. Pri absentovani zakladnych
automatizované¢ho spracovania softvérom, ¢o vsSak casto vedie k mylnej
interpretacii.

Uplatnenim znalosti zo Statistickej analyzy sa da interpretacia vysledkov
velmi uéinne doplnit’ o vyhodnotenie relevantnosti vplyvu jednotlivych
nezavislych premennych.

Obrazky boli generované softvérom Wolfram Mathematica 9.
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Perceptual illusion in spatial perception
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Abstract. The two competitive concepts exist in the field of research on the
processes of visual perception:

- informative approach, explaining the process of reality creation solely on the basis
of sensory data,

- ecological approach, focused on identifying stable properties of perceived objects.
The perceived objects are arranged in a given order — we perceive the sense and
logic of both their spatial distribution, i.e. distinction, size and location, and the
temporal distribution. The resulting image is usually characterized by a figure with
well-defined shape and spatial location, and its background.

Focusing solely on the figure or “confounding effect of background”, afterimage
continuing to appear in one’s vision for a while after the stimulation has ceased,
color or even movement of an observed object are sometimes reflected by a
“distortion” of perceived image. The presentation will focus on examples of
“optical illusions” and an attempt to explain the origin thereof.

Key words: Sensory impression, optic illusion

1 Introduction

Perception of stimuli from a surrounding environment starts with activation of
receptor sur-face in a given sensory analyzer. This activation results from the
so-called transduction pro-cess, i.e. transforming energy of the stimulus, e.g.
intensity of light, sound, smell or touch, into neuronal activity. Anatomical
coding distinguishes solely between the stimuli that belong to various sense
modalities. Afterimage observed in the case of visual stimulation resembles
sensory memory, as the sensory analyzer remains activated for a while after the
stimulation has ceased. Specificity of this phenomenon — namely, a feature
distinguishing it from the sensory buffer — was shown by Massaro [3] on the
example of the following demonstration. If a one-second flashlight appears in a
darkened room, an examined person, although still in darkness, will be able to
”see” the objects present in this room for a period of time.

2 ldentification of features

An attempt to deconstruct a perceived object into simple components seems to
be an obvious first step in the analysis of surrounding environment. Such
analysis underlies a re-search perspective based on an integrative character of
perception processes. The simple components can be combined in a complex
image of the perceived object. Such research perspective fits into informative
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approach to perception process, explaining the process of reality creation on the
basis of sensory data. In contrast, a competitive ecological approach is based on
identification of stable properties of perceived objects, that can facilitate further
adjustment to environmental conditions.

Various groups of neurons respond to specific characteristics of a perceived
object, e.g. its shape, orientation, movement in a given direction or color.
Therefore, various categories of neurons respond to different (either simple or
complex) elements of perceived environment. These neurons are referred to as
feature detectors.

According to Konorski’s [2] perception theory, the integrative role of sensory
analyzers in the process of synthesizing features results in creation of images in
form of unitary perceptions, represented by gnostic units located in the so-
called gnostic areas. The process of integrating features into complete
representation of an object likely takes place during eye movements of an
observer.

2.1 Stable features of objects

One function of the perceptual system is registration of invariants, i.e. stable
characteristics identified during smooth change of a perspective resulting from
movement of an observer in relation to an observed object (extracting
invariants under transformation).

2.2 Perceptual synthesis

The perceived objects are arranged in a given order — we perceive the sense
and logic of both their spatial distribution, i.e. distinction, size and location, and
the temporal distribution, also with regards to their movement. The logic of
perception combines processes that extend far beyond the scope defined by the
specificity of sensory analyzers.

2.3 Organization of perception processes

The perceptual ability to implement order and symmetry into registered stimuli
is particularly emphasized in one of perception research concepts, referred to as
gestalt psychology. Perceiving an object by extracting it from an array of other
stimuli is possible due to dividing a cognitive area into figure and background.
The figure is usually well defined by its shape and spatial location. The
background is typically amorphous and serves mostly as a localization aid
(Ryc.1.).
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Ryc.1 Profiles and goblet as alternating figures and backgrounds

Ryc. 2. Examples of figures that can be perceived due to perceptual grouping of
elements

The examples (Ryc. 1. and Ryc. 2.) presented on the figures suggest that one
can create reality. He/she can recognize various figures, i.e. organize perceived
stimuli in a freely selected manner. Such approach to perception research was
reflected by development of a concept referred to as constructivism [4].
Constructivism constitutes a foundation for the principles of gestalt
psychology:

- organization of perceived reality

- perceptual grouping

These principles refer to a phenomenon that enables extraction of a figure from
its background (Ryc. 3.):
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1. Principle of proximity states that elements being close together, rather than
those being far apart, form the same object.

2. Principle of similarity states the same with regards to objects that are similar
to each other.

3. Principle of closure states that the perceptual system adds lacking elements,
thus “closing” the shape of an incomplete figure.

4. The so-called “good figure” or ”good continuation” principle corresponds to
a simplicity of a perceived object, manifesting mostly by its symmetry and
regularity of its shape.

5. The principle of ”common fate” states that elements seen moving in the same
direction are perceived together and form the same figure.

Ryc. 3. Hlusory contour of a triangle

2.4 Perceptual organization in view of the informative
approach

The concept of perceptual organization is linked to the informative approach to
perception. This approach describes a human being as an active individual, who
stores, processes and updates information, both originating from surrounding
environment and recalled from his/her memory.

2.5 Perceptual illusion in spatial perception

Although the horizontal lines presented on the figure are of equal length, one
perceives the upper line longer than the lower one (Ryc. 4.). One possible
explanation of this phenome-non is unwitting inference based on the following
two premises:
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1. From a perspective, the objects producing retinal images of different sizes
are interpreted as being of the same size if a farther object is larger than a
nearer one.

2. The lines presented on the figure produce retinal images of the same size as
the larger line is located farther from the shorter one.

Ryc. 4. Ponzo (railway track) illusion
Strelau J.(red.): Psychologia — podrecznik akademicki, tom II. GWP, Gdansk
2003 p.49

Two oblique lines (Ryc.4.) forming a railway track activate cognitive
representation of three-dimensional space. This internal context creates
expectations with regards to perception of objects and events. Other examples
(Ryc. 5. and Ryc. 6.).

T
_
S,

Ryc. 5. Is the boy in the back truly the largest one?
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Ryc. 6. These are ideal squares

Looking at all the hereby presented figures, one may clearly notice that they do
not have much in common with true objects and events from a surrounding

environment.
Moreover, an observer can see an object from only one, isolated perspective.
Thus an observer is deprived of the elementary behavioral function, i.e.

movement.

2.6 P Role of movement in perception: ecological approach

Such limitation leads to unnatural situations, promoting perceptual errors, and
subsequent creation of psychological theories of perception that are based on
the erroneous assumptions (Ryc. 7.).

Ryc. 7. Looking at the dot one can (from different distances) see moving
wheels
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2.7 Perception of the unrealistic shape

Let’s have a look at the Penrose triangle (ryc. 8). Although the ’true”
construction of this tri-angle is clearly visible, cognitive curiosity stimulated by
unrealistic shape of this object forces one to detailed analysis of this
phenomenon from various perceptual perspectives. Changing the perspective
leading to perception of the unrealistic shape into another one, one will
immediately reveal the true construction of the triangle.

Ryc. 8. Construction of a Penrose triangle
Gregory R.L. : Perceptions as hypotheses. Philosophical Transactions of the
Royal Society of London. 1980; 290(series B)p.183.

3 Conclusion

We presented a perception at the level of sensory impressions, i.e. a sensory
processing of simple characteristics of stimuli, along with a perception at the
level of experiencing and recognizing specific complex objects in a
surrounding environment.

The analysis of perception of complex objects started from characterization of
an ultra short-term memory, referred to as a sensory buffer and determining
perception of any kind. The processes of perception were presented with
regards to identification of features, emphasizing the importance of integrating
simple components of a stimulus into a given structure, as well as in terms of
perceptual synthesis, highlighting the role of expectations and possessed
knowledge in the process of perceptual organization. This analysis points to
possibility of potential practical application of these phenomena, for example in
fashion design, interior design and advertising industry.

References

[1]  Gregory R.L.: Perceptions as hypotheses. Philosophical Transactions
of the Royal Society of London. 1980; 290 (series B):181-197.
[2]  Konorski J.: Integracyjna dziatalno$¢ mozgu. PWN, Warszawa 1969.



170 Adam Ruzyczka

[3] Massaro D.W.: Experimental psychology and information processing.
IL: Rand-McNally, Chicago 1975.

[4] Neisser U.: Cognitive psychology. Appleton-Contury-Crofts, New
York 1967.

[5] Strelau J.(red.): Psychologia — podr¢cznik akademicki, tom II. GWP,
Gdansk 2003.



Czech-Slovak Conference on Geometry and Graphics 171

Fractions, Projective Representation, Duality, Linear
Algebra and Geometry

Vaclav Skala

Department of Computer Science and Engineering, Faculty of Applied Sciences,
University of West Bohemia, Univerzitni 8, 306 14 Plzen, Czech Republic
http://www.VaclavSkala.eu

Abstract. This contribution describes relationship between fractions, projective
representation, duality, linear algebra and geometry. Many problems lead to a system
of linear equations and this paper presents equivalence of the cross—product
operation and solution of a system of linear equations Ax = 0 or Ax = b using
projective space representation and homogeneous coordinates. It leads to conclusion
that division operation is not required for a solution of a system of linear equations,
if the projective representation and homogeneous coordinates are used. An efficient
solution on CPU and GPU based architectures is presented with an application to
barycentric coordinates computation as well.

Key words: Linear system of equations, extended cross product, projective space
computation, geometric algebra, scientific computation.

1 Introduction

Many applications, not only in computer vision, require a solution of a
homogeneous system of linear equations Ax = 0 or a non-homogeneous system
of linear equations Ax = b. However, the numerical solution actually does not
allow further symbolic manipulation. Even more, solutions of equations Ax = 0
and Ax = b are considered as different problems and especially Ax = 0 is not
usually solved quite correctly as users tend to use some additional condition for
x unknown (usually setting x;, = 1 or so).

Many problems in computer vision, computer graphics and visualization
are 3-dimensional. Therefore, specific numerical approaches can be applied to
speed up the solution. In the following extended cross product, also called outer
product or progressive product, is introduced in the “classical” notation using the
" X " symbol.

2 Extended Cross-product

Let us consider the standard cross product of two vectors @ = [a, a,, a3]T and
b = [by, by, b3]T. Then the cross product is defined as:

i j k
a X b = det Ial a, as D
b, b, by

where: i = [1,0,0]7, j = [0,1,0]", k = [0,0,1]".
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If a matrix form is needed, then we can write:
0 —a3 a,1 by
axb= [ az 0 —all [bz] 2)
-a, a, 01 Lb,g
In some applications, the matrix form is more convenient.

Let us introduce the extended cross product of three vectors a = [ay, ...,a,]7,
b=1[by,..,b,]" andc = [cy, ..., c,]", n = 4 as:

i j k 1
_ a; a; az ag
axbxc=det b, b, by b, 3)

€1 € C3 G4
where: i = [1,0,0,0]7, j = [0,1,0,0]", k = [0,0,1,0]", L = [0,0,0,1]".
It can be shown that there exists a matrix form for the extended cross-product
representation:
0 —d34 824 —623][C1
834 0 =614 duz|fc2
—0z4 814 0 —652|C3 @
823 —013 812 01 LCa
where: n = 4. In this case and §;; are sub-determinants with columns i, j of the
matrix T defined as:

axbxc=(-1)""

a; A a4z Gy
T= [bl b, bs b4] ©)
. a; Q4

e.g. sub-determinant §,, = det [bz b4] etc.
The extended cross product for 5-dimensions is defined as:

[ i j k 1 nj

a, a, az a, as

€2 C3 €4 Cs

&1
ld, d, dy d, dsl
where: i =[1,0,0,0,0]7, j =[0,1,0,0,0]", k= [0,0,1,0,0]7, 1 =[0,0,0,1,0]7,
n = [0,0,0,0,0,1]7. It can be shown that there exists a matrix form as well:
axbxcxd
[ 0 —0345 8245 —0a35 5234] [dl]
| d34s 0 —b145  O135 —O134||dz|
= (—1)n+1|_5245 8145 0 =615 5124' ds
8235 —O135 8125 —0123|1ds
l_5234 8134 —0124 8123 OJ ldsJ
where n = 5. In this case and §;j, are sub-determinants with columns i, j, k of
the matrix T defined as:

O]

o

T=|b, b, by b, bs
€, € €3 C4 Csg

®)

a; a4 as ag asl
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e.g. sub-determinant §,,5 is defined as:
a, a, as
8y45 = det [bz b, bs
bczb e b, b b, b )
=a,det| * 5] —a4det[ 2 5] +a5det[ 2 4]
€y Cs c, Cs €, €4
In spite of the “complicated” description above, this approach leads to a faster
computation in the case of lower dimensions [1],[2].

3 Extended Cross-product

Projective representation and its application for computation is considered
mysterious or too complex. Nevertheless, we are using it naturally very
frequently in the form of fractions, e.g. a/b. We also know that fractions help us
to express values, which cannot be expressed precisely due to limited length of a

mantissa, €.g. 1/3 =0,33.......333....= 0.3. In the following, we will explore
projective representation, actually rational fractions, and its applicability.

3.1 Projective representation

Projective extension of the Euclidean space is used commonly in computer
graphics and computer vision mostly for geometric transformations. However,
in computational sciences, the projective representation is not used, in general.
This chapter shortly introduces basic properties and mutual conversions.

The given pointX = (X,Y) in the Euclidean space E? is represented in
homogeneous coordinates as x = [x,y:w]”, w # 0. It can be seen that x is
actually a line in the projective space P3 with the origin excluded. Mutual

conversions are defined as:
x y
X=— Y == (10)
w w
where: w # 0 is the homogeneous coordinate. Note that the homogeneous
coordinate w is actually a scaling factor with no physical meaning, while x, y are
values with physical units in general.

The projective representation enables us nearly double precision as the
mantissa of x, resp. y and w are used for a value representation. However, we
have to distinguish two different data types, i.e.

e Projective representation of a n-dimensional value X = (X4, ..., X,,),
represented by one-dimensional array x = [x, ..., x,: x,,]7, e.g.
coordinates of a point, that is fixed to the origin.

e Projective representation of a n-dimensional vector (in the
mathematical —meaning) A = (44, ...,4,), represented by one
dimensional array a = [ay, ..., a,: a,,]7. In this case, the homogeneous
coordinate a,, is actually just a scaling factor. Any vector is not fixed to
the origin of the coordinate system and it is “movable”.
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Therefore, a user should take an attention to the correctness of operations.

3.2 Principle of Duality

The projective representation offers also one very important property — principle
of duality. The principle of duality in E? states that any theorem remains true
when we interchange the words “point” and “line”, “lie on” and “pass through”,
“join” and “intersection”, “collinear” and “concurrent” and so on. Once the
theorem has been established, the dual theorem is obtained as described above In
other words, the principle of duality says that in all theorems it is possible to
substitute the term “point” by the term “line” and the term “line” by the term
“point” etc. in E? and the given theorem stays valid. Similar duality is valid for
E?3 as well, i.e. the terms “point” and “plane” are dual etc. it can be shown that
operations “join” a “meet” are dual as well.

This helps a lot to solve some geometrical problems. In the following, we will
demonstrate that on very simple geometrical problems like intersection of two
lines, resp. three planes and computation of a line given by two points, resp. of a
plane given by three points.

4 Solutionof Ax =»>b

Solution of non-homogeneous system of equation AX = b is used in many
computational tasks. For simplicity of explanation, let us consider a simple
example of intersection computation of two lines p; and p, in E? given as:

p1: A X+BY+C, =0 P2t A, X+B,Y +C, =0 11
An intersection point of two those lines is given as a solution of a linear system

of equations: Ax = b:
b —
o mll=[ (12

Generally, for the given system of n liner equations with n unknowns in the
form AX = b the solution is given:
det(Al)
7 det(4)
where: 4 is a regular matrix n X n having non-zero determinant, the matrix 4; is
the matrix A with replaced i*® column by the vector b and X = [X,, ..., X, ]" isa
vector of unknown values.

In a low dimensional case using general methods for solution of linear
equations, e.g. Gauss-Seidel elimination etc., is computational expensive. In
addition, division operation is computationally expensive and decreasing
precision of a solution.

Usually, a condition if det(4) < eps then EXIT is taken for solving “close
to singular cases”. Of course, nobody knows, what a value of eps is appropriate.

i=1..n (13)
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5 Solution of Ax =0

There is another very simple geometrical problem; determination of a line p
given by two points X; = (X;,Y;) and X, = (X, Y,) in E2. This seems to be a
quite simple problem as we can write:

aX; +bY,+c=0 aX, +bY, +c=0 (14)

i.e. it leads to a solution of homogeneous systems of equations AX = 0, i.e.:
=0 15
X [ ] ()

In this case, we obtain one parametrlc set of solutions as the Eq.(15) can be
multiplied by any value g # 0 and the line is the same.

There is a problem — we know that lines and points are dual in the E? case,
so the question is why the solutions are not dual. However, if the projective
representation is used the duality principle will be valid, as follows.

6 Solutions of Ax =bandAx =0

Let us consider again intersection of two lines p; = [ay,b;:¢;]T and
P, = [ay, by:c,]T leading to a solution of mnon-homogeneous linear
system AX = b, which is given as:

prra X +bY+c =0 p2ia X +b,Y +¢c, =0 (16)
If the equations are multiplied by w # 0 we obtain:

Py X+bY+c & Dy X +bY + ¢, & (17)

a;x+biy+cw=0 a,x + b,y +c,w=0

where: £ means ,,projectively equaivalent to*“ as x = wX and y = wY.
Now we can rewrite the equations to the matrix form as Ax = 0:

o b —bz][] H (18)

where x = [x,y: w]T is the intersection point in the homogeneous coordinates.
In the case of computation of a line given by two points given in

homogeneous coordinates, i.e. x; =[x, y,:w;]T and x, = [x;, y,: w,]7, the

Eq.(14) is multiplied by w; # 0.Then, we get a solution in the matrix form

asAx =0, i.e.
a
X1 Y1 Wi _
e 3 WZ][IC)]—O (19)

Now, we can see that the formulation is leading in the both cases to the same
numerical problem: to a solution of a homogeneous linear system of equations.

However, a solution of homogeneous linear system of equations is not quite
straightforward as there is a one parametric set of solutions and all of them are
projectively equivalent. It can be seen that the solution of Eq. (18), i.e.
intersection of two lines in E2, is equivalent to:

X=p1 XP2 (20
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Due to the principle of duality we can write for a line given by two points:
P =X XX 21
In the three dimensional case we can use extended cross product.
Aplane p:aX + bY +cY +d =0 given by points x; = [x1,y;1,21:w;]7,
Xy =[x, V2, 25: W, ]T and x, = [x3,V3, Z3: w37 is determined in the projective
representation as:
p=I[abc:d]” =x; Xx, Xx, (22)
and the intersection pointx of three planes points p; = [ay, by, cq:dq]7,
P> = [ay, by, cy:d,]T and p3 = [as, b3, c3:d3]7 is determined in the projective
representation as:
x=[x,y,zzw]" = p; X p; X p, (23)
due to the duality principle.
It can be seen that there is no division operation needed, if the result can be
left in the projective representation.
The approach presented above has another one great advantage as it allows
symbolic manipulation as we have avoided numerical solution and precision is
nearly doubled.

7 Barycentric coordinates

The barycentric coordinates are often used in many engineering applications, not
only in geometry. The barycentric coordinates computation leads to a solution of
a system of linear equations. However it was shown, that a solution of a linear
system equations is equivalent to the extended cross product [3],[4],[5].
Therefore, it is possible to compute the barycentric coordinates using cross
product, which is convenient for application of SSE instructions or for GPU
oriented computations. Let us demonstrate the proposed approach on a simple
example again.

Given a triangle in E? defined by points x; = [x;,y;: 1]7, i = 1,...,3, the
barycentric coordinates of the point x, = [xg,¥o:1]7can be computed as
follows:

Aix1 + Axy + Azx3 = X

My1 + Y2 + A43Y3 = Yo (24)

M+, +4;=1

For simplicity, we setw; = 1,i = 1,...,3. It means that we have to solve a
system of linear equations Ax = b:

X1 X2 X3

[J’1 V2 }’3]

1 1 1
if the points are given in the projective space with homogeneous coordinates
x; =[x, yiwi]T, i =1,..,3 and x4 = [x0, Yo: Wo]”. It can be proved, due to
the multilinearity, we need to solve a linear system Ax = b:

X0
= [}’0] (25)
1

A
Az
A3
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X1 Xy X3|[M Xo
Yi Y2 Y3 /12] = [3’0] (26)
wy W wsfli, Wo

Let us define new vectors containing a row of the matrix A and vector b as:
x=[x,%0,%3,%]" Y=Lyl w=[w,wyws,we]” (27)
The projective barycentric coordinates & = [£;, &5, &5:&,,]7 are given as:
Ay=—2 (28)
: Sw

M=—2 l=-2
! &w ° Sw

A = i i=1,..3 29)

&

Using the extended cross product, the projective barycentric coordinates are
given as:

1.e.

i j k l

X, X, X3 X

=xXyxw=det|? 2 3 0
¢ y € Yi Y2 Y3 Yo (30)

Wi W Wz W,

= [51:52:535Scw]T
where i = [1,0,0,0]T,j = [0,1,0,0]T, k = [0,0,1,0]T, l= [0,0,0,1]T.

Similarly in the E® case, given a tetrahedron in E3 defined by points
x; =[x, v, zi:w;]T, i = 1, ...,3, and the point x, = [x, Yo, Zo: Wo]":

x = [x1, %5, %3, X4° X" Y =[V1Y2, Y3 Ya: Yo" G1)
Z= [21,22,23, Z4:ZO]T w = [WI!WZ' W3, Wy! WO]T
Then the projective barycentric coordinates are given as:
§=xxyxzXxw=1[§,8,8,8:8,]" (32)
The Euclidean barycentric coordinates are given as:
$1 $2 $3 $a
Mh=—7 Lh=—7F I3=—— A=—— (33)
. R T
ie.
$i .
A= _f_ i=1,..4 (34)

w
It can be seen that method of the barycentric coordinates is simple and convenient
for vector-vector operations especially if SSE instructions or GPU is used.
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8 GPU implementation

Many today’s computational systems can use GPU support, which allows fast
and parallel processing. The above presented approach offers significant speed
up as the “standard” cross product is implemented in hardware as an instruction
and the extended cross-product for 4D can be implemented as:

float4 cross 4D(floatd x1, floatd4d x2, floatd x3)

{floatd a;
a.x = dot(xl.yzw, cross(x2.yzw, x3.yzw));
a.y = —-dot (xl.xzw, cross(x2.xzw, xX3.XzZW));
a.z = dot(x1l.xyw, Cross(x2.xyw, x3.Xyw));
a.w = —-dot (x1.xyz, cross(x2.xyz, xX3.xXyz));

return a}
In general, it can be seen that a solution of linear systems of equations on
GPU for a small dimension n is simple, fast and can be performed in parallel.

9 Conclusion

Projective representation is not widely used for general computation as it is
mostly considered as applicable to computer graphics and computer vision field
only. In this paper, the equivalence of cross product and solution of linear system
of equations has been presented. The presented approach is especially convenient
for 3-dimensional and 4 dimensional cases applicable in many engineering and
statistical computations, in which significant speed up can be obtained using SSE
instructions or GPU use. In addition, the presented approach enables symbolic
manipulation as the solution of a system of linear equations is transformed to
extended cross product using a matrix form, which enables symbolic
manipulations.

Direct application of the presented approach has also been demonstrated on
the barycentric coordinates computation and simple geometric problems.

The presented approach enables avoiding division operations, as a
denominator is actually stored in the homogeneous coordinate w. It that leads to
significant computational savings, increase of precision and robustness as the
division operation is the longest one and the most decreasing precision of
computation.

The above presented approach is based on author’s recent publications
mentioned in References below.
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Abstract. Much of literature on polygonal representations focuses
on quadrilateral meshes which are composed of quadrilaterals as they
possess several advantages compared to triangle meshes. In this short
contribution we present a survey of known methods for enumeration
all topologically unique quadrangulations and we suggest new method
for computing all unique quadrilateral meshes of a certain class based
on sequential construction.

Keywords: Quadrilateral meshes, quadrilateral, n-sided planar region.

1 Introduction

Polygonal meshes are widely used as a stepping stone for representations
of 2D and 3D objects in many computational processes. The practical
applications of polygonal meshes play a key role in computer-aided ar-
chitectural and industrial design, [6], engineering and construction indus-
tries, [13], reverse engineering, [5], the digitization of real objects using
3D scanning, [1], digital surface reconstruction from point clouds, [14],
the replication of the shapes of real-world objects using 3D printing, [8],
computer graphics, [7] and many more. Quadrilateral meshes which are
composed of quadrilaterals are used in most cases as polygonal meshes be-
cause they have significant advantages comparing to triangle meshes. On
the other hand quadrilaterals are more delicate and less adaptive struc-
tures than triangles that is the study of quadrilateral meshes presents
challenges to the both researchers and practitioners.

1.1 State of the Art in Quadrilateral Meshes

Regarding the state of the art in quadrilateral meshes, there exist several
methods of constructing quadrangulations for an n-sided planar region
which use different approaches. The paving techniques are based on iter-
atively paving rows of elements to the interior of a region’s boundary, [2].
Some methods are using dual graph of quad mesh for the representation
and enumeration of a set of all possible quad meshes, [10], or there exist
methods which adaptively fills an n-sided region with a triangle mesh and
then merges triangles to quads, [3]. Some approaches attempt to find a
topology with the fewest irregular vertices, [11], quadrangulate an n-sided
region with prescribed numbers of edge subdivisions at the boundary, [15],
or use the partition to simple patches that contain one or zero irregular
vertices, [12].
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1.2 Terminology

A quadrilateral mesh, [4, 9], is a triple (V, E,Q) where V is a set of
vertices, F is a set of edges, and @ is a set of quadrilaterals. There
exists an embedding of (V, E,Q) into 2D plane such that each vertex
is represented as a point in the plane and each edge is represented as
a curve in the plane, so that curves connect vertices and each quad is
depicted in the plane as a quadrilateral. In our study we furthermore
assume only quadrilateral meshes that form a connected, conforming (i.e.
free from T-junctions), orientable 2D manifold with boundary, [4], i.e. we
define quadrilateral meshes for segmentation of simply connected planar
domains.

Regarding the terminology, an edge of the mesh with two incident
quads is said to be internal, while an edge with just one incident quad
is said to be boundary. A vertex of an internal edge is also said to be
internal, otherwise it is said to be boundary. The wvalence of a vertex is
the number of edges incident to that vertex.

2 Incremental Construction
2.1 Quadrilateral Meshes of a Certain Class

For enumerating all possible quadrangulations with respect to some in-
put we have to define some restriction on the types of meshes, otherwise
the number of all possibilities is too high. Thus, in our work we con-
sider only valences < 5 for the both boundary and internal vertices. The
quadrilateral meshes furthermore satisfy the following invariant:

e At least one vertex of each internal edge is internal.

We assume that the number of internal vertices is specified for explo-
ration all possible unique quadrangulations. We also distinguish the types
of valences of these internal vertices, for internal vertices only valences 3,
4, and 5 are allowed. The set of quadrilateral meshes with n3 internal
vertices of valence 3, ny internal vertices of valence 4, and ns internal
vertices of valence 5 is denoted by M (ns, ng, ns).

2.2 Incremental Construction of Quadrilateral Mesh

Our goal is to develop an incremental construction of a quadrilateral mesh
and enumerate all unique meshes of a certain class. More precisely, an
algorithm will enumerate all possible quad layouts with respect to the
number of internal vertices with the given valences and the duplications
will be filtered out within a further post-processing for computed set of
meshes.

We construct a concrete quadrilateral mesh M € Mj(ns, ng, ns), ie.
a mesh with n internal vertices where the types of valences are distin-
guished, incrementally starting from a trivial mesh with one internal ver-
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tex. In each step of construction the number of internal vertices of a
quadrilateral mesh M is increased by one by adding new elements into a
quadrilateral mesh or by additional modifying of a quadrilateral mesh us-
ing mesh operations. A quadrilateral mesh always satisfies the invariant,
i.e. at least one vertex of each internal edge is internal, before and after
modification.

The algorithm for enumerating all topologically unique quadrilateral
meshes will compute all possibilities of construction, i.e. it will consider
all orders of mesh operations and all possibilities of parts in a quadrilateral
mesh to which mesh operations can be applied.

3 Conclusion

We presented a survey of existing methods in quadrangulations of an
n-sided planar region and a framework of a new constructing method
for generating of all possible unique quadrilateral meshes of a certain
class for the given number of internal vertices. We will focus on the
formulation of mesh operations and on implementation of an algorithm.
The experimental evaluation will be provided and targeted on the number
of meshes in different sets M (ng, n4, ns).

Regarding the future work we want to extend our method for hex-
ahedral meshes and suggest similar incremental construction in the 3D
space.
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Abstract. Geometric characteristics of the area (shape, position and area) are the key
factor in choosing the appropriate type of cartographic projection. The shape of the
territory on the plane is expressed by the compactness index, which is used in various
geospatial analysis, as a settlement geography, in characterizing land cover, but also
to define the criteria for the accuracy of the area on the cadastral maps. In this article
we will focus on deriving the index of compactness for the territory on the reference
sphere and the reference ellipsoid (Vajsablova, 2015). Proposal equations are based
on the criteria that the compactness index value equal to 1 for an area with a circular
border and for the area approaching to linear object approximates to 0. Quantification
of the shape of area will be shown on the design of the projection type for the selected
European countries (Klimekova, 2014).

Keywords: compactness index, cartographic projection, reference surface
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1 Vyber kartografického zobrazenia podl’a geometrickych
charakteristik uzemia

Do tvorby kartografického diela vstupuje vela faktorov od matematickych
kritérii, uc¢elu mapy, az po mentalnu Uroven, ¢i profesionadlne zameranie
budtceho uzivatela. Medzi zakladné kritéria vstupujuce do vyberu vhodnej
triedy kartografického zobrazenia patria geometrické charakteristiky tzemia -
tvar, velkost a poloha, determinujuce druh a polohu zobrazovacej plochy.
Prehl’'ad optimalneho vyberu typu zobrazenia podl'a uvedeného je v Tab. 1.

Kvantifikaciou tychto charakteristik je mozné zefektivnit’ vyber zobrazenia,
a tak dosiahnut v kartografickom zobrazeni podstatné zlepSenie skreslenia
mapovych prvkov uzemia. Kvantifikdciu tvaru izemia ukazeme na referen¢nych
plochach Zeme — rotaény elipsoid a sféra, pomocou tzv. indexu kompaktnosti.
Kvantifikaciu uvedenych charakteristik sme aplikovali pri vybere zobrazenia pre
uzemia vybranych eurdpskych §tatov, u ktorych sme zefektivnenie vyberu
porovnali s uréenym spdsob zobrazenia Vv sucasnosti zavdznom Geodetickom
stradnicovom systéme (GSS) prislusného $tatu.
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Tabul’ka 1: Vyber zobrazenia podl’a tvaru a polohy tizemia

Tvar a poloha iizemia Zobrazenie
Kruhovy \ oblast% polu : R p(’)loxfej pqlohe

v oblasti bodu na rovniku azimutalnelv rovnikovej polohe

inde Vo vieobecnej polohe

, ozdiZ rovnika v p6lovej polohe

PozdlZny |"smere zemského poludnika valcové |v rovnikovej polohe

v smere ortodromy vo vSeobecnej polohe

v smere zemskej rovnobezky kuzelové [v polovej polohe

v smere kartografickej rovnobezky vo vSeobecnej polohe

2 Kvantifikacia geometrickych charakteristik izemia a ich
aplikacia

Geometrické charakteristiky sme uréovali pre izemia viacerych eurdpskych
Statov s vyuzitim referencného elipsoidu GRS 1980 (Klimekova, 2014). Hodnota
indexu kompaktnosti pocitana z bodov jeho hranice je ovplyvnena samotnou
Clenitost'ou hranice Gzemia a pouziva sa v geografickej klasifikacii tizemia
Statov podla tvaru. Na ucely volby vhodného typu zobrazenia s vhodnejsie
hodnoty kvantifikatorov oblasti ohranicujicich §tatne uzemia zemepisnymi
Ciarami (elipsodické, prip. sférické lichobezniky), teda oblukmi krajnych
rovnobeziek a poludnikov.

2.1 Kbvantifikacia polohy, vel’kosti a tvaru uzemia na
referencnych plochiach Zeme

Nech elipsoidicky lichobeznik je dany oblukmi krajnych rovnobeziek a
poludnikov zobrazovaného uzemia S elipsoidickymi suradnicami: @min, @max,
/Imin, Amax.

Polohu zobrazovaného uzemia je mozné charakterizovat' intervalom
uvedenych elipsoidickych stradnic, prip. ich priemernou hodnotou, ktora
charakterizuje vnutorny bod T elipsoidického lichobeznika.

Velkost’ zobrazovaného uzemia je charakterizovana jeho plosnym obsahom
p. Vztah pre vypocet plosného obsahu p elipsoidického lichobeznika, ktory
uzemie ohraniuje je:

Pmax
P = (Amax — Amin) J.MN cosp do, )
Pmin

kde meridianovy polomer krivosti M a prie¢ny polomer krivosti N v smere

normalového rezu st funkciou elipsoidickej Sirky ¢ bodu:

2
M = a(l-e”) U N= a )
Ja-e?sin? 9)° Ji-eZsin?gp
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V urCitych typoch kartografickych zobrazeni je urcujucim faktorom
maximalnych skresleni rozsah zemepisnych stiradnic bodov na danom uzemi.
Obvod o elipsoidického lichobeznika vyjadrujeme ako sucet oblikov
rovnobeziek a poludnikov:
Pmax
0= (Nmin COS @i + Nmax cos (pmax)(ﬂ“max - ﬂ'min)"’ 2 I Md 2 (3)
Pmin
Tvar tzemia vyjadruje tzv. index kompaktnosti, ktorému je venovana velka
pozornost vo viacerych pracach, avSak pre rovinné arealy. Spolahlivosti
grafického vyjadrenia hranice arealu sa venovali viaceri autori, napr. (Shi, 1998),
v ¢lanku (Ivanova, Vajsablova, 2005) aj s aplikaciou indexu kompaktnosti.
V praci (Husar, 2000) je index kompaktnosti Ik rovinného arealu definovany tak,
7e jeho hodnoty lezia v intervale (0, 1), kde Ix = 0 pre usecku a Ix = 1 pre kruh.
Vychadzajic z tejto podmienky je vo (Vajsablova, 2015) formulovany index
kompaktnosti tizemia S plo§nym obsahom p a obvodom 0 na referenénej ploche
Zeme (elipsoide, gul'ovej ploche) v tvare:

o=k )
[¢]

Index kompaktnosti pre izemie nachadzajice sa na referen¢nom elipsoide je
navrhnuty tak, ze vychiddzame z vlastnosti gul'ovej plochy, ktord aproximuje
elipsoid v uvedenom bode T daného tizemia tak, aby obidve plochy mali v bode
T rovnaku Gaussovu krivost. Potom polomer R tejto gul'ovej plochy sa rovna
geometrickému priemeru krivosti M a N elipsoidu v bode T:

R=M;N;, (5)

Koeficient k vo vztahu (4) ur¢ime z podmienky, aby sa index kompaktnosti

gulového vrchlika s polomerom R rovnal 1. Za obvod oy vrchlika gulovej plochy

je povazovana dizka hrani¢nej kruznice so zenitovym uhlom ¢ uréenym od bodu
T, jeho plosny obsah je py, potom z podmienky Ix = 1 plati:

_of _ 4r’R%in’a 2z(l-cos’a)

Py 27.R* (1-cosa) 1-cosa
Potom uhol « pre 'ubovolné uzemie s plo§nym obsahom p, uréujeme ako

zenitovy uhol vrchlika gulovej plochy s polomerom R podla (5) s rovnakym
plosnym obsahom p, ako ma dané uzemie, potom plati:

=27z (1+cos a). (6)

p, =27.M:N; (1-cosx) = p, @)
odkial je uhol « vyjadreny z plosného obsahu p daného izemia nasledovne:
o = arccos {1— Z”MpTNT} )

Dosadenim za « do (6) dostaneme hodnotu koeficientu k:
k=dz——P 9)

N7
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Po dosadeni (9) do (4) je vztah pre vypocet indexu kompaktnosti
I'ubovol'ného izemia leZiaceho na rotaénom elipsoide:
p )j
M;N; 0%
Pri vypocte indexu kompaktnosti uzemia leZiaceho na gulovej ploche je potrebna
Vv (10) substiticia Mt = Nt = R. Pri tejto formulacii indexu kompaktnosti plati, ze
pre kruhové uzemie na elipsoide je hodnota indexu kompaktnosti Ix podl'a (10)
blizka 1, pre ¢iarovy objekt sa rovna 0.

I =(4r— (10)

2.2 Aplikacia charakteristik pri vybere kartografického
zobrazenia

Index kompaktnosti sme pouzili ako faktor vyberu vhodného kartografického
zobrazenia (Klimekové, 2014). Pre pozdizne tvary elipsoidickych lichobeznikov
(index kompaktnosti do 0,8), ktoré ohrani¢uji izemia, povazujeme za vhodné
kuzel'ové, prip. valcové zobrazenie. Pre uzemia s indexom nad tGto hranicu
(4zemia kruhového charakteru) povazujeme za vhodné azimutalne zobrazenie.
Pozornost’ sme upriamili na §taty s realnou rozlohou do 100 000 km2 uréenou
z hranice $tatu, nakol’ko pri rozl'ahlejsich statoch je potrebné uvazovat’ 0 pouziti
viacerych zobrazovacich ploch. V Tab. 2 st geometrické charakteristiky
ohranicujucich elipsoidickych lichobeznikov. Nie su to realne rozlohy statov, su
véacésie, najvacsie rozdiely medzi redlnou rozlohou $tatu arozlohou jeho
elipsoidického lichobeznika je u Chorvatska, ktorého uzemie ma na referencne;j
ploche vel'mi €Elenity tvar (Obr. 2 vpravo).

Tabul’ka 2: Geometrické charakteristiky izemia ohrani¢eného
zemepisnymi ¢iarami Statu

Rozloha Extr. ditkové

Stat Zobrazenie P?'_O;? lichobeZnika k(:gdz):(t skreslenie

P [km?] paKt. [cm/km]
Ddnsko UTM 56,27°; 9,52° 58680,14 0,717 -5 +11
Litva UTM 55,17°; 23,96° 105150,27 0,771 -40 +4
Belgicko Lambert 50,50° 4,48° 61237,64 0,778 -7 +9
Holandsko Ster.proj. 52,11° 5,33° 78474,90 0,781 -9 +10
Rakusko G-K 47,70° 13,35° 167958,65 0,704 0 +16
Svajéiarsko Konf.valc. | 46,82° 8,22° 76139,47 0,747 +11 ] +19
Albdnsko G-K 41,15°% 23,96° 49926,44 0,670 0 +26
Chorvatsko G-K 44,73°% 16,47° 188768,78 0,780 0 +18
Cesko Ktovak 49,80°; 15,48° 136249,01 0,728 -10 +14
Mad’arsko EQV 47,16° 19,51° 162718,02 0,740 -7 +26
Kiovak -10 +11
Slovensko berr | 48.95% 24,98 88435,68 0,696 = =

V Tab. 2 je tiez uvedené kartografické zobrazenie zavizne pouzivané v GSS
uvedenych statov. UTM a Gaussovo-Kriigerovo (G-K) zobrazenie st konformné
valcové zobrazenia v rovnikovej polohe. Lambertovo zobrazenie je konformné
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kuzelové v polovej a Kfovakovo vo vieobecnej polohe. Svajéiarsko pouziva
konformné valcové zobrazenie vo vSeobecnej polohe, podobne ako Mad’arsko,
kde je uvadzané ako EOV. V Holandsku je pouzivana stereograficka azimutalna
projekcia, ¢o je konformné zobrazenie do roviny vo v8eobecnej polohe.

Kartografické zobrazenia pouzivané v Dansku, Belgicku, Holandsku, Cesku
a Slovensku povazujeme za vhodné, nakol’ko hodnoty ich extrémneho dizkového
skreslenia sG na pouzitie v katastri vyhovujice. Na Slovensku uvadzame 2
alternativy zobrazenia, nakolko bol v roku 2010 spracovany navrh nového
zobrazenia — Lambertovho pre SR (Vajsablova, 2015).

TabuPka 3: Porovnanie hodnét skresleni v pouZivanom a novom zobrazeni
vybranych eurépskych statov

PouZivané Odporucané zobrazenie
zobrazenie
5 Extr. Extr. diZkové
Stat Druh dlzkové Druh skreslenie
skreslenie [cm/km]
[cm/km]
Albansko Gauss-Kriiger 0 +26 Gauss- -3 +4
Kriiger
Chorvitsko Gauss-Kriiger 0 +18 Gauss- -8 +10
Kriiger
Litva UTM -40 +4 Lambertovo -10 +14
Mad’arsko EOV -7 +26 Lambertovo -10 +21
Rakusko Gauss-Kriiger 0 +16 | Lambertovo | -10 +16
Svajciarsko Konf. valcové 0 +19 Lambertovo -10 +5

19717 00 20000 210 2103 il 20
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Obr. 1: Navrhy zobrazeni Albanska (vPavo) a Litvy (vpravo)
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Obr. 2: Navrhy zobrazeni Mad’arska (vPavo) a Chorvatska (vpravo)

Vychadzajic zuvedenych charakteristik polohy, velkosti atvaru sme
kartografické zobrazenia navrhli pre 6 europskych Statov v Tab. 3 s ukazkami
zobrazenia na Obr. 1 az 3 (Klimekova, 2014). Navrhnuté zobrazenia sme
analyzovali a porovnali so zobrazeniami pouzivanymi v stucasnosti v §tatnych
GSS. Z porovnania v Tab. 3 vidiet, ze krajné hodnoty skreslenia Albanska st
v navrhnutom zobrazeni az 6-ndsobne menSie, Litvy takmer 3-nasobne,
Chorvatska a Svajéiarska su mensie takmer 2-nasobne. V Rakusku su krajné
hodnoty skreslenia rovnaké, av§ak navrhované zobrazenie je zobrazenie celého
Statu na jednu plochu kuzel'a v pdlovej polohe a v pévodnom zobrazeni je stat
zobrazeny po Castiach na 2 valcové plochy v rovnikovej polohe.
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Obr. 3: Navrhy zobrazeni gvaj ¢iarska (vPavo) a Rakuska (vpravo)

3  Zaver

Navrhnuty index vyjadrujuci tvar Gizemia na referencnej ploche je aplikovatel'ny
aj na d’alSie geografické, kartografické a iné analyzy. Aplikacia kvantifikacie
tvaru, polohy a vel’kosti izemia v Kartografii sa ukdzala opodstatnena a uvedent
metodiku je mozné pouzit’ aj na uzemia d’al$ich Statov.
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Sit valce v GeoGebie

Net of a Cylinder in GeoGebra
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Abstract. We present a net of a cylinder as an application of GeoGe-
bra, free dynamical software.

Keywords: Net of a Cylinder, GeoGebra.
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1 Uvod

V ramci workshopu, ktery probéhl na 36. konferenci o geometrii a grafice
poradané v Roznové pod Radhostém, jsme prezentovali prispévek na téma
Sit kuzelu a vélce v GeoGebfe. Pro pifspévek do sborniku konference jsme
pfipravili ndvod, jak pomoci GeoGebry vytvoiit sit valce, kterd vznika
rozvinutim povrchu valce do roviny podstavy véalce. Vznika tak pomucka,
ve které je mozné rozvijeni sité animovat, a to z puvodni, nerozbalené
polohy, az do findlni, plné rozvinuté sité.

Piikaz Sit je v GeoGebie obsazen, ale pracuje pouze s hranatymi
télesy. Da se pouzit na jehlan, hranol a platénska télesa.

U ctendre predpoklddame jistou minimalni uzivatelskou znalost Geo-
Gebry. V ¢lanku nebudeme detailné rozebirat jednotlivé piitkazy pouzité
v pomucce.

2 Sit valce
2.1 Zadani valce

Nejdiive si v GeoGebie vytvoiime vélec s podstavou v pudorysné ro-
viné. Stfed véalce umistime na osu x, podstavna kruznice bude prochézet
pocatkem. Nejdifve si vytvoiime t¥i posuvniky:

p=Posuvnik[0,1,0.01] posuvnik p méni rozevieni sité
polomer=Posuvnik[0,5,0.05] posuvnik polomer méni polomér valce
vyska=Posuvnik[0,8,0.05] posuvnik vyska méni vysku vélce

Hodnoty posuvniku nastavime napt. na 1 pro posuvnik polomer a na
2 pro posuvnik vyska. Zkonstruujeme ¢tyfi body umisténé na povrchu
vélce a samotny valec.

S=(-polomer,0,0) stted dolni podstavy
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T=S+(0,0,vyska) stted horni podstavy
A=S+(polomer,0,0)
B=A+(0,0,vyska) body A a B tvoii povrsku umisténou do osy z

valec=Valec[S,T,polomer] vélec urceny stiedy podstav a polomérem

Zménime barvu véalce napi. na zelenou.

€2 GeoGebra [BEET==
Soubor Uprawy Zobrazit Nastaveni Nastroje Okno Napovéda Prihlasit
Al A > Ele Jl< H =

»_Algebraicks okno » Nakresna » Graficky nahied 30
Bod
® A=(0,0,0) p=0
® B=(0,0,2)

polomer= 1

wska=2

2.2 Parametrizace plasté vélce

Nejdifve budeme rotovat plast valce kolem teény k podstavé, kterd je rov-
nobézna s osou y a prochazi bodem A.

R=polomer polomér parametrizovaného valce

Plast valce parametrizujeme funkcemi f1, £2, £3 pro parametry u od
0 do vyska, v od —m do m,

f1(u,v)=R*cos(vxpolomer/R)-R
£2(u,v)=R*sin(v*polomer/R)
£3(u,v)=u

Funkce po zadéani do GeoGebry skryjeme. Polohu védlce mame zvolenou
tak, ze pro rotaci pldsté muzeme vyuzit zndmé transformaéni vztahy pro
rotaci kolem osy y o thel p*7/2.

gl(u,v)=£f1(u,v)*cos(p*n/2)+£3(u,v)*sin(p*n/2)
g2(u,v)=£f2(u,v)
g3(u,v)=-f1(u,v)*sin(p*nw/2)+£3(u,v) *cos (p*7/2)
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Funkce skryjeme. Otécejici se plast ziskdme pifkazem
Plast=Plochalgl (u,v),g2(u,v),g3(u,v),u,0,vyska,v,-m,7]

Uhel otoceni bude zdviset na hodnoté posuvniku p. Aby se plast pii
otaceni zaroven rozeviral, zménime R na novou hodnotu

R=polomer/(1-p)
Ve vlastnostech plochy Plast zménime tloustku ¢ary na 0 (Styl), zménime

barvu na barvu magenta, nepruhlednost nastavime na 75 (Barva) a zrusi-
me zobrazeni popisu (Zékladni). Zkuste zménit hodnotu posuvniku p.

2| B e
Souber Upraw Zobrazit Nastaveni Nastroje Okno Nipovida Piihigeit
ISEIS JalNdedle] =

@»Nk rrrrr > Grafickj nahled 30 ®

p=05
polomer=1

wska=2 4

IS

Valec
@ valec:6.28
Cislo

i R=

@ p=05
@ polomer=1 2 2
< [, v

Vstup

Pro vétsi prehlednost pridame k plasti okraj pomoci parametrizace
plaste, ve které nastavime jeden parametr na krajni hodnotu.

Okrajl=Krivka[Plast(0,v),v,-m,7]
Okraj2=Krivka[Plast(vyska,v),v,-m,n]
Okraj3=Krivka[Plast(u,-7),u,0,vyskal
Okraj4=Krivka[Plast(u,n),u,0,vyskal

Pro vsechny ¢tyri parametrické kiivky nastavime jejich barvu na barvu
magenta (Barva) a tloustku ¢dry na hodnotu 3 (Styl). Zrusime zobrazen{
popisu (Zakladni).

2.3 Ciésti sité

Vysledna sit se sklddd z nékolika édsti. Bude obsahovat dvé kruznice a
rozevirajici se plast. Prvni kruznici ziskdme piikazem
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SitCast1=Kruznice[S,polomer,Vektor[(0,0,1)]] spodni podstava

Druh3d kruznice vznika z horni podstavy valce slozenim rotace kolem tecny
k horni podstavé v bodé B a rotace kolem tecny k spodni podstavé v bodé
A, v obou piipadech rotujeme o thel p*7/2. Stied této kruznice ziskdame
prikazem

pomStred=Rotace[Rotace[T,p*n/2,B,Vektor[(0,1,0)]1],p*n/2,A,
Vektor[(0,1,0)]]

Kolmy vektor k této kruznici nalezneme piikazem

pomVektor=Rotace [Vektor[(0,0,1)],p*m,0saY]

Druhd kruznice (druhd ¢ast sité) je pak déna

SitCast2=Kruznice [pomStred,polomer,pomVektor]

Objekty pomStred a pomVektor skryjeme. Tteti ¢ast tvoii rozevirajici

se plast valce s okrajem Plast, Okraji1, Okraj2, Okraj3, Okraj4.
Kruznice SitCastl a SitCast2 vyplnime zménou nepruhlednosti z 0

na nenulovou hodnotu. Ve vlastnostech (Kuzelosetka) zménime tloustku

¢éry na 3 (Styl), zménime barvu na barvu magenta, nastavime nepruhled-
nost na 75 (Barva) a zrusime zobrazeni popisu (Zékladni).

©F GeoGebra o )
Soubor Upravy Zobrazit Nastaveni Nastroje Okno Napovéda Pihlasit.
A I - AR (e
| e =S e S N o) e N s
» Algebraické oknoX] [ » Nakresna X[ » Grafickj nahied 3D x
Bod - N
p=05
S e |
° .2) polomer=1 s
0 pomStred= |, | —i—
Funkee vice prol wska=2 .
) = e |

Kuzelosecka
® SsitCasti: X
=3

Nakonec ptridame ¢tvrtou ¢ast, kterd bude odpovidat krajni poloze
parametru p=1, kdy parametrizovand plocha neni definovand (protoze ve
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vyjadieni R délime vyrazem (1-p), ktery je v krajni poloze roven nule).
Sestrojime obdélnik s jednim rozmérem vyska a s druhym rozmérem
2*m*polomer.

SitCast4=Mnohouhelnik [A+(0,polomer*m,0),
A+(vyska,polomer*m,0),
A+(vyska,-polomer*m,0) ,A+(0,-polomer*m,0)]

Ve vlastnostech SitCast4 (étyfstranny) zménime tloustku ¢dry na 3 (Styl),
zménime barvu na barvu magenta, nastavime nepruhlednost na 75 (Barva)
a zrusime zobrazen{ popisu (Zakladn{). Tento obdélnik budeme chtit zob-
razit jen v pifpadé, kdy p=1. Proto do podminek zobrazeni objektu (Pro
pokrocilé) napiseme podminku p==1. To samé napiseme do podminek zob-
razeni tsecek f, g, h, i, které tvoii okraj obdélniku SitCast4.

3 Zaver

Préce se sitémi je v GeoGebie pro hranats télesa velmi jednoduch4. Ctena-
fum nabizime jisté zobecnéni standardniho piikazu Sit na véalec. Pone-
chdvame na ¢tenafi zpracovani této pomucky do formy vlastniho néstroje.

Podékovani
Autofi dékuji za podporu svému pracovisti.
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How precise is the Kinect?
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Abstract: Kinect devices works as input device to control computer games by
movements of your body parts. It could be also used as a localisation and mapping
device. Let’s have a look to its preciseness and try to determine if we can use it as a
universal remote controller to autonomous robots.

Key words: Kinect, point localisation, preciseness.

1 What is Kinect?

Kinect history has started as an experiment of Microsoft company to compete
Nintendo Wii product in gaming industry. Unlike the Wii product the Kinect
sensor was not profiled only as a gaming device, Kinect is a line motion
sensing input device originally developed for Xbox and Xbox 360 gaming
console and also Windows PCs. Kinect is based on webcam-style approach and
enables users to control and interact with the console/computer. First generation
Kinect was introduced in November 2010 (codename Project Natal). A version
for Windows was released two years later. Indivisible part of the Kinect is the
SDK available for Windows 7 and later since June 2011. SDK supports
common know and used languages for Windows platform such as C# or
VisualBasic.

Kinect itself is not only a simple input devices, in fact it is a point
localisation devices. SDK is very flexible and the device can be used as 3D
scanner as seen on Fig.1.

Fig. 1: 3D scan created with Kinect device
Kinect device is consisted of two cameras. First camera is a simple web
camera with resolution of 1920x1080, framerate 30 or 15 FPS (based on the
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light conditions). Second camera is an Infra-red camera with resolution of 512
x 424 and 30 FPS.

2 How Kinect works?

The main challenge of the input device is to determine distance of specific
object.

Basically, we have two options. First option is to use a simple triangulation
method. Step one is to perform a segmentation of the picture and determine
known points. Step two is forming triangles from known points in a different
angle of view. However, if we want to form the triangle from multiple view we
need to have a more than one camera. Also, there is a precision measurement
problem if two cameras are too close to each other.

Second option is to use a comparing method to stationary object (or better
say a mesh). Kinect uses an infrared projector and sensor for depth
computation. In a first stage IR projector projects laser mesh into the space (as
seen on Fig. 2). Then the IR camera takes the picture of the whole scene and
tries to calculate deviation of the two IR projected points in the space (mesh
structure is already known).

Fig. 2: Laser mesh projected by Kinect into the space

3 Experiment definition

We measured four different distances (0.1m, 0.2m, 0.3m, 0.4m) for three
different shape of line (vertical, horizontal, inclined) for three body joints (right
hand, right elbow, left wrist) and for 2-meter distance between camera and
measurement plane. We have also measured four different distances (0.1m,
0.2m, 0.3m, 0.4m) for three different shape of line (vertical, horizontal,
inclined) for just right elbow and for 2.5-meter distance between camera and
measurement plane. We repeated every measurement for 10 different times.
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4 Results and limitations

Based on the measurements we can state two hypotheses:
e If the measurement length increases, the precision of the
measurement increases.
o If the distance between camera and measurement plane increases,
the precision of measurement increases (but there are some
exceptions).

After the measurements, we wanted to calculate the horizontal and depth
boundaries that sensor can track a body properly. In order to do that we had to
examine the Kinect sensor technical specification. We have found out that the
angle of view of Kinect sensor is 70°. The body should be 0.5 — 4.5 meter
distance from camera in order to be tracked. After finding out this information
from specification document, we had to calculate side boundaries. Because the
side boundaries are not constant and enlarge when the body moves away from
the sensor. We calculated these boundaries with trivial mathematical and
geometrical operations. You can see these boundaries in fig 3

70°

Blind Area Blind Area

0,236 m 0,236 m

The area body The area body
can be tracked can be tracked

2,133 m 2,133 m

Fig. 3: Boundaries of the Kinect device

We would like to use this device to control a robot so we have concert
another limitation, such as some points do not have to be in insight the space.

Therefore, we have to detect and indicate that a part of body or whole body
is out of these boundaries. We calculated the current boundaries in real time for
every joint by using their positions and with trivial geometrical operations and
implement these conditions into the software our framework:
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. If whole body is in these boundaries, the displaying screen is black.

. If at least one joint of body is out of these boundaries, the displaying
screen switches to yellow.

. If whole body is out of these boundaries, the displaying screen
switches to red.

4.1 Measurement accuracy

Our main focus of the research was to answer the question if Kinect can be
used to control some robotic device through the movement of the body.
Therefore, we have defined three main joints to measure:

e Right hand,
e right elbow,
o left wrist.

On figures 4 — 7 you can see the statistical output in a box plot form.
Caption states the actual value and graphs show the variability of values
including outlying values. Based on these outputs we can state that right elbow
joint has the minimal deviation. This is quite logic because the joint lays
between other joints and usually is not influenced by undesirable body
movements.

0,2m
0,45
04
0,35 T -[
0,3 -[
0,25
0,2 J-
0,15 T \
0,1
0,05
0
Right@Hand RightElbow Left@Vrist

Fig. 4: Distance 0,2m
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Fig. 6:

0,3m
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0,5m
0,6
0,55 ‘|'
05 T
0,45 I
| T
04
RightHand RightElbow Left@Vrist

Fig. 7: Distance 0,5m

4.2 Error rate

Previous chapter shows only absolute values which is not quite usable for
technical practices. In the real world, we have to know what is the threshold of
usability of the specific joint. In Fig. 8. you can see an error rate depending on
the distance graph. As you can see, error rate of the small distance (0,2m) is
100% in the high limit. If we perform the measurement at distance 0,3m, the
error rate drops down to 20%. Therefore, we can state a threshold of the right
hand to distance at least 0,3m distance.

120

100

Fig. 8: Error rate — right hand
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Fig. 9: Error rate — right elbow

100

80

70

02 03 04 05

Upper Lower

Fig. 10: Error rate — left wrist

Based on the graphs we can also state that algorithm in the Kinect device has
tends to exaggerate the measured value in a closer distance.

5 Conclusion

In this paper, we have focused to prove that we can use Kinect as a remote
controller of the robotic devices, most likely drones. First step of that idea is to
determine a precision and measurement limits of the Kinect device. We have
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described basic technical parameters of the Kinect device and we have
explained how Kinect works. Then we have defined a measure experiment and
perform the measurement. Results of the experiment show us that we can use
device as controller with respect to thresholds discovered in paragraph 4.2. by
having up to 20% error rate which is good applicable to technical practices.
Moreover, we have discovered that Kinect device have a tendency to
exaggerate the measurement values in a very close distance. That give us an
opportunity to create a filter that helps with increasing accuracy.
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Abstract. In the contribution, we will show a method of a graphic
representation of juggling using braids. We will describe how braids
improve the mathematical notation of juggling by integer sequences
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1 Introduction

In the last 30 years, juggling, as a curious phenomenon, has led mathe-
maticians into development of its mathematical notation and research. It
has turned out that juggling is a fruitful ground for discrete mathemati-
cal theories such as combinatorics or structural algebra with applications
in physics and computer science. Nowadays, the most popular notation
of juggling among mathematicians and jugglers is the siteswap notation,
which is a notation by integer sequences. Exhaustive studies of properties
of juggling based on the siteswap notation can be found for example in
[2, 7]. In this paper, we will look at juggling from the graphical point of
view, using the theory of braids. The author follows his diploma thesis
[9] and was also inspired by other works about juggling related to braids
or knots [3, 4, 8].

For our purposes, we will use the following simple model of juggling.
Let us imagine a metronome which produces regular beats in time. A jug-
gler:

e throws the balls into beats. Juggler’s hands alternate on each beat.

e has always been juggling and will never end.

e throws on each beat at most one ball, and if he catches a ball, he
must throw it (on the same beat).
We will, unfortunately, avoid amusing movements such as throws under
the leg, behind the back etc. Our hypothetical juggler always faces his
juggling pattern, and his hands are in two distinct fixed positions in space,
up to the forthcoming inside and outside throws.

The simplest juggling patterns with an odd number of balls are called
cascades, and those with an even number of balls are called fountains. In
a cascade, each ball is thrown into an arc and is caught by the other hand.
A real juggler can choose if he throws the balls from inside of his body
and catches them on outside - inside throws (Figure 1 (left)) or vice-versa
- outside throws (Figure 1 (right)). In a fountain, each ball is thrown and
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caught by the samc hand. Again, juggler can choose inside and outside
throws (Figure 2).

LA DA

Figure 1: Three ball inside (left) and outside (right) cascades.

AOIL B L
0018 Q10 1
J AU AL

Figure 2: Four ball fountains with possible choices of inside and outside
throws.

2 Braids of juggling patterns
We will start with an empirical investigation of braids and juggling. Af-
terwards, we will apply our results to the siteswap notation.

Let us imagine a juggler juggling a three ball inside cascade and walk-
ing from our left side to the right (Figure 3). Trajectories of the balls
create a system of spatial curves, which we call a juggling braid. If we
follow the trajectories from the right side to the left (their mirror image),
we will observe, that the trajectories fit the outside cascade. Juggling
braid of a five ball cascade and its mirror image is in Figure 4.

Choice of inside and outside throws in four ball fountains lead to more
variations (see Figures 5 — 7).

1Cascades and fountains juggled to outside throws are called reverse in juggling
terminology.
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Figure 4: The juggling braid of a five ball inside cascade and its mirror
image.

2.1 Siteswap

In this section, we will shortly introduce the siteswap notation of juggling.
The siteswap notation is a notation by nonnegative integer sequences. Let

i
il

Figure 6: The juggling braid of a four ball fountain with inside throws in
the left hand and outside throws in the right hand.

JL

Figure 7: The juggling braid of a four ball fountain columns (alternating
inside and outside throws in both hands).
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us divide the whole process of juggling into separate throws. A throw is a
movement of the ball since it was thrown until it is caught. A height of a
throw is the number of beats which pass since the ball was thrown until it
is caught (including catching). For example, in a cascade with three balls,
each throw has the height 3. In a fountain with four balls, each throw has
the height 4. Furthermore, there exist juggling patterns in which heights
of throws can differ.

Let us assign a height of a throw h; € Ny to each beat i € Z by a
Jjuggling function 9 : ¥(i) = h;. To hold the properties of our model of
juggling we define a catching function -, which assigns to each beat the
catching time of the ball thrown on a given beat, v(i) = h; + i. Since
no more than one ball is caught on one beat, we say that a function ¥ is
juggling function, if its catching function v is a permutation of integers.
We will restrict juggling to juggling tricks - periodically repeated finite
patterns. An example of such juggling pattern is ...12345. .. periodically
repeated (Figure 8).

i |... -3 -2 -1 0 1 2 3 4 5 6
9(4) 3 4 5 1 2 3 4 5 1 2
~(4) 0 2 4 1 3 5 7 9 6 8

Figure 8: Juggling the throws of heights 12345 periodically repeated.

Since heights of throws are repeating periodically, we need only a finite
sequence of throws to represent a juggling trick. A juggling sequence or
siteswap is a sequence of heights of throws hg, hi,...,h,—1 of a periodic
juggling function ¥, where Ay mod p = ¥(k mod p),k € Z and p is the
length of the period. It is not hard to realize, that throws of odd heights
will always finish in the second hand, and the throws of even heights will
finish in the same hand.

2.2 Braids of siteswaps

To describe a braid mathematically, we need two parallel planes in a three
dimensional space (Figure 9). Let Pi,...,P,;n € N be regularly dis-
tributed points on a line in one plane, and Py, ..., P/ be their orthogonal
projections into the second plane. We join points P; and P;(i), where 7 is
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a permutation of {1,...,n}, with a curve between the two planes. Then,
we replace each curve with a polygonal chain such that in each horizontal
cut mostly two of these chains intersect, and no chain intersects itself.
This polygonal chain is called a string. A braid of n strings is called an
n-braid. The orthogonal projection of a braid into the plane through its
starting and ending points is called a braid diagram. In our figures, each
braid diagram starts on the left and finishes on the right side.

Figure 9: Spatial model of a braid.

Let us shortly summarise some properties of braids, which will be used
for our investigation of juggling. Braids have the algebraic structure of the
non-abelian group. The trivial braid is made of n straight strings. Two
braids are equivalent, if we can continuously deform one onto the other
(we simply cannot cut the string for this deformation). The composition
of two braids can be visualized as glueing the endpoints of the first braid
with the starting points of the second braid. An inverse braid is the
mirror image of a braid in the reflection across the plane containing its
endpoints. The braid group can be generated by two generators. In both
generators, the strings on the i-th and (i + 1)-th position cross. Let o
be the one in which the string from the i-th position passes above the
string on the (i + 1)-th position (Figure 10 (top left)). In the generator
o, 1 the string from the i-th position passes below the second string on
the (¢ + 1)-th position (Figure 10 (bottom left)). One can generate any
braid by composing generators. Using the symbolic notation, a braid is
represented by its braid word. For example see Figure 10 (right). It is
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not our purpose to study properties of braids in details. For an interested
reader, we recommend the general works on the theory of braids [1, 6, 5].

w S
XM
-

1
0y

Figure 10: Braid generators and braid word o30; ‘o407 toy tog os.
Apart of siteswap notation, braids of juggling patterns give us addi-

tional information, if the trajectory of a ball is above or below the others.

A five ball inside cascade and its braid word is in Figure 11. A six ball

inside fountain is in Figure 12.
\/ \ \ \ \
T
- /!
N—

iy ey 2y
0{10;10403 . Uf10510403 —_— s / 4

Figure 11: The braid diagram and the braid word of a five ball inside
cascade.

p——
\: \A \/\
5 N &

0;10510504 . Uf10510504

Figure 12: The braid diagram and the braid word of a six ball inside
fountain.

For constructing braids of siteswaps a ladder can be used. Each step
represents one beat and side rails represent the left and right hand. In
Figure 13 we can see the juggling braid of the siteswap 423 with three
balls juggled to inside throws.
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T L 1 /74_ - -//["/f//k‘/‘a
7zl X N oM~

Figure 13: The ladder of the siteswap 423 juggled to inside throws.

On each beat, a juggler can choose if he performs an inside or outside
throw. In cascades and fountains, the trajectories of balls thrown to
inside and outside throws were easy to notice. In siteswaps with different
heights of throws, it is not that simple to distinguish between the inside
and outside throw from the trajectories of balls. For example, in the
siteswap 51 with three balls (Figure 14) the braid does not change if the
throws are inside or outside. Therefore, we describe the inside and outside

Figure 14: The ladder of the siteswap 51.

throw as follows:

(i) The ball thrown at present by an inside (outside) throw will pass
under (above) all the balls, which were thrown earlier and will be
caught earlier than the given ball, if all considered balls will be
caught by the same hand from which we are throwing.

(ii) The ball thrown at present by an inside (outside) throw of an odd
height will pass under all the balls, which were thrown earlier and
will be caught later than the given ball.

(iii) The ball thrown at present by an inside (outside) throw of an even
height will pass under all the balls, which were thrown earlier and
will be caught later than the given ball, if all considered balls will
be caught by the same hand from which we are throwing.

The given definitions of the inside and outside throws are based on a
mathematical model, but they also fit practical juggling. An advanced
juggler with more objects can choose the inside and outside throws as
described and modify the movement of his hands to do so. A popular
juggling trick based on variations of inside and outside throws in a cascade
is called the tennis (Figure 15).
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Figure 15: The ladder of a three ball tennis - cascade juggled by repeating
the inside, inside and outside throw. The trajectory of the yellow ball is
always above the trajectories of the red and blue balls.

It is easy to observe that the three ball tennis on six beats creates
the trivial juggling braid. Having siteswaps of the same number of balls,
we can compose juggling sequences together by using braids. For this
purpose, we need to know what is the number of beats during which the
strings of the braid will get to their starting positions.? This means that
we must count the number of repetitions of the siteswap of a period p.
All throws of one ball in juggling are called the orbit of the ball. In each
siteswap with more than one ball, there can be more equivalent orbits for
different balls, or the balls can have different orbits.

For example, in the siteswap 645 (Figure 16), two balls (green and
red) are thrown to the height 6, and three balls (white, yellow and blue)
are thrown to the heights 4 and 5.

Al
G
) -
LT ~
C, T
LA A
7L L1 ey

p—" ‘5 @‘/‘;,, :/’,:r.{/—: 2
N - -

Figure 16: The ladder of the siteswap 645 with 5 balls juggled to inside
throws.

The number of periods p, which pass until the throws of one ball
will start to repeat in its orbit, is equal to the sum of heights of all
throws of this ball, divided by the period p. This is also the number
of balls with the similar orbit b(0O;).> Since there can be more differ-
ent orbits, the number of periods, which pass until the siteswap will re-
peat, is the least common multiple LCM (b(O1),...,b(Op,)) for m less

2In the braid theory terminology, we need to create a pure braid.
3The proof of this non-trivial statement, called the average theorem, can be found
for example in [7, 9].
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or equal to the number of balls in juggling. For even periods, the num-
ber of beats, which pass until the siteswap will start to repeat itself, is
p- LCM(b(O1),...,b(0p)). For the odd periods we need to ensure that
the siteswap starts in the same hand. Therefore, the number of beats,
which pass until the siteswap of an even period will start to repeat itself,
is p- LCM(2,b(01),b(03),...,b(0m)).

For example, the siteswap 645 has the period 3. b(0O1) = 2,b(02) = 3
as mentioned above. Therefore, the number of beats which pass until the
braid is in the starting position is 3 - LCM(2,3) = 3-6 = 18 (Figure 17).

Figure 17: The ladder diagram of the 18 beats of siteswap 645.

Composition of a braid and its inverse is the trivial braid. In other
words, the inverse braid (the mirror image) unbraids the original braid.
If we use juggling ladder, steps of a ladder represent time, and the inverse
braid turns time backwards. To see that the inverse braid represents some
juggling pattern, we can record the juggler and play the video backwards.
The juggler will also juggle, the heights of the throws will be the same
(but they can be in a different order), inside throws will become outside
and vice-versa (Figure 18).

Figure 18: The juggling braid of the siteswap 12345 juggled on inside
throws and its inverse braid, which represents the siteswap 52413 juggled
on outside throws.

3 Conclusion

We empirically studied trajectories of balls on many examples of juggling
patterns in terms of the theory of braids on elementary level. There are
many interesting properties of juggling for further investigation, such as
behavior of siteswaps represented by inverse braids. In [3], the theorem
which says that any braid is juggleable is proven. The main idea is to
construct siteswaps of braid generators and compose them to create the
whole braid. Unfortunately, the construction presented by the authors is
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not practically realizable. We are convinced that with the use of inside
and outside throws as defined, a similar statement can be proven, and
it will be our concern for the future. Anyhow, many may have asked
about the point of mathematical investigation of juggling. Hopefully, we
have made clear that juggling is a wonderful application of some abstract
mathematical theories appropriate to find interesting relations in-between
them.
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